POSITIVITY IN T-EQUIVARIANT K-THEORY OF PARTIAL FLAG
VARIETIES ASSOCIATED TO KAC-MOODY GROUPS

JOSEPH COMPTON AND SHRAWAN KUMAR

Abstract: We prove sign-alternation of the product structure constants in the basis dual
to the basis consisting of the structure sheaves of Schubert varieties in the torus-equivariant
Grothendieck group of coherent sheaves on the partial flag varieties G/P associated to an
arbitrary symmetrizable Kac-Moody group G, where P is any parabolic subgroup of finite
type. This extends the previous work of Kumar from G/B to G/P. When G is of finite type,
i.e., it is a semisimple group, then it was proved by Anderson-Griffeth-Miller.

1. INTRODUCTION

This is a continuation of Kumar [Kum17], the notation of which we freely use.

Let G be any symmetrizable Kac-Moody group over C completed along the negative roots
and G™" C @G the ‘minimal’ Kac-Moody group as in [Kum02, §7.4]. Let B be the standard
(positive) Borel subgroup, B~ the standard negative Borel subgroup, H = BN B~ the standard
maximal torus and W the Weyl group. Let X = G/B be the ‘thick’ flag variety (introduced
by Kashiwara) which contains the standard flag variety X = G™"/B. Let T be the adjoint
torus, i.e., T := H/Z(G™"), where Z(G™™®) denotes the center of G™™ and let R(T) denote
the representation ring of 7. For any w € W (the Weyl group), we have the Schubert cell
Cy = BwB/B C X, the Schubert variety X,, := C, C X, the opposite Schubert cell
C" := B~wB/B C X, and the opposite Schubert variety XV := C% C X. When G is a
(finite-dimensional) semisimple group, it is referred to as the finite case.

Let P be any standard parabolic subgroup of G of finite type (i.e., the Levi component of
P is finite dimensional) and set W to be the set of minimal length coset representatives of
W/Wp, where Wp is the Weyl group of P. Then, for any w € W¥, we have the Schubert
cell C' .= BwP/P C Xp, Schubert variety X! := CP C Xp, the opposite Schubert
cell C§ = B wP/P C Xp, and the opposite Schubert variety Xp = Ci}ﬁ’ C Xp where
Xp=G™1/P and Xp = G/P.

Let K9(Xp) be the Grothendieck group of T-equivariant coherent Ox,-modules of the
nonquasi-compact scheme Xp (cf. Definition 3.1). Let {[¢¥]},er be the ‘basis’ of K9(Xp)
given by §§ := Oxu(—0X}) (where 0Xp := X} \ CP) and express the product in K%(Xp) in
this ‘basis’:

B [Epl = D dY,(P)[Ep], for some uniquedy,(P) € R(T). (1)
weWw?
The above sum, in general, is infinite.
The following result is our main theorem (cf. Theorem 5.5). This was first conjectured

by Graham-Kumar [GKO08] in the finite case, proven in this case by Anderson-Griffeth-Miller
[AGM11], and then proven in the general Kac-Moody case for G/B by Kumar [Kum17].

Theorem 1.1. For any u,v,w € WF,

(—1)/HEHW Y (P) € Zso[(e™® — 1), , (7% — 1)],
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where {ay,--+ ,a,} are the simple roots, i.e., (—1)l(u)+l(”)+l(w)dﬁ”v(P) is a polynomial in the

Qr

variables x1 = e~ —1,--- [ x, = e~ — 1 with nonnegative integral coefficients.

The proof of the above theorem generally follows the proof in [Kuml7] for the full flag
variety X. However, several of the geometric and cohomological results in the case of the full
flag variety had to be generalized to the partial flag varieties Xp. In particular, the definition
of the basis in terms of the dualizing sheaves had to be modified in the parabolic case as the
dualizing sheaf in this general case is not suitable.

In another related work, Baldwin-Kumar [BK17] proved an analogue of the above theorem
for the basis consisting of the structure sheaves of the opposite Schubert varieties.

We have added an appendix to determine the dualizing sheaf wxw of the Cohen-Macaulay

scheme X35 C Xp for any w € WP, Even though this result is not used in the paper, we believe
that it is interesting on its own.

Acknowledgements: The second author was partially supported by the NSF grant DMS-1802328.

2. NOTATION

We work over the field C of complex numbers. By a variety, we mean an algebraic variety
over C which is reduced, but not necessarily irreducible. For a scheme X and a closed subscheme
Y, Ox(=Y) denotes the ideal sheaf of Y in X.

Let G be any symmetrizable Kac-Moody group completed along the negative roots (as
opposed to along the positive roots as in [Kum02, Chapter 6]), and let G™® C G be the
‘minimal’ Kac-Moody group as in [Kum02, §7.4]. Let B be the standard (positive) Borel
subgroup, B~ the standard negative Borel subgroup, H = BN B~ the standard maximal torus
and W the Weyl group [Kum02, Chapter 6]. For any standard parabolic subgroup P of G of
finite type (i.e., the Levi component of P is finite dimensional), let

Xp=G/P
be the ‘thick’ partial flag variety which contains the standard Kac-Moody partial flag ind-variety
Xp=G™"/P.

