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How do isolated (closed) 
quantum many-body systems 

equilibrate?



Quench: A Sudden System Change
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P. Calabrese and J. Cardy, Time Dependence of Correlation Functions Following a Quantum Quench, Phys Rev Lett 96, 136801 (2006)
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Quantum Quench: Recipe
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H = H0 + Θ(t)H0

<latexit sha1_base64="TGjzkqFDivr3XZxen5CAwI+coSA="></latexit>

H0 |Ψ0〉 = E0 |Ψ0〉

1. Prepare system in ground 
    state at t < 0

<latexit sha1_base64="hp0OW8jCgqU5uTNKh9HBBC02Nks="></latexit>

H |ψ〉 = E |ψ〉

<latexit sha1_base64="LlXvOzVC/FpRn9TMr2ld7f+6Dps="></latexit>

|Ψ(t)〉 =
X



e− Et 〈ψ|Ψ0〉 |ψ〉

2. Unitary time evolution  
    for t > 0

3. Measure time-dependent 
    expectation values of local  
    observables
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〈O(t)〉 = 〈Ψ(t)|O|Ψ(t)〉

Waiting Time

<latexit sha1_base64="atYLKMaVBKI0CUN3E5SKUz/qXM4="></latexit>

〈O(t)〉
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〈O〉th
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〈O〉th =
TrOe−βH

Tr e−βH
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〈H〉th = Eβ fixed by



Thermalization of Local 
Observables

time

x1 x2
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Entanglement and Entropy 
quantifying uncertainty in many-body systems

A Ā

Entanglement Dynamics 
Evolution & Growth after a Quench
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Finite Size Scaling & Equivalence 
Steady-state entanglement for different bipartitions



quantum information that is encoded 

non-locally in the joint state of a system 

Entanglement

A Ā
|Ψ〉 =
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|Ψ〉
?
= |α〉A ⊗ |β〉Ā



Entanglement: Mode vs. Particle Bipartition

spatial bipartition:

�

constructed from 
the Fock space of 
single particle 
modes

particle bipartition:

reduced density 
matrix is the 
n-body RDM

M. Haque, O. S. Zozulya, and K. Schoutens, J. Phys. A 42, 504012 (2009)

nĀ = N − n
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nA = n
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Entanglement: Mode vs. Particle Bipartition

spatial bipartition:

B. Q. Jin and V. E. Korepin, J Stat. Phys 116, 79 (2004) 
P. Calabrese and J. Cardy, J.STAT P06002 (2004) 
J. Cardy and P. Calabrese, J.STAT P04023. (2010)

1d fermionic critical systems

�

S(ℓ, L) ≈
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trace out spatial  
modes in Ā 

S(ℓ) = − TrρĀ lnρĀ
<latexit sha1_base64="U/YEkHEResZqWS/Q9DqtQOdOWh8="></latexit>

Slater  

determinant has 

equal eigenvalues

particle bipartition:

M. Thamm, H. Radhakrishnan, H. Barghathi, B. Rosenow, A.D. arXiv:2206.11301 
H. Barghathi, E. Casiano-Diaz, and AD, JSTAT. 2017, 083108 (2017) 
C. Herdman and A.D., Phys. Rev. B, 91, 184507 (2015)

trace out 
positions of  
n - particles

M. Haque, O. S. Zozulya, and K. Schoutens, J. Phys. A 42, 504012 (2009)

nĀ = N − n
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nA = n
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Entanglement: Mode vs. Particle Bipartition

spatial bipartition:

B. Q. Jin and V. E. Korepin, J Stat. Phys 116, 79 (2004) 
P. Calabrese and J. Cardy, J.STAT P06002 (2004) 
J. Cardy and P. Calabrese, J.STAT P04023. (2010)

1d bosonic critical systems

�

S(ℓ, L) ≈
c

3
ln
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L

π
sin

✓

πℓ

L

◆$

+ c1
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trace out spatial  
modes in Ā 

S(ℓ) = − TrρĀ lnρĀ
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particle bipartition:

M. Thamm, H. Radhakrishnan, H. Barghathi, B. Rosenow, A.D. arXiv:2206.11301 
H. Barghathi, E. Casiano-Diaz, and AD, JSTAT. 2017, 083108 (2017) 
C. Herdman and A.D., Phys. Rev. B, 91, 184507 (2015)

trace out 
positions of  
n - particles

M. Haque, O. S. Zozulya, and K. Schoutens, J. Phys. A 42, 504012 (2009)

nĀ = N − n
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nA = n
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time

Local thermalization from 
entanglement accumulation

time

S(ℓ)
<latexit sha1_base64="vFmkF2KeBxhO8Nb6ROiorIxS0CM="></latexit>

∝ t
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∝ ℓ
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S(ℓ) = − TrρĀ lnρĀ
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What is the role of n-body 
correlations during 

thermalization?
time

time

S(n) ?
nA = 3

S(n) = − TrnĀ ρnĀ lnρnĀ
<latexit sha1_base64="hEZUAMEjMsXMnvgBsEoLLDPe/+s="></latexit>



Microscopic model & quench



1D Lattice Spinless Fermions
N fermions on L sites with nearest neighbor interactions  
and periodic/anti-periodic boundary conditions: L = 2N

H = −J

LX
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c
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©

= δj

J.D. Cloizeaux, J. Math. Phys. 7 2136 (1966) 
J.D. Cloizeaux and M. Gaudin, J. Math. Phys. 7 1384 (1966)

2-2

can be mapped to XXZ model ⇒ exactly solvable

V/J
cluster solid density waveLuttinger liquid

discrete continuous



Interaction Quench

2-2

V/J

 

V = 0

L = 2N
half-filling

Starting from non-interacting fermions at t = 0: 

turn on repulsive (V/J > 0) or attractive (V/J < 0) interactions. 
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http://meetings.aps.org/Meeting/MAR19/Session/H21


Interaction Quench
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V = 0
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|Ψ(t)〉 =
X



e− Et 〈ψ|Ψ0〉 |ψ〉
<latexit sha1_base64="efX3NbtAp6zs3Ui1E82N0pdIWfs="></latexit>

H |ψ〉 = E |ψ〉

Exact diagonalization:

Exploit all symmetries to consider up to L = 26 sites, N = 13 
particles for long times.

AD, H. Barghathi, and B. Rosenow,  Phys Rev B 104, 195101 (2021) 

http://meetings.aps.org/Meeting/MAR19/Session/H21


Interaction Quench

2-2

V/J

 

V = 0
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Entanglement Dynamics:

ΔSℓ(t) = Sℓ(t) − Sℓ(t = 0)
<latexit sha1_base64="q28Q35GOCUOqf0ekHTAeXNl1yp8="></latexit>

interested in growth → subtract off ground state value
<latexit sha1_base64="YQJ+RqEAQkmKrenWB4vQ/4suebQ="></latexit>

Sℓ(t = 0) =  ln ℓ + b
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Sℓ|n(t) = − Trρℓ|n(t) lnρℓ|n(t)
<latexit sha1_base64="J5P2jhgTr3AtSt1/dzxWKLHnu88="></latexit>

ρℓ|n(t) = TrL−ℓ|n |Ψ(t)〉 〈Ψ(t)|

spatial (ℓ) or  

particle bipartition (n)

http://meetings.aps.org/Meeting/MAR19/Session/H21


Exact diagonalization results



0 5 10 15 20 25
Time t · J

0.00

0.02

0.04

0.06

E
n
ta
n
g
le
m
e
n
t
G
ro
w
th

Δ
S
(t
)

V = 0.250J, V0 = 0

L = 26, N = 13, ℓ = 13, n = 6

spatial

Time Evolution of Entanglement Density

Searching for the pre-factor of the volume-law term.

ΔSℓ(t) = Sℓ(t) − Sℓ(t = 0)
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spatial bipartition

subtract t = 0 ground 
state entanglement

Sℓ(t) ∼

®

t ;t < ℓ/2

ℓ ;t > ℓ/2
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P. Calabrese and J. Cardy, JSTAT. P04010 (2005).
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Asymptotic Long Time Results
time average exact diagonalization results for t = N → tmax  to gain access to 
saturation value of entanglement (e.g. diagonal entropy)  

ΔS(t→∞) ≈ S(t) − S(t = 0)

∼ N · const.
<latexit sha1_base64="SUGj25Qu7aCMH0ck5t801Lym7fI="></latexit>

thermodynamic entropy density  
of emergent statistical ensemble 

M. Rigol, V. Dunjko, & M.T. Olshanii, Nature, 452, 854 (2008) 
L. F. Santos, A. Polkovnikov, & M. Rigol, PRL 107, 040601 (2011) 
A. Polkovnikov, Ann. Phys. 326, 486 (2011)

Does the transformation after a 
quantum quench between entanglement 
and thermodynamic entropy hold for 
particle entanglement?



Finite Size Scaling of Entanglement Growth
finite size entropy density (8-26 sites)

= # particles in subregion, spatial: � = L/2n =

!

N

2

⌫
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strong finite size effects for S�

L. Piroli, E. Vernier, P. Calabrese, and M. Rigol, PRB 95, 054308 (2017)

particle entanglement has weak N-dep. 

@t=0: Sℓ(t) = 1 ln ℓ + 2
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finite size scaling form: 
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Equivalence of Entanglement Growth

−0.50 −0.25 0.00 0.25 0.50 0.75
Interaction Strength V/J

0.9

1.0

1.1
s
s
p

ti

l
/
s
p

rt
ic
le

 

V = 0
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ΔS(t→∞)/n = s+ C
lnN
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Entanglement transformation after quench 
Local observables after quench are controlled  
by a statistical ensemble with finite  
thermodynamic entropy. 

Universality of entanglement conversion 
In the thermodynamic limit, the growth of  
both spatial and particle entanglement  
converge to same volume law.

http://delmaestro.org/adrian  •  https://github.com/DelMaestroGroup  •  @agdelma
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Time Evolution of Entanglement Density

Searching for the pre-factor of the volume-law term.
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parity of N is 
important

Sℓ(t) ∼
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P. Calabrese and J. Cardy, JSTAT. P04010 (2005).



Time Evolution of Entanglement Density

Searching for the pre-factor of the volume-law term.

ΔSℓ(t) = Sℓ(t) − Sℓ(t = 0)
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Entanglement Growth with Integrability Breaking
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Equivalence with Integrability Breaking
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n-Dependence of Particle Entanglement
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