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Abstract

Graduate course in Algebraic Geometry taught by Shrawan Kumar at UNC-CH. Notes
are handwritten during lecture then typeset later. These notes are primarily a documen-
tation of my personal learning journey while following along with the class: There is
material in this document that did not come from the lecture, and some of the lecture
material may not have been included in these notes. As such, any errors found in the
text should be assumed to be introduced by me. Nevertheless this should provide some
non-zero utility for any and all readers, primarily my future self. Note the scheduling for
this class is going to become slightly chaotic, so the dates will not necessarily follow the
expected patterns.
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CHAPTER 1

I. Overview

Lecture 1, Jan 10.

Broadly speaking, algebraic geometry is both the study of geometry through algebraic
means and the study of algebra through geometric means. In this class, and perhaps in
the real world, the more frequent perspective is the former, though the latter does also
occur1. We will not make many precise definitions or statements today, but will get an
informal look at some objects and results of interest.

For now, the objects we want to work with are varieties. In analogy with differential
geometry, where the essential objects are manifolds, varieties too are built out of local
models, in a way we will discuss later.

Definition: A variety is a 0 set of a collection of polynomials.

Example: The circle, S1 is a geometric object. It can also be represented algebraically as
the 0 set of the polynomial x2 + y2 − 1. An overarching goal of this field is to understand
the geometry of an object by understanding it algebraically, as the 0 set of a polynomial
or collection of polynomials.

In general, we prefer to do algebraic geometry over C instead of over R. There are many
small reasons to prefer this, but one major reason is perhaps that C is algebraically closed.
We wish to study 0 sets of polynomials, and their solutions are much easier to understand
over such fields, and particularly over C, thanks to FTA.

To expand on the earlier analogy, manifolds are locally homeomorphic to Rn. In a similar
sense, varieties are “built” out of affine varieties.

Definition: Let K be an algebraically closed field, and consider Kn and P = {Pα}, a family
of polynomials in K[z1, . . . , zn]. Then define

Z(P) = {(z1, . . . , zn) ∈ Kn | Pα(z1, . . . , zn) = 0 ∀ α}
1Similarly, we can study algebra through topological means when we prove that a subgroup of a free

group is free
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Exercise: Draw a picture of Z(z2
1 + z2

2) = 1.

So Z(P) is the geometric object, and

K[z1, . . . , zn]
/
(Pα)

is the algebraic object, where (Pα) is the ideal generated by all Pα. Why take the ideal?
Because vanishing at a point is an “absorbing” property, in the sense of the definition of
an ideal, and is also preserved under linear combination, i.e. Z(P) = Z(I(P)).

Question: What is the relationship between Z(P) and I(P)?

Notice the analogy with differential geometry is not perfect: There is only one local model
for a manifold: everything looks like Rn. Here a variety looks locally like an affine variety,
but there are infinitely many such inequivalent.

We will look at important classes of general varieties, such as projective varieties, those
which are compact. A better definition would be those which admit homogeneous coor-
dinates:
Take K[z1, . . . , zn] as a homogeneous ring, i.e. graded, and consider graded2 polynomials
P = {Pα}. Then

Z(P) = {(z1, . . . , zn) ∈ Kn | Pα(z1, . . . , zn) = 0 ∀ α}

But now, (z1, . . . , zn) ∈ Z(P) ⇒ k(z1, . . . , zn) ∈ Z(P), for all k ∈ K, ⇒ 0 ∈ Z(P), in
contrast with the previous definition, which may or may not have 0 as a root.

We will often consider

P(Z(P)) ≡ Z(P) \ {0}
/

K∗ ⊂ Kn \ {0}
/

K∗

the projective space over Z(P). If we take K = C, then

Kn \ {0}
/

Kn = Cn \ {0}
/

C∗ = Pn(C)

which is compact. This will imply3 that P(Z(P)) is a compact subset of Pn(C).

Some classical problems which will motivate the study we will do for the rest of the
semester are: Consider the tail of a Laurent series, i.e. a Laurent series with finitely many
negative terms and infinitely many positive terms:

a−nz−n + · · ·+ a−1z−1 + a0 + a1z + . . .

2I think he meant homogeneous? These terms were left undefined so not too sure.
3im not sure why this should be a closed subspace
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The problem: Given the negative portion of the tail, can we find a holomorphic function4

f so that its expansion is equal to the chosen tail.

Another problem: Given a set of finitely many points z1, . . . , zn and degrees d1, . . . , dn,
can we construct a holomorphic function f which, for all i ∈ {1, . . . , n}, has a pole at zi of
order di.
Shrawan says that problems like this are ones which naturally lead to the study of coho-
mology.

4Recall one of the many equivalent definitions of a holomorphic function is one which admits a power
series expansion
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CHAPTER 2

II. Affine Varieties and Zariski Topology

Lecture 2, Jan 14.

Our goal today is to define and study the affine variety, one of the most fundamental
objects. To fix notation, let K be an algebraically closed field. Then we notate An = Kn

is cartesian n-space. Sometimes1 An is considered as a pointed space, with the distin-
guished point representing the origin, but this is a minor technicality. In this course we
will not really distinguish between the two.

We will endow this space with the Zariski topology. Of course, it suffices to define
what the closed subspaces are. Let Rn = K[x1, . . . , xn] and P = {Pα}α∈A ⊂ Rn, for
any2 indexing set A, and define Z(P) = {(z1, . . . , zn) ∈ Kn | Pα(z1, . . . , zn) = 0 ∀ α}. Of
course, we have Z(P) = ∩αZ(Pα), so Z represents the common zero set. We declare the
closed subspaces to be the collection of Z(P), as P varies over all families of polynomials
in Rn. As such, we may, and generally will, refer to any closed set as Z(P), for some
P ≡ {Pα}α∈A ⊂ Rn.

Proposition: The Zariski topology is indeed a topology3

Proof: First, it is clear that ∅ and Kn are closed, corresponding to the single polynomial
families consisting of a constant polynomial in Rn: {1} and {0}, respectively. Given any
collection of closed sets {Zi(Pi)}i∈I⋂

I
Zi(Pi) = Z

(⋃
α∈A

Pα

)
the above is just set theory. For finite unions, it suffices to consider the union of two closed
subspaces, then an induction argument will show the result for a union of n subspaces.
Consider Z(P1) ∪ Z(P2). We will show that

Z(P1) ∪ Z(P2) = Z(P1P2)

1And indeed this was my preconceived notion
2ie of any cardinality
3Note we are working with the definition of a topology based on closed sets: that is, finite unions are

closed and arbitrary intersections are closed, and the fact that this is equivalent to the axioms defining a
topological space in terms of open sets is an application of DeMorgan’s laws.
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where P1P2 is the product of ideals, so consisting of finite sums ∑ f g where f ∈ P1, g ∈ P2.

⊂: If z̄ ∈ Z(P1) ∪ Z(P2), then for all f ∈ P1, f (z̄) = 0. Thus every product f g(z̄) =
0⇒ ∑ f g(z̄) = 0⇒ z̄ ∈ Z(P1P2). Apply the same argument if z̄ ∈ Z(P2).

⊃: We will show contrapositive: If z̄ ̸∈ Z(P1) ∪ Z(P2), then there must exist f ∈ P1
and g ∈ P2 such that f (z̄) ̸= 0 and g(z̄) ̸= 0. Then because K is a field, and thus an ID,
f g(z̄) = f (z̄)g(z̄) ̸= 0. Thus z̄ ̸∈ Z(P1P2).
Thus Z(P1) ∪ Z(P2) = Z(P1P2), and is closed.

□

Example: Consider n = 1. What is the Zariski topology?

If n = 1, then R1 is the set of polynomials in a single variable. Consider some closed
set Z(P). If P contains a constant polynomial which is non-zero, then Z(P) = ∅, regard-
less of what else is contained in P. If P = {0}, then Z(P) = K, but of course if it contains
more then we don’t know.
We know Z(p), for p ∈ R1 = K[x], is exactly equal to n points in K, if p is of degree n.
If q ∈ R1, then Z(p, q) is at most n points in the plane, if the two polynomials share all
their roots, and fewer than n points if they don’t share all their roots. Thus Z(P), for any
family P ⊂ R1, is a finite set4.
So closed sets in K1 are either ∅, K, or finite.
Of course, K and ∅ are closed, but are all finite sets closed? That is, for any finite number
of points, can we find a polynomial, or collection of polynomials, whose zero set is equal
to those points? First, it should be clear that we should look to find only one polynomial.
If z1, . . . , zk is any set of finite points in K, then we let

f =
k

∏
i=0

(x− zi) ∈ R1

and it is clear that Z( f ) = {z1, . . . , zk}. So the topology of K1 is completely determined.
When K = C we have a topology on C which is inequivalent to the standard “open ball”
topology on C. One way to see this is to note that this space under the Zariski topology
is not Hausdorff. Even stronger, no two open sets are disjoint. To see this, if U = VC and
U′ = V′C, for V and V′ some finite sets, then

U ∩U′ = ∅ ⇐⇒ VC ∩VC ′ = ∅ ⇐⇒ V ∪V′ = C

But the final equality never holds because V ∪ V′ is finite. I don’t think we used any
properties of C, so this should hold for K1, where K is any infinite field. This proof fails if
K is finite, and indeed it is true that K1 is Hausdorff when K is finite, because K1 has the
discrete topology.

4Heuristically, we should expect that the bigger the family P gets, the smaller Z(P) is.
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Definition: An affine variety is a closed subset of Kn with the Zariski topology.

For any P ⊂ Rn, let I(P) be the ideal generated by P. Of course, we have Z(P) = Z(I(P))
and Z(I(P)) = Z(

√
I(P), where

√
I(P) is the radical ideal, i.e. the ideal containing

all elements which eventually land inside I(P) under taking powers. We always have
I(P) ⊂

√
I(P), but the other containment does not always hold. For example, if I = ⟨x2⟩,

then
√

I = ⟨x⟩.

Theorem (Hilbert Basis Theorem): If R is a Noetherian ring, then R[x1, . . . , xn] is Noethe-
rian.
In particular, this holds for fields.

Question: Let P ⊂ Rn is infinite, is there a finite generating set? We have that

Z(P) = Z(I(P))

Then applying the Hilbert Basis Theorem, we know that I(P) is finitely generated. How-
ever, it is finitely generated by polynomials in I(P), not necessarily from P. So the answer
is yes, but not necessarily by polynomials from P. Instead we must expand to accept
polynomials from the ideal generated by P.

Definition: Let V ⊂ Kn be an affine variety. A function f : V → K is regular/algebraic/polynomial
if there exists a polynomial Pf ∈ Rn such that

f (z) = Pf (z) ∀ z ∈ V

ie f is the restriction of some polynomial on the ambient space.
Of course, there is no notion of uniqueness here, i.e. if Pf represents f , then Pf + g also
represents f , for any g ∈ I(V), where I(V) is referred to as the ideal of V, defined by

I(V) = {g ∈ Rn | g
∣∣
V ≡ 0}

Claim: I(V) =
√

I(V). The ⊂ containment is clear. To show the ⊃ containment, take
h ∈

√
I(V). Then for some n, hn ∈ I(V)⇒ hn

∣∣
V ≡ 0⇒ h

∣∣
V ≡ 0⇒ h ∈ I(V). This shows

the claim.
If Pf and P′f represent f , then we must have (Pf − P′f )

∣∣
V ≡ 0 ⇒ Pf − P′f ∈ I(V) ⇒ P′f =

Pf + g. So two polynomials represent f iff their difference is an element of I(V).
We have an association

P 7→ Z(P) = Z(I(P)) = Z
(√

I(P)
)

Conversely,

P 7→ I(P) 7→
√

I(P) 7→ V
(√

I(P)
)
7→ I

(
V
(√

I(P)
))
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Question: What is the relation between
√

I(P) and I
(

V
(√

I(P)
))

? Answer, they are

equal. proof?
This establishes the bijection{

varieties in Kn
}
←→

{
radical ideals in Rn

}
The bijection is given by sending

V 7→ I(V)

and
Z(I)← [ I

In gneral, taking powers of polynomials preserves the 0’s, so you expect that it can’t be a
bijection with all ideals.
Grothendieck: radicals are bad.

Theorem: Let K[V] denote the coordinate ring of algebraic functions on the affine variety V.
Then

K[V] ∼= Rn
/

I(V)

as K-algebras

Proof: Examine the natural morphism Rn → K[V].
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CHAPTER 3

III. The Algebra of Regular Functions

Lecture 3, Jan 21.

Last time we talked about what it means for a function f : X → K to be algebraic1.
Now we extend this definition to general maps between affine varities:
Definition: i) f : X → Y for affine varieties over K is called algebraic if f̄ : X → K defined
by ti ◦ f , where ti is the projection An → K onto the ith coordinate, is algebraic.
ii) an algebraic morphism f : X → Y is an isomorphism if f is bijective and its inverse is
algebraic.

Lemma: The composition of algebraic maps is algebraic.
Proof: Consider the diagram

X Y Z

An Am Ak

K K K

f g

zi ℓi ti

We need to show ti ◦ g ◦ f is algebraic, as a function X → K. f and g are algebraic,
so suppose that f is represented by a polynomial f and g is represented by g, for f ∈
K[An], g ∈ K[Am]. Then we have maps

X Y Z

An Am Ak

K K K

f g

zi

f

ℓi

g

ti

1or polynomial or regular
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where
(g ◦ f )|X = (g ◦ f )|X

So we may equivalently show that the RHS is regular, i.e. ti ◦ ḡ ◦ f̄ is regular. But now,
f̄ and ḡ are polynomials, and the composition of polynomials is a polynomial, so we are
done.

□

Corollary: f : X → Y is algebraic, then we have a K-algebra morphism

f ∗ : K[Y]→ K[X]

Proof: Define f ∗(φ) = φ ◦ f . Then one can easily check the conditions for a K-algebra
morphism are met.

Corollary: If f is an isomorphism, then f ∗ is an isomorphism.

Proof: If f is invertible, then f ∗ is invertible with inverse ( f ∗)−1(φ) = φ ◦ f−1. Again
check that the algebra structure is respected.

□

This defines a categorical setup: We have two categories A f f Var(K) and K − Alg, and
a contravariant functor sending X 7→ K[X] and f : X → Y 7→ f ∗ : K[Y] → K[X].
Claim: this functor is an isomorphism modulo adjectives. What should those adjectives
be? Given a K-algebra, is there a V which is mapped onto it? In general, we have that
K[V] ∼= Rn/I(V). Rn is finitely generated, so this implies K[V] is finitely generated. So
this constrains which possible K-algebras can be arise as the algebra of regular functions.
We are also quotienting by a radical ideal, so there can be no nilpotent elements in the
image. This also constrains which algebras can arise.

Proposition: These are the only needed adjectives, i.e. any finitely generated algebra A, with
no nilpotent elements, is isomorphic to K[X] for X some affine variety.

Proof: Pick {a1, . . . , an} as generators of A. Then2 A ∼= K[T1, . . . , Tn]/U for some U an
ideal of K[T1, . . . , Tn]. K[T1, . . . , Tn] is Noetherian, so let U = (F1, . . . , Fm), and X = Z(U),
and we want to show that U = I(X). By Nullstellensatz, if f ∈ I(X) = Z(U), then f r ∈ U
for some r > 0. This implies f is a nilpotent element in K[T1, . . . , Tn]/U ∼= A, but A has no
nilpotent elements, so f itself must be 0, i.e. f ∈ U. Thus I(X) ⊂ U. Of course, U ⊂ I(X)
always, so we have the equality.

□

2This is just another way of saying A is finitely generated. U imposes the relations on A.
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CHAPTER 4

IV. Irreducible Spaces

Lecture 4, Jan 24.

From last time, we saw an equivalence of categories from affine varieties over K and
K-algebras which are finitely generated with no nilpotent elements. I am skipping over
some details that I didn’t write down at the time, but this is the result we ended up prov-
ing. Recall the notion of the prime ideal decomposition. The idea is that we should have
a unique decomposition of any ideal into prime ideals.

Definition1: A topological space X is irreducible if it cannot be written as a union of
two proper, closed, subsets.

Example: R is reducible, by taking (−∞, 0] and [0, ∞). Similarly for Rn.

Example: No Hausdorff2 space is irreducible. In a Hausdorff space, choose any x, y ∈ X.
Then they are separated by open sets Ux and Uy such that Ux ∩Uy = ∅. Then we com-
pliment both sides:

UC
x ∪UC

y = X

Where both sets are proper because if they were not, then either Ux = ∅ or Uy = ∅, and
both are closed.

Example: K1 is irreducible under ZT. This is due to our characterization of closed sets
in K1. They are either empty, the whole space, or finite. None of which can break the
definition of irreducibility. Similarly, Kn Is irreducible.

1Note we do not require the subsets to be disjoint, so this is not the same as connectedness.
2Except for the one point space and the empty set. For a finite discrete space, this statement is trivial.
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CHAPTER 5

V. Chap 5

Lecture 5, Jan 28.

Proposition: Any affine variety has a finite covering by irreducible, affine varieties.

Proof: Let X be an affine variety, and assume the proposition does not hold. In particular,
then X cannot be irreducible, otherwise it can be written trivially as a finite union of irre-
ducible affines, X = X. So X is reducible, with X = X1 ∪ X′1. For the theorem to be false,
one of X1 or X′1 must be reducible, let it be X1. Then X1 = X2 ∪ X′2, so X = X2 ∪ X′2 ∪ X′1,
so one of X2 or X′2 must be reducible. Continuing in this way, we get a chain of affine
subvarieties X ⊃ X1 ⊃ X2 ⊃ . . . . This chain cannot terminate, otherwise the proposition
will be true. Taking ideals, we get a sequence

K[X] ⊃ Iz1 ⊃ Iz2 ⊃ . . .

Let I =
⋃∞

i=1 Izi . It is not true in general that unions of ideals result in an ideal, but one
can show it is true in this case, since the chain is increasing. But K[X] is Noetherian, so
this chain must terminate, a contradiction.

□

Definition: A decomposition as above is called irredundant if no Xi is contained in any
other Xj.

Lemma: An irredundant decomposition of X into affine subvarieties is unique up to permuta-
tion.

Proof: Let X = X1 ∪ · · · ∪ Xn = Y1 ∪ . . . Yj be two irredundant decompositions of X.
Let Xi = (X ∩ Xi). Then Xi = (

⋃
j Yj) ∩ Xi =

⋃
j(Yj ∩ Xi). But Xi irreducible implies

Xi = Yj ∩ Xi for some j ⇒ Xi ⊂ Yj(i), for some j(i) depending on i. Now any Xi is
contained in some Yj(i). Symmetrically, Yj(i) ⊂ Xk(j(i)) ⇒ Xi ⊂ Xk(j(i)) ⇒ they are equal
⇒ Xi = Yj(i).

□

Definition: Under an irredundant decomposition, we call Xi the irreducible components
of X.

13



Note that these are not the same as connected components1. For example, if we let X
be the union of the coordinate axes in R2, which is also equal to Z(xy), then this space
is connected, but it has two irreducible components, one for each axis. The components
Z(x) and Z(y) are both irreducible because they are both isomorphic to R1, which we
proved is irreducible. So X is reducible. On the other hand, X irreducible obviously im-
plies connected.

Theorem: An affine variety, X, is irreducible iff K[X] is an integral domain.

Proof: Postponed.

Definition: Let X be an irreducible affine variety, and let K(X) be its field of fractions2.
Any element

p(x)
q(x)

∈ K(X)

is called a rational function on X.
This leads to a more precise definition of a regular function: a rational function defined
on an open subset of X is called regular if, for any x in the open subset, there exists
fx = px

qx
∈ K(X) with qx(x) ̸= 0 (which implies it is nonzero in a neighborhood) such that

f = fx in an open neighborhood containing x. So each regular function should be the
restriction of some quotient of global regular functions. And these functions are allowed
to vary based on the point chosen.

Example: Any f = p
q ∈ K(X) is rational where q ̸= 0.

Theorem: If f is rational on X, irreducible affine variety, and is regular on all of X, then f ∈ K[X]
in the sense of our earlier definition of regular.

First, what does this even mean? It took me a second to understand since our defini-
tion already seems like a global definition. It seems like every rational function is defined
on all of X, since it is an element of K(X), not K(V) for V some subvariety. But take for
example, 1/x ∈ K(X). This is a rational function, since it is an element of the fraction
field, but it is not globally defined, i.e. not regular. There is no neighborhood of x = 0
such that 1/x is the restriction of some global rational function where the denominator is
nonzero.

Proof: If φ is regular on all of X, then for every x, we have a pair of functions ( fx, gx)
with gx ̸= 0 such that φ = fx/gx in some neighborhood of x. Consider a, the ideal gen-
erated by the collection {gx}x∈X. This is finitely generated, so there are a finite number
of points x1, . . . , xN such that a = (gx1 , . . . , gxn). If there existed a common zero in this

1We noted this before, but we will now see an example of it.
2We can construct the field of fractions by the above theorem: We have that X is an integral domain,

which is necessary to construct a field of fractions.
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set, then gx(x) = 0 at the common zero, which it cannot. So Z(a) = 0 ⇒ a = (1). So a
generates K[X]. Then we have

N

∑
i=1

uigxi = 1

for some coefficients ui ∈ K[X]. Multiplying both sides by φ, we get

φ =
N

∑
i=1

ui fx

which implies φ ∈ K[X], as required.
□
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CHAPTER 6

VI. Other Classes of Varieties

Lecture 6, Jan 31.

From the theorem last time, we saw that to check if a rational function is regular, it suf-
fices to check it locally at each point. This is analogous to the case in differential geometry,
where checking if a function is smooth is done locally.

Projective space: We have the natural definition of a projective space over a field K as

Pn
K = Kn+1 \ {0}

/
K∗

How can we equip this space with a Zariski topology? Take P ∈ K[t0, . . . , tn], and let
z ∈ Z( f ). From general theory, we can write P = P0 + P1 + · · ·+ Pα, with Pi homogeneous
polynomials. Then

P(λz) = P0(λz) + · · ·+ Pα(λz) = λ0P0(z) + · · ·+ λαPα(z)

and the latter is equal to 0 iff Pi(z) = 0 ∀ i. This implies that Z(P) = Z(P0, . . . , Pα). So we
want to study homogeneous polynomials.

Definition: An ideal I ⊂ Rn+1 is called homogeneous if P ∈ I ⇒ Pi ∈ I, for Pi the
homogeneous components. Equivalently, if I is generated by homogeneous polynomials.

Definition: The Zariski topology on Pn
K: X is closed iff there exists a homogeneous ideal

I such that X = Z(I). So closed sets are zero sets of homogeneous polynomials.

Theorem: This indeed defines a topology.

Proof: Exercise.

Definition: A subset of a topological space C ⊂ X is called locally closed if C = U ∩ K for
some U open in X and K closed in X.

The idea is that C is then closed in U, so it’s “locally” closed, where locally means in
some open set of X. So equivalently C is locally closed if it is a closed subset of some open

16



subset of X.

Definition: A variety1 is a locally closed subset in Pn
K under the ZT. If further, X is closed,

then it is a projective variety.

If K = C, then a projective variety under the Hausdorff topology is compact. Why?
Because closed in the Zariski topology implies closed under the Hausdorff topology. Un-
der the Hausdorff topology, Pn

K is compact, so a closed subset of a compact set is compact.

Lemma: Any affine variety is a variety.

Proof:
Start with Kn, and we want to realize An as an open subset of Pn

K via the map (z1, . . . , zn) 7→
[(1, z1, . . . , zn)]. If we have that, then any affine variety X ⊂ An is closed in An, which
is open in Pn

K, so we will be done. This map is clearly injective, we just want to show its
image is open, i.e. we want to write

(An)C = Z(Pα)

for some family of homogeneous Pα. Clearly, just set Pα = z0. So An is an open subset
of Pn

K. Finally, we just need to realize X ⊂ Pn
K as closed. We know X is closed in the ZT

on An, but we need it to be closed in the subspace topology. It’s enough to just observe
that any polynomial P ∈ K[t1, . . . , tn] can be enlarged to a homogeneous polynomial in
K[t0, . . . , tn]. Just decompose it into homogeneous polynomials,

P = ∑ Pi, Pi ∈ K[t1, . . . , tn]

and define P̂ = ∑ t0Pi. So if a subset is closed in ZT, it is closed in the subspace topology
of Pn

K, and we are done.
□

An open subset of an affine variety is a variety, but in general is not an affine variety.

Definition: A regular function on a variety X is a set function f : X → K such that
for all x ∈ X, there exists a rational function Px/Qx, both homogeneous of the same de-
gree, such that f = Px/Qx on some neighborhood of x, with Qx(x) ̸= 0.

We require Px and Qx to have the same degree and be homogeneous so that the quotient is
well defined under choice of representative in Pn

K: The function should be homogeneous
of degree 0 overall, so the numerator and denominator should be homogeneous of the
same degree.

This is a local definition of a regular function on a variety, whereas when we first met

1Some sources also call this a quasiprojective variety. nLab uses our exact definition, and Shafarevich
defines a quasiprojective variety as an open subset of a closed subset of Pn

K, which is equivalent.
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regular functions on an affine variety, we could give a global definition, then show it suf-
fices to check locally.

Definition: Let X, Y be varieties, f : X → Y. f is regular if, letting Pn
K = ∪{zi ̸= 0},

i) f−1(Ui) is open in X (which implies it is a variety)
ii) f−1(Ui)→ Ui

∼= K is regular, as defined above.
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CHAPTER 7

VII. Products of Varieties

Lecture 7, Feb 4.

Theorem: If X is an affine variety, it is irreducible iff K[X] is an integral domain (we post-
poned the proof, now we will do it).

Proof:
⇒: Assume f g = 0. Then Z( f ), Z(g) are closed in X, and Z( f ) ∪ Z(g) = X, since
Z( f ) ∪ Z(g) = Z( f g) = Z(0) = X. But both these sets are closed, and proper, since
neither function is 0. So X is reducible.
⇐: Assume X = X1 ∪ X2, with X1, X2 closed and proper. Then take some f1 ∈ I(X1) and
f2 ∈ I(X2). We know these ideals are non-zero, otherwise X1 = X2 = X. Then f1 f2 = 0,
since Z( f1) ∪ Z( f2) = X = Z( f1 f2)⇒ f1 f2 = 0 and Xi ⊂ Z( fi).

□

Consider ∅ ∈ An. We know that I(∅) = 1. But if Z(I) = ∅, does it follow that I = (1)?
Yes, so these conditions are equivalent when considering affine varieties. But the same is
not true for quasiprojective varieties. Fix s > 1, and let Is = {P homogeneous of degree ≥
s}. Then Z(Is) = ∅.

Theorem: If I ⊂ K[t0, . . . , tn] is a homogeneous ideal with Z(I) = ∅, then I ⊃ Is for some
s.

Proof: Z(I) = ∅ ⊂ Pn
K ⇒ Z(I) = {0} ⊂ An, unless I has a constant, in which case

of course I = K[t0, . . . , tn], and we are done. So assume it doesn’t have one. Then
√

I = I({0}) = {polynomials with no constant term}

So there exists k such that tk
0, . . . , tk

n ∈ I (each one has a degree such that it is in I, just take
the max among all of them), and let s = k(n + 1). Then any polynomial of degree ≥ s is
in I, so I ⊃ Is.

□
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Let X, Y be quasiprojective1 varieties, and consider X × Y as a set. We want to give it a
variety structure. We will do so by breaking it up into cases.

Case 1: X and Y are affine2. So let X ⊂ An, Y ⊂ Am, with X = Z({Pα}), Y = Z({Qβ}),
for Pα ∈ Rn and Qβ ∈ Rm, with coordinates x⃗, y⃗. Then

X×Y = Z({Pα}) ∩ Z({Qβ}) = Z({Pα, Qβ})

where Pα and Qα are viewed as polynomials on An+m.

Case 2: X, Y are quasi-affine, i.e. an open subset of an affine variety. So we have X =
X1 \ X2, with X1, X2 affine varieties, and similarly for Y. Then

X×Y = (X1 ×Y1) \ (X1 ×Y2 ∪ X2 ×Y1)

But now X1 × Y1, X1 × Y2, and X1 × Y1 are affine varieties, so X × Y is a closed subset
minus a closed subset, and is open in An+m, so it is quasi-affine.

Case 3: X, Y are projective. As an aside, we claim that An+m ̸∼= An ×Am, where the
LHS has the ZT and the RHS has the product topology. This is clear to see from just di-
mension n = m = 1. In the RHS, the proper closed sets are all finite, and on the LHS, we
can take the polynomial x, which has infinite zero set. So when considering a product,
we always give it the ZT. We have Pn×Pm ⊂ PN, where N = (n + 1)(m + 1)− 1, but we
want to show it is closed. This is done via the Segre embedding: Define the map

[t0, . . . , tn], [s0, . . . , sm] 7→ [tisj]

where PN has the homogeneous coordinates wij. First to show this is a well defined map:
If we select another equivalence class for [ti] or [sj], then it will be mapped to the same
point in PN, since we also quotient out by scalars there, and by the definition of the map,
each index will have the scalar applied to it. Then we need to show this map is injective
and the image is closed in PN. For this, we can just write down the equations which
define the image:

wijwkl = wkjwil

We readily see that any element in the image satisfies this, which gives one way con-
tainment. For the other way, if [wij] satisfies this, then WLOG we may assume w00 ̸= 0,
since one such coordinate must be because PN doesn’t contain 0. Then from the condition
above, it follows that

wij =
1

w00
w0jwi0

This defines every entry. In particular, we note that every entry has a factor of 1
w00

, so we
can clear that. Then wij = w0jwi0. Staring at the assignment

t⃗ = [w00, . . . , wn0], s⃗ = [w00, . . . , w0m]

1We will use quasiprojective variety and variety interchangeably.
2Eventually, we will consider the case where X and Y are quasiprojective, which contains this case, so

technically this part is unnecessary, but more proofs is better than less.
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you can convince yourself that the element [⃗t, s⃗] is sent to [wij]. Further, this choice of t⃗
and s⃗ was completely determined up to scale by the entries of wij, so we have proven both
that the image is closed and the map is an injection. So this case is finished.

Case 4: X, Y are quasi-projective varieties. Essentially same proof as generalizing affine
to quasi-affine.

All cases are finished, so we now have products.
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CHAPTER 8

VIII. Chap 8

Lecture 8, Feb 7.

Not every quasiprojective variety looks locally like Kn. But the closest theorem along
these lines is

Theorem: Any quasiprojective variety is covered1 by affine open subsets.

Proof: We will utilize the manifold structure of Pn. Let x ∈ X, and let (Ui, ϕi) be a
chart containing2 x. Then X ∩Ui is locally closed in Ui, so

X ∩Ui = Y \ A

where A ⊂ Y is closed and Y ⊂ Ui is closed ⇒ X = Y \ A. But Ui
∼= A1, so Y and A

are affine varieties. But it’s not clear that Y \ A is affine in A1. In fact, it is often not. For
example, K \ 0 is open in K, so it can’t be closed, since this would make K reducible. So
it seems the theorem is lost. But this is not the case. We just need Y \ A to be isomorphic
to some affine variety. Indeed, inside of K2, we have Z(xy − 1) ∼= K \ 0 via the map
(x, y) 7→ x. So instead we claim X \ Z( f ) is always an affine variety, if f is regular. Such
an affine variety is sometimes referred to as a principal open set. First we see how the
claim finishes the theorem: we know there must be some f ∈ K[Y] such that f |A ≡ 0, but
f (x) ̸= 0. Then

x ∈ Y \ Z( f ) ⊂ Y \ A = X ∩Ui ⊂ X

where both containments are open. This implies Y \ Z( f ) is open in X, so it is an open
affine subset.

To see why the claim is true, we note that Y \ Z( f ) = {x ∈ An | f (x) ̸= 0}. Let An+1 =
{(v, t)} where v has n components. Then define the polynomial F(v, t) = f (x)t− 1. So

1We will later use several times that any quasiprojective variety actually admits a finite cover by affines,
but it’s not obvious to me why the cover we construct here is finite. We discussed an exercise to prove that
any QPV with ZT is compact, from which it would follow that this cover is finite, but the hint given seemed
to use the fact that this covering is finite, to say that X is the finite union of compact spaces, since we already
proved affines are compact under ZT.

2Recalling the manifold structure, this is assuming xi ̸= 0, which we can do because X does not contain
0.
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solutions of this polynomial are of the form f (x) = 1
t ⇒ f (x) ̸= 0. So any principal open

set of An is an affine variety. Then for a principal open set of an arbitrary affine variety,
we have the closed containments

X \ Z( f ) ⊂ An \ Z( f ) ⊂ An

which shows the result.

Definition: A regular map X → Y between quasiprojective varieties is called proper
if f (A) is closed for any A closed in X.

Theorem: Let X and Y be quasi-projective varieties, f : X → Y regular. Assume X is pro-
jective. Then f is proper.

First note that the projective assumption is necessary: Consider the map A2 → A2 by
(x, y) 7→ (x, xy).
First let’s see a result:
Corollary: Let X be an irreducible projective variety. Then any f ∈ K[X] is a constant, i.e.
K[X] ∼= K.

Proof (assuming Thm): Let f : X → K, with K open in P1. By the theorem, f (X) ⊂ P1

is closed in ZT, so f (x) ̸= K, since K is open in P1. So f (X) is properly contained in K as
a closed subset, which means f (X) is finite: f (X) = {z1, dots, zn}. X irreducible implies
n = 1, so f (X) = z, so f is constant.

□

Proof of Theorem: First recall for a map f : X → Y, we have the graph Γ f as a sub-
set of X × Y. We claim it is actually closed. To see this, define f (x, y) = (x, x), which is
clearly a regular map such that Γ f = f

−1
(∆X), where ∆X is the diagonal inside of X× X,

so it will suffice to show that ∆X is closed3. It suffices to consider X to be affine, since it
admits a finite cover by affines. So let X = Z({Pα}). Then we have

X×Y ⊂ AN ×AN → AN

(x, y) 7→ (x, y) 7→ x− y

Call the composition map φ. Then ∆X = φ−1(0). So ∆X is closed, which implies Γ f is
closed.

Lemma (being closed is local): Let Y ⊂ X. Then Y is closed in X iff Y ∩ Vi is closed in
Vi, where {Vi} is an open cover of V.

Sub-Theorem: Let X be a projective variety, Y quasiprojective. Then X × Y → Y is a proper

3recall that the diagonal is closed in X× X iff X is Hausdorff when X× X has the product topology. But
this is not the case, so we can’t use this easy argument to show the diagonal is closed.
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map.

First let’s see how the sub-theorem and lemma4 finish the proof of the theorem: We have

Γ f X×Y Y
πY

So πY(Γ f ) is closed in Y. But πY(Γ f ) = f (X). So this shows the image of X is closed.
Then given any closed subset V ⊂ X, that is also a projective variety. So we can just apply
this exact argument again.

□

4The lemma is not used to finish this proof, but in the proof of the sub-theorem, which we will do next
time.
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CHAPTER 9

IX. Chap 9

Lecture 9, Feb 11.

The proof of the lemma from last time is just point-set topology, so we will skip that.
We do want to prove the sub-theorem though:

Sub-Theorem: Let X be a projective variety, Y quasiprojective. Then X × Y → Y is a proper
map.

Proof: We are given X closed in Pn, and have the diagram

X×Y Y

Pn ×Y

π

π

π proper implies π is proper: If C is closed in X × Y, then C is closed in Pn × Y. Further,
π is proper iff πi : Pn×Y → K is proper for all i by our previous lemma: If X is a topolog-
ical space with cover X = ∪Ui, then Z ⊂ X is closed iff Z ∩Ui is closed in Ui. So for our
setup, C is closed in X×Y iff C ∩ (X×Yi) is closed⇒ πi(C ∩ X×Yi) is closed in Yi. But
πi(C ∩ X×Yi) = π(C)∩Yi ⇒ π(C) is closed in Y. So we have reduced to the case where
X = Pn and Y is affine. A proof of this simplified case can be found in Shafarevich.

□

Let f : X → Y be regular map between affine varieties. Then we get a pull back
f ∗ : K[Y] → K[X]. When is f ∗ injective? By general duality arguments, injections should
be dual to surjections, so f surjective should suffice. This makes sense: An element of the
kernel of f ∗ is a regular function g such that f ∗(g) = 0 ⇒ (g ◦ f )(x) = 0 ⇒ g( f (x)) = 0
for all x, so g vanishes on the image of f . If f is surjective, then g vanishing on the image
of f implies g is the 0 function, so in that case, f ∗ is injective. But this is not necessary. If
f (X) is dense, this is necessary and sufficient.
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Definition: Let f : X → Y be a regular map between affine varieties with dense image.
Then f is a finite map if f ∗ makes K[X] integral over the subring f ∗K[Y].
If R ⊂ S are commutative rings, we say S is integral over R if every s satisfies a monic
polynomial with coefficients in R.

This is a good theoretical definition, but in practice it is of course impossible to check
this for every s. We apply the theorem from commutative algebra:
Theorem: S is integral over R iff S is finitely generated as an R-module.

Proof: Located in Atiyah-McDonald.

Theorem: If f : X → Y is a finite map, then the fibers of f are finite.

Proof: Let X ⊂ An with coordinates ti : X → A. ti ∈ K[X], so

tn
i + βn−1tn−1

i + · · ·+ β0 = 0

So for each y ∈ Y and x ∈ f−1(y), we have

⇒ tn
i (x) + βn−1(y)tn−1

i (x) + · · ·+ β0(y) = 0

So that ti satisfies a degree n polynomial in x, and thus has only finitely many possible
values. Letting i vary implies that f−1(y) has only finitely many values.

Note that the converse is not true.

Example: Any injective map, including the identity.

Example: X = A1, consider the map φ(x) = xn. This is surjective. Then the induced map
sends t 7→ tn. But K[tn] is finitely generated over K[t], with generating set {1, t, . . . , tn−1},
so φ is a finite map. This implies the fibers are finite. Of course, we knew this already
heuristically. Each fiber should have exactly n points except for the fiber over 0.
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CHAPTER 10

X. Chapter 10

Lecture 10, Feb 14.

Theorem: A finite map is surjective.

Proof: Let f : X → Y be finite. Fix y ∈ Y and let t ≡ (t1, . . . , tn) be the standard
coordinates on An and y = (α1, . . . , αn). Then Iy = ⟨t1 − α1, . . . , tn − αn⟩, where the
bar denotes restriction, or pullback via inclusion. What is f−1(y)? Claim: f−1(y) =
Z(⟨t̂1 − α1, . . . , t̂n − αn⟩), where t̂i = ti ◦ f . One containment is easy. For the other direc-
tion, let z be an element of the RHS. then f (z) vanishes on t1 − α1, . . . , tn − αn, and thus
vanishes on t1 − α1, . . . , tn − αn, so f (z) = y, which shows the equality. So f−1(y) = ∅ iff
the elements t̂i − αi generate K[X], by the Nullstellensatz. I don’t understand the second
half of this proof. It can be found in Shafarevich, Theorem 1.12

Corollary: A finite map sends closed sets to closed sets.

Proof: Let f : X → Y be finite, and take C closed in X. Consider

f |C(C) ⊂ Y

This is an affine variety, so f |C : C → f |C(C) is a map between affine varieties with
dense image (by construction). We know f is finite, but what about its restriction? This
is also finite (can check the commutative diagram), which implies f |C is surjective, i.e.
f |C(C) = f |C(C), so the image of C is closed.

□

Definition: A regular map f : X → Y between varieties is called finite If i) There is an
open cover Y = ∪Yi by affines such that f−1(Yi) is also affine, and ii) for all i, f−1(Yi)→ Yi
is a finite map.

The above definition essentially says to check locally. The first condition is only included
so that we may even apply our previous definition of finite, which requires two affine
varieties.
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Rmk: If we already know we have a finite map between varieties, f : X → Y, then
for any affine, open Yi ⊂ Y, f−1(Yi) is affine and f−1(Yi) → Yi is a finite map between
affine varieties. So to prove that a map between varieties is finite, you must produce such
a cover and show that the restricted maps are finite. But if you are given a finite map, you
know that any open covering will satisfy the two properties.

Corollary: A finite map f : X → Y between varieties satisfies i) f (X) is dense, ii) fibers of
f are all finite, iii) f is surjective, and iv) f sends closed sets to closed sets.

We are moving onto the next topic, dimension theory. Whatever our notion of dimen-
sion ends up being, it should have some basic properties. Firstly, the dimension of C

should be 1. The dimension of Cn should be n. For any U open in Cn, the dimensions
should be equal.

Consider C2 \ {0} ∪ {0×C}. The corresponding real picture is the xy plane union with a
line through the z-axis, but of course to properly picture the actual thing we must bump
up all the dimensions, which is not possible. This variety has a “dimension 1” part and a
“dimension 2” part. In fact, they are the irreducible components of the variety.

Definition: Let X be an irreducible variety and U an affine open subset. We can con-
sider the rational functions on X:

K(X) =

{
fU

gU
| fU, gU ∈ K[U], U ⊂ X, open

}/
∼

This is the field of fractions of K[U]. We can consider the field of fractions since X was
assumed to be irreducible, so the open subset U is irreducible, which implies K[U] is an
integral domain.

Definition: Let L ⊃ K be a field extension1. The transcendence degree of the exten-
sion is the largest cardinality of an algebraically independent subset of L over K.
So you need to find the maximal k such that ℓ1, . . . , ℓk ∈ L do not satisfy a polynomial
relation with coefficients in K, i.e. if you want to test {ℓ1, . . . , ℓk}, you need to show for
any polynomial P ∈ K(x1, . . . , xk) ⊂ L(x1, . . . , xk), P(ℓ1, . . . , ℓk) ̸= 0.

Example: Consider the extension of R/Q. Then {π} is algebraically independent, since it
does not satisfy any rational polynomial. In fact, any singleton containing a transcenden-
tal element will be algebraically independent, and any singleton containing an algebraic
element will be algebraically dependent. Further, a field extension is algebraic iff the
transcendence degree of the extension is 0. However, the set {π,

√
π} is algebraically de-

pendent, since it satisfies the polynomial P(x, y) = x− y2.

Definition: 2If X is an irreducible variety, its dimension, dim X, is the transcendence
1I think the transcendence degree can be infinite if this is not a finite dimensional field extension.
2I definitely still do not feel like I understand how to use this definition. In general it seems difficult to

understand K(X). And in the examples we do later on, it feels like we are not using the fact that we have
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degree of K(X)/K. The dimension of a reducible variety is the maximum of the transcen-
dence degrees of its irreducible components. If Y ⊂ X is a closed subvariety of X, the
number dim X− dim Y is called the codimension of Y in X, written codimXY.

inverses at all. We only really interact with K[X] basically, never any mention of inverses or fractions.
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CHAPTER 11

XI. Chapter 11

Lecture 11, Feb 18.

Let’s confirm that this definition has the properties which we desired:
Example: Let X = An. Then dim X is equal to the transcendence degree of K(X)/K,
which is the transcendence degree of K(t1, . . . , tn)/K. By construction, t1, . . . , tn is an al-
gebraically independent set. So the dimension is at least n. An equivalent definition of
algebraic independence is that the map K[t1, . . . , tn]→ K[X] is an injection. But of course
this is the case because they are isomorphic in the case X = An.

This also implies any open subset of An has dimension n.

Definition: X ⊂ An is called a hypersurface if X = Z( f ) for some f .

Theorem: Let X be an irreducible affine variety. Then dim X = n − 1 iff X is a hypersur-
face.

Proof:
⇐: Let X = Z(P), where P is irreducible. You can choose P irreducible because if P is
not a power of an irreducible polynomial then X is not irreducible: Let P = QR, for Q
and R coprime. Then Z(P) = Z(Q) ∪ Z(R) and Z(Q) ̸= Z(R) since they are coprime.
Indeed if they were equal, then

√
⟨Q⟩ =

√
⟨R⟩, so Q ∈

√
⟨R⟩ ⇒ Q = Rk · S for some k

and S, a contradiction. Now we want to show P irreducible implies dim Z(P) = n− 1.
But P(t1, . . . , tn)|X = 0, so P(t1, . . . , tn) = 0⇒1 dim X < n.
Now claim dim X ≥ n− 1. To see this, we apply a theorem from commutative algebra
due to Serre which states that X = Z(P1,r )⇒ dim X ≥ n− r.

⇒: We have X ⊂ An and dim X = n − 1. So there is some polynomial P such that
P|X = 0. Then X ⊂ Z(P). WLOG, let P be irreducible, since X is irreduicble. We know
dim X = dim Z(P).

1We showed that this particular set is not algebraically independent, but we need to know that all sets
of cardinality n are algebraically independent. I believe we are implicitly using the fact that the ti’s also
generate K[An], so the ti’s should generate any quotient, which gives any K[X]. In particular, I think this
applies for any non-trivial affine variety in An.
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Theorem: Let X ⊂ Y be a closed subvariety of an irreducible variety. Then dim X ≤ dim Y.
Further, if dim X = dim Y, then X = Y.

Proof: I need to come back to do this
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CHAPTER 12

XII. Chapter 12

Lecture 12, Feb 21.

Proposition: dim (X×Y) = dim X+ dim Y.

Proof: Assume X, Y are irreducible, affine. So X ⊂ An, Y ⊂ Am with dim X = p,
dim Y = q. This implies t̄1, . . . , t̄p are algebraically independent on X and similarly for
s̄1, . . . , s̄q, with p and q maximal. We have

X×Y ⊂ An ×Am = {(t1, . . . , sm)}

Consider ti and sj as functions on the product. Then the collection (t1, . . . , tp, ti) is still
algebraically dependent for any i, and same for sj so dim X × Y ≤ p + q. But we claim
(ti, sj) is algebraically independent, which will show dim (X × Y) ≥ p + q. To see this, if
they are algebraically dependent, then there is a polynomial P ∈ K(x1, . . . , xn, y1, . . . , ym)
such that

P(x⃗, y⃗)|X×Y = 0

where xi 7→ ti and yj 7→ sj. We may group this polynomial together in terms of coeffi-
cients of yi. Viewing this as a polynomial in yi, we see that this gives a polynomial relation
on the sj’s. But they are algebraically independent, implying this must be the 0 polyno-
mial1

□

We also have an alternative definition of the dimension:
Definition (Krull dimension/height): Let X be affine in An. The maximal length of a
chain (with proper containments) of prime ideals p1 ⊂ p2 ⊂ . . . pn ⊂ K[X] is called the
dimension of X.
That this is well defined and equivalent to our previous definition is left as an exercise.

Example: In An, we have (0) ⊂ (t1) ⊂ (t1, t2) ⊂ · · · ⊂ (t1, . . . , tn−1) ⊂ K[X], which
shows the dimension is at least n. It is a theorem that this chain is of maximal length, i.e.
the dimension is actually equal to n.

1I’m not sure if this is a complete proof.
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We will now move on to tangent spaces.

Let X be a variety, and we want to define a notion of the tangent space at x ∈ X, TxX.
WLOG, assume X is affine, since the tangent space should be a local construction. For
any p ∈ X, we define

Mp := { f ∈ K[X] | f (p) = 0}
known as the maximal ideal of p. Indeed this ideal is maximal: We have the evaluation
map at p

φ : K[X] ↠ K

so that ker φ = Mp ⇒ K ∼= K[X]/p, so that Mp is maximal. Then we define the cotangent
space at p to be

(TpX)∗ :=
Mp

M2
p

where the denominator is a product of ideals. Morally, this quotient corresponds to ignor-
ing non-linear terms in functions, so that the equations defining X become linear, hence
providing a sort of tangent approximation to X. K[X] is finitely generated, so Mp/M2

p is
too. And we define the tangent space as

TpX =

(
Mp

M2
p

)∗
Our comment about the “local construction so WLOG consider affine” is hand-wavey. To
make this precise, we need to consider the idea of a local ring:

Definition: Let X be a variety. Then define

OpX = Kp[X] = {(U, f ) | f ∈ K[U], p ∈ U ⊂ X open }/ ∼

where∼ represents the equivalence relation of germs: (U, f ) ≡ (V, g) ⇐⇒ ∃W ⊂ U ∩V
such that f |W = g|W .

So the local ring at x contains germs of functions at x. There is a ring homomorphism
evp : Kp[X] ↠ K. We define ker evp := mp(X), and

TpX =

(
mp

m2
p

)∗
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CHAPTER 13

XIII. The tangent space

Lecture 13, Feb 25. Proposition: The two definition of tangent space agree when X is affine.

Proof: We have a map
Mp → mp

sending a function to its equivalence class. This sends M2
p → m2

p, since

∑ f g 7→
[
(X, ∑ f g)

]
=
[
(X ∩ X, ∑ f g)

]
= ∑ [X ∩ X, f g)]

= ∑ ([(X, f )] · [(X, g)]) ∈ m2
p

Thus inducing a linear map
Mp

M2
p
→

mp

m2
p

It is onto due to a general argument about extending functions which I didn’t catch in
class.
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