If G is not of finite type, then Xp is an infinite-dimensional nonquasi-compact scheme (cf.
[Kas89, §4] for the case of P = B; the case of general P is similar) and Xp is an ind-projective
variety [Kum02, §7.1]. The group G™® (in particular, the maximal torus H) acts on Xp and
Xp. Let T be the quotient H/Z(G™™), where Z(G™) is the center of G™®. Then the action
of H on Xp (and Xp) descends to an action of T'.

Let W denote the set of minimal length coset representatives in the quotient W/Wp, where
Wp C W is the Weyl group of P. Then, for any w € W, we have the Schubert cell

¢l .= BwP/P c Xp,

the Schubert variety
Xp=ch=|] ¢l cxp,
u<w
uew?r
the opposite Schubert cell
C¥:= B wP/P C Xp,
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and the opposite Schubert variety

Xp=Cg= || cpcXp,
u>w
uewr

all endowed with the reduced subscheme structures. When P = B, we drop the qualification
P, thus X = Xp, X, = X7 etc. Then, X! is a (finite-dimensional) irreducible projective
subvariety of Xp and X} is a finite-codimensional irreducible subscheme of Xp. We denote
by Z, the Bott-Samelson-Demazure-Hansen (BSDH) variety as in [Kum02, §7.1], which is a
B-equivariant desingularization of X£ [Kum02, Prop. 7.1.15]. Further, X5 is normal and has
rational singularities (in particular, Cohen-Macaulay for short CM) [Kum02, Theorem 8.2.2].
We also define the boundary of the Schubert variety by

oxl .=xD\ cb

with the reduced subscheme structure. For any u,w € W with u < w, we have the Richardson
variety

XY(P):=X4nXP c Xp

endowed with the reduced subvariety structure. By [KS14, Proposition 5.3] together with
[BKO5, Lemma 1.1.8], Xp is Frobenius split in any characteristic p > 0 compatibly splitting
{XL, X¥NXp},ewr. In particular, any scheme theoretic intersection X N---N XL NXpN
~-NXP (for m > 1) is reduced.

We denote by Zp the T-equivariant desingularization of X} as in [Kum17, Theorem 6.8].
For u,w € W¥ | the canonical projection map X* — X%(P) is a proper birational morphism,
where C*NC,, maps isomorphically onto a T-stable open subset of C}éﬂsz (cf. [Deo87, Lemma
4.3]). Hence, Z! is a T-equivariant desingularization of X} (P).

We denote the representation ring of T' by R(T'). Let {a1, -+, .} C h* be the set of simple
roots, {ay, - ,a,} C b the set of simple coroots, and {s1,--- ,s,} C W the corresponding set
of simple reflections, where b := Lie(H). Let p € h* be any integral weight satisfying

pla)) =1, forall 1<i<r.

If G is a finite-dimensional semisimple group, p is unique, but for a general KM group G,
it may not be unique. Denote by py := >,y @;, where {w1,--- ,w,} are fixed fundamental
weights and Y C {1,---,r} corresponds to the Levi component of P, i.e., {a;}icy are the
simple roots of the Levi component L of P containing H. (Observe that, in general, w; are not
unique.) We then define the integral weight py € h* by

Py == p— py-.
For any integral weight A, let C) denote the one-dimensional representation of H on C given
by h-z= Ah)z for h € H and z € C. It uniquely extends to a representation of B. We call A
a P-weight if A(a) = 0 for all i € Y, where ) is the derivative of A. If X is a P-weight, this
action extends uniquely to an action of P and we define the G-equivariant line bundle £ ())
on Xp by
L\ =G <P C_y,



where for any representation V of P, G x V := (G x V)/P where P acts on G x V by
(g,v) - p=(g9p,p 'v) for g € G, v € V and p € P. We also define the line bundle

* = Xp x Cy,

which while trivial as a non-equivariant line bundle, is equivariantly non-trivial with the
diagonal action of H.

3. IDENTIFICATION OF THE DUAL OF THE STRUCTURE SHEAF BASIS

Definition 3.1. For a quasi-compact scheme Y, an Oy-module § is called coherent if it
is finitely presented as an Oy-module and any Oy-submodule of finite type admits a finite
presentation.

A subset S C WP is called an ideal if z € S and v < z imply v € S. An Ox,-module § is

called coherent if S|y s is a coherent Oy s-module for any finite ideal S C WP where V7 is the
quasi-compact open subset of Xp defined by

V8= ) B wP/P=|]uwU P/P,
wes wesS

where U~ is the unipotent part of B~. Observe that {wU~P/P}, cyyp is an open cover of
Xp. Let K%(Xp) denote the Grothendieck group of T-equivariant coherent Ox,-modules S.
Since the coherence condition on & is imposed only for S|y s for finite ideals S, K%(Xp) can be
thought of as the inverse limit of K% (V) as S varies over all finite ideals of W [KS09, §2].
Similarly, