Weyl Formula via Orthogonality
Xiangjia Kong

April 23, 2022

Let V) be an irreducible representation of g with the highest weight A\ =
Zle a;w;, where w; are the fundamental weights and a; € Z,. Then the
character of V) is

xa(H) = Trace(efl) = Zn#e“(m
w

where the sum is over all weights u of Vy and n, is the dimension of the
“eigenspace” V,, = {v € Vy|H(v) = pv}, known as the multiplicity of the
weight g. Now restrict x(H) to H. € @7 1Rw;, then efle will be from
G. = exp(g.) for the compact form g. of g. Here exp : g — G is the map
defined by exp(H) = g (1) where v is the unique one parameter subgroup on
G with vy (0) = idg and v}, (0) = H. Note that G, is a compact group.

We will now show

/G v (@xw(g)dg =0 iV £W

where dg is the Haar measure on G, 3 g, and xv, xw are irreducible characters
of G. with underlying spaces V, W respectively. We have

/ o @xw (9)dg = / v-ow(9)dg
G

c Ge

since xv(9) = xv+(9) and xyvxw = Xvew. There is a natural isomorphism
V* @ W = Hom(V, W) via the functions

f
V* @ W = Hom(V, W)
9

defined by

f(@@w)(v) = ¢(v)w
g(u) = Z e; @ ufei)

where {e;} is a basis of V. One can easily check f and g are inverse to each
other. The action of g on this space is by conjugation, which means a G-invariant



element is just a G-homomorphism V' — W. We can see this by looking at the
diagram below for f € Hom(V, W),

v 2 v

fJ{ J{.GOng’l

W —s W
where if gofog™! = f for all ¢ € G then the above diagram commutes. Therefore
we can decompose Hom(V, W) = Homg(V, W) & U for some G-space U, where
U has no G-invariant element. So in the decomposition of Hom(V, W) into
irreducibles, we know there are exactly dim Homg(V, W) copies of the trivial
representation. But

dim Homg(V, W) =0

by Schur’s lemma since V' 2 W, so we can conclude Hom(V, W) is an irreducible
representation. So it suffices to show that for a non-trivial irreducible character

X, we have
/ x(g)dg = 0.
Ge

Now if p affords y, then any element in the image of fG p(g)dg is fixed by
G, i.e. the image is a G-subspace. Irreducibility then implies it is trivial. So
Jo p(g)dg = 0 and we are done.



