Hamming distance and the onset of quantum criticality
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Quantum many-body systems: exponential walls within classical computations

1) Obtaining quantum states: exponentially large (Hilbert) space

2) Directly obtaining estimations for observables: the “sign problem”

Hilbert space wall: Sign problem:

The number of states
in the computation grows
exponentially with the
physical system size

Importance sampling
leads to “negative probabilities”
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Who's afraid of the big-bad-welf sign problem?

« Well, a lot of us, it is widespread in many fields

Generally: Importance sampling leads to negative weights or unphysical solutions

Quantum chemistry: Diffusion Monte Carlo J. Chem. Phys. 131, 054106 (2009)

Nuclear and high energy: Green’s function Monte Carlo Rev. Mod. Phys. 87, 1067 (2015)
Variational quantum Monte Carlo Lattice methods For QCD, WS (2006)
Lattice QCD methods

Condensed matter physics: World-line quantum Monte Carlo Hirsch et al. Phys. Rev. B 26 5033 (1982)
Stoc.hastlc.Serles Expansion Sandvik, Kurkijarvi, Phys. Rev. B 43, 5950 (1991)

Main problem: There is no easy solution to it.... It is conjectured to be NP-hard!
Troyer Wiese, PRL 94, 170201 (2005)
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The origin of the sign problem (via examples) AFQMC schemes

1) Trotter decomposition 2 =Tre " =Tr[e 27"l ~ Tr [ 27 Hrem A7)

1 —~ATU(ngp— L) (ngy — % 1 — T Si(Mir—ns
2) Hubbard Stratonovich transformation e 27V(mt=2)(miu=2) = 5 UAT/IA ST si(nig—ni)
Sz'::tl

— Fermions are now quadratic + bosonic field  s; — s; ; D+1 dimensions

3) Fermionic integration in D+1 dimensions

{51’7}
Z = Z det[] + eV ---eKeVLT] det[l + e V' ---eKe_VLT]
{sir}
— T 1
Z= {Z} detMy, - detMy, |

Sign problem: determinants are not always positive
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Sign problem affecting observables

One does not sample according to “negative probabilities”:

-detM%Si L — W) = |detMLi ]

W(z) = detM] \

1
{560} - detM

{Si,T}|

Consequence: shifts the sign from the weight onto the observable

Defining: W(z) = s(z)|W ()| s(z) = +1
Average of observable: <O> _ >, O(@)s(z)|W(x)|
> 5(@)|[W ()]

D, O@)s(@)|W(z)]] />, [W(z)]
D s(@)[W()[] />, W ()]
<SO>|W|

<5>|W|

The problem becomes apparent when {s);w| systematically decreases over the sampling
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Machine learning quantum phases
of matter beyond the fermion sign
problem

Peter Broecker?, Juan Carrasquilla2, Roger G. Melko?? & Simon Trebst(®*

New ideas have emerged to circumvent it

[Scientific Reports 7: 8823 (2017)]

Using convolutional neural networks
for pattern recognition —»
goal: identify quantum critical points

conv pool conv pool full dropout  full

Dirac
1.0 — 1.0
Application: 075 - L 07s
SU(2) honeycomb g
Hubbard model 5 05 L 05
g 38 42 46 48
0.25 ~ E——
% :QCP ol
0.0 L=6 L 0.0
s 6 7 8
Uu=10 interaction U U=16.0
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Machine learning quantum phases
of matter beyond the fermion sign
problem

Peter Broecker?, Juan Carrasquilla2, Roger G. Melko?? & Simon Trebst(®*

New ideas have emerged to circumvent it

[Scientific Reports 7: 8823 (2017)]

Using convolutional neural networks
for pattern recognition —»

goal: identify quantum critical points %
conv pool conv pool full dropout  full
Ue
1.0 - 1.0

Application: . . | ot :
SU(2) honeycomb 5|8 . . o Hubbard-Stratonovich
Hubbard model gl = sl a2l s field configuration

Q | ]

ik 0.25 - - 0.25
% :QCP u :

spatial 0.0 ] | |+ L= 6I — 0.0 .
i *4' g 12 16 No signal...

interaction U

International Conference on Recent Progress in Many-Body Theories XXI



PHYSICAL REVIEW X 11, 011040 (2021)

New ideas have emerged to circumvent it

Unsupervised Learning Universal Critical Behavior via the Intrinsic Dimension

T. Mendes-Santos®,"” X. Turkeshi®,'>*" M. Dalmonte®,"? and Alex Rodriguez a

Intrinsic dimension J;: minimum number of variables needed to describe important features of a data set

Synthetic data
Distances in phase space . .
Y P P 2d classical Ising model
1
P Y =L =10 v—=L =00
XXy = 2N [ 1- =) xix] |. I L =50 &al — 100!
o= [ =60 e—aL = 120,
200
. : next-nearest i ] -
M:?(x) 100 ¢ Ty il W 2
71 () nearest = SRR O
P T U S T L, R
. . 16 2.0 *2.4 T 5
fp) = Iap~ "
T./J =2/In(1 + v2) = 2.269

Facco et al. “Estimating the Intrinsic Dimension of Datasets by a Minimal Neighborhood Information,
Sci. Rep. 7, 12140 (2017)]

— data structures ‘simplify’ systematically at phase transitions.

International Conference on Recent Progress in Many-Body Theories XXI




New ideas have emerged to circumvent it PRX QUANTUM 2, 030332 (2021)

Intrinsic Dimension of Path Integrals: Data-Mining Quantum Criticality and
Emergent Simplicity

T. Mendes-Santos®,'?" A. Angelone®,"" Alex Rodriguez®,' R. Fazio,"* and M. Dalmonte® '

Intrinsic dimension : minimum number of variables needed to describe important features of a data set

Also applied to quantum systems : Transverse field Ising model H = Z SZ-ZS; + I Z Sy
(4,7) i

-
IR
SR P ' -
C e N = 2005
S S S|l
Y Aoy §al>Z o
vob A a5 X = () 00j4
E

% :QCP

Small drawback: It requires a substantial post-processing [ O(N log(N))] related to the NN and NNN
quantification of data points in the hyper-dimensional space of configurations
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The Ising model

(1,5)
) M4
Binder cumulants:  U(L,T)=1— M)
3(M2)2
07|
0.6F DR .
05+ g 4 5] "
04t 1% 1 2 D
Jd || o 5o AN,
D 03 x L-48
+ L=56 \
* L=64
02 o L-72
¢ L=96 xq
v L=81 P ”
01 & L=108 P
<4 L=135 7
> L=162
%2 255 23 235

E
[Palma, Zambrano, arXiv:0912.0412v1]

T./J =2/In(1 + V2) =~ 2.269

Free energy:

20

0 L

-20

F(m)

-60

-80 |

-100 |,

-120

40 F

T=16
T=1.8 ——
T=2.0
T=2.1
T=22
T=2.3

T=2.4

1

-0.76 -05 -0.25 0

025 05 0.75 1

m

Inrok Oh et al.
Bull. Korean Chem. Soc. 2012, 33, No. 3
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The Ising model

H=-J) S, S; = +1 T./J =2/1n(1 + v2) ~ 2.269

(M*)

The 2N space of configurations displays highly uneven weights when T<T.

04 - T=16 —— S
O[5 B 3 o)) T-20 —— \
Soa 1 i T2 —
o Lt NGRS 120 _ . T=24 J o
4 e e 4 075 05 025 0 025 05 075 1
> L-162
i 5 m
T Inrok Oh et al.
[Palma, Zambrano, arXiv:0912.0412v1] Bull. Korean Chem. Soc. 2012, 33, No. 3
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The Hamming distance — quantifying distances traveled within the importance sampling

# of unequal elements in two different bitstrings

[Sai] ]

s [ 1

" HDg g =0 Identical strings

A
N

HDg s =1 Parity reversed ones

_HDg s =1/2  Uncorrelated strings (average)

o

] A B —_— MC sweeps
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How about quantum systems?

The U(1) honeycomb Hubbard model ))\r
_ t
A

—t Mott Ins.
V <V, V>V,
P(HDgc, 6) P(HDgc, 0) HDsota HD. HD
(a) S .:.:. (c) 0 200 400 0 200 400 (d) rotal r
} o ) ) R S PP P S S
. 60° 60°
10 59° o 59° ‘ ‘,‘ ‘A‘I 3 : f ‘ ‘
L
T > & 3
L
i : ‘3+‘ ""‘ .2
2 L 39
rJ T.9 —‘J " 2P L g
e > * ‘ (Y P
TR e S g '
e T Vji=03 SR g
e QMC sweeps L

V ‘

2 2 2
HDap + HDac HDBC) : Similarity degree § = 60° — uncorrelated

0 = cos™* (
2HD ApHD
ABTEEAC 6 # 60° — some degree of correlation [
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How about quantum systems?

Returning to the U(1) honeycomb Hubbard model

—1 Mott Ins.
" : \!A"C!i- )
L=12 T/t bt
4951 e — | _ _
4% T/t=1/24 C1/24 0 1/10 1 \{xﬁ ] 1 L =9 Do
0.490r I(E I
. | (b) ] 0.49
Q 0.485F 0 1 2
X V/t L /A4
0.480F voeere = 0.48
T/t=1/24 1/10
0.475r 0.47
Lt HDuora - L=6 1/20 I
0.470 [Tt
~3-- HD; -3 L=9 1/38 —~ 0.46
__.}__ H—'Z)T __.}__ L=12 .0 0.5 1.0 1.5
0.465¢ ! i V/t
0 1 0 1
V/t V/t Markers from [Hesselmann, Wessel PRB 93, 155157 (2016)]

International Conference on Recent Progress in Many-Body Theories XXI



This occurs despite the existence of a sign problem

/‘ﬂ/«: H=—-tY (cle;+ele, )+ V> any
% (i) (i)
y !
S

i |
Y sm Ve~ 135t CDW V[t
—t Mott Ins.

One spin species, the weight is given by a single determinant

Z = Z det[I + eXKef" ... Kl Sign problem can be
{5174} dramatic

J/ Li, Jiang, Yao, Phys. Rev. B 91, 24117 (2015)
1 Huffman, Chandrasekharan, Phys. Rev. B 89, 111101 (2014)
_ Wang, Corboz, Troyer, New J. Phys. 16, 103008 (2014)

Continuous time QMC or changing of the basis preclude the
sign problem manifestation

- 1 )
6125(%1"‘1%2) .
" mmmp W ({sij-}) = Wi{sijr })Wa({sij~}) suchthat Wi({si;-}) = W3 ({sij-})
Z(~Y A2 .
G T 5 (i — 1) — No sign problem! But our results are not in this basis!!
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How about quantum systems? The SU(2) honeycomb Hubbard model

) . . ) R 1 . 1
e 2 i) wE et U (1) (e )
ij) o Lo ¢
; >
M U./t ~ 3.869 AF U/t

Mott Ins.

0.500 g 0.500
L=12
L T/t=1/24 | =
i 20.495 * Finite temperature crossover
}[ ;@_\, regime
0.495" |
% 0500}y ;i 10
0499514
] g * Small finite-size effects close
0.490+ - WD :9 ih to the QCP
0 2 4 8 10
U/t

International Conference on Recent Progress in Many-Body Theories XXI



Triangular lattices — frustration leads to a deleterious sign problem

H=—tY (cle;+eéle))+vY any (n)y =1/3 ‘ Interactions lead to a 1/3-CDW insulator
(i5) (ig)
0.500r e ? T : .
L=12 L = LT/t "'::\‘\\\:;\L o o
0.495- T/t=1/20 i P 0.49 /—:- . v
: 8 1/20 1/10 1 :
& 0.48F 3 * X
007 ) soofrgm | b . .
a el 04T 15 20 25 30
& 0.485" H : Vit
0.498 0.50F ! : L. q%; Questions? How do you know it's a 1/3-CDW
(T T/t=1/20 ‘ insulator?
0.480- i |y
' ' }| 2049 : We don’t. Sign problem is terrible.
“{“ HDt()tal Q =
0.475F T I~ I 1o L=0
~4-- HD, 0.48F 4 19 {] Interpretation: akin to fidelity susceptibility
1“$“ e I <a>1 1“}“ 1L: 121 ! <C> !
04707 2 5 04015 20 25 30 g= 2 1= {To(@)|¥o(z +do))
V/t V/t Ng dx?
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Triangular lattices — frustration leads to a deleterious sign problem

g AP At A oA ~ . .
H=—tY (cle;+eéle))+vY any (n) =1/3 ‘ Interactions lead to a 1/3-CDW insulator
(i5) (i7)
e ®
Exact diagonalization: 6x6 lattice //\\ . .
I x A EPU0 S S I I //TK o .
0.004 | - =
i \ F J]\/[ v \
. )
= 0.002 ] ] ~_ . o
Structure factor: i ° ? 4
0.000] e
? 5T M: stripy pattern i H
E g ok K: CDW pattern | F.M““‘j
= | e S Questions: How do you know it's a 1/3-CDW
? L : m 56, insulator?
& 05 A AR R
= - We don't. Sign problem is terrible.
£ L 011 i ] Interpretation: akin to fidelity susceptibility
- g 0 !
ZNN’ f
== 0.0 e-e-ees i i R S i riet i et 2 1= (Yo(2)|[Po(x + dx))
I 00 05 10 15 20 25 30 35 40 g= Ne A2
@ V/t s x
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Triangular lattices — The spinful version

) 1 1 .
A=t (e, +ée,)—ud fe+UY. (m - 5) (m - 5) (n) =1 :halffilling “

DMRG Family of algorithms in cylinders: Our resultsin

2D lattices:
Szasz, Motruk, Zaletel,Moore PRX 10, 021042 (2020)
Wietek,Rossi, Simkovic,Klett,Hansmann ,Ferrero ,Stoudenmire, 0.500
Schéafer ,Georges PRX 11,041013 (2021)
Chen, Chen, Gong, Sheng, Li, Weichselbaum arXiv:2102.05560

0.5007

L=12 Tl E
04987/t =1/20 l 118 0.495
| X
Metal :;3('5 NMI 12('6 Spin-ordered .U :
Gapless Gapped Gapped U/t 0.496 B 0.49()
o 0
;ﬁ i
0.494 0.500
* Non-bipartite lattice - Magnetic ordering
does not concomitantly occur with insulating
Behavior 0.492-  Metal ~ NMI 0.495
3 HDuoual
—-}-- HD,

0.4900 ‘ |
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Triangular lattices — The spinful version — capturing relevant physical information
. 1 N
Bt 3 (et dt) —n S+ U (=) (g) @) =1 "
(ij) o
* Interplay of geometric frustration and interactions may lead to ground states with large thermal entropies S

Maxwell relation: @ oD

U\, = "ar

U

* Manifestation of the Pomeranchuk effect of increased localization upon heating:

U/t =6,8,9,10,12

(d)

0.101 +— DMFT

Q 4 METTS
- CDMFT

0.05 1

L 0.00 0.25 0.50 0.75 1.00 1.25
T
PRX11, 041013 (2021)
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Alternate Hubbard-Stratonovich transformations — Hamming distance

SU(2) Hubbard model on the Honeycomb lattice
SU(2) symmetric transformation

o~ ATU (Rin+iiy—1)7/2 _ 0.576 - e L—6L - 138 ]
R —&— L=9L,=170 |
i/ ATU/2n(zi7 ) (Rio—1/2 4 . L=121L, = 1
> i) [ evErTntn e L o(art 0.574F % = iiwr_ml]
Tir=41,42 o i —— L =18 L, =240 |
0572 —8— L =21 L, =280 1
Tir = £1,£2 : 4-valued HS Field o
S 0.570}
Real constants .
0.568
y(£1) = 1+V6/3 5 n(£1) = £1/2(3 — V6) ;
Y(E2) =1 V6/3 5 n(E2) = £1/2(3 + V) 0.566
0.564
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But why HD (or autocorrelations of the field) capture the physics of the original Hamiltonian?

* Hirsch 1983, 1986:

. . . Aux. field spin-spin corr.
Fermion spin-spin corr.
,///\\ -

(53 (7) = s (Ol 0) = i O0) = oy (i) i i 7=

* And similarly for the spinless cases:

(723 (1) = 725 (7)] 70, (0) — u(0)]) = — el_mv (i5,75k1,0)

Thus fields carry information about the underlying Hamiltonian!

* When U (or V) = «: one-to-one mapping between aux. field spin-spin correlation and physical correlations
(provided that At is goes to zero slower than the atomic limit is approached)

* Spin or charge texture on the atomic limit is reflected on the texture of the Fields which are mostly likely
sampled on
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Summary Thank you!

— A systematic study of the Hamming distance at finite-T QMC calculations for itinerant fermion models

— Evidence that the Hamming distance is remarkably efficient in location QCP even in the presence of the sign problem
(maybe not so in deconfined QCP'’s though)

Disclaimer:

— Hamming distance does not quantify physical observables
— We do not neglect the sign problem, it is built in on the determination of (2(u))

Outlook: many new venues of current/future investigation:

— Other types of HS transformations (include pair-types) may well display information of other ordered phases

o~ ATU (Rir—3)(Riy—3) — %G—UAT/AL Z exsi(AHAi) Aj — a‘%ah

Si::tl

— Zero-temperature QMC calculations (Projective QMC) — canonical simulations, no need to find (n(w))
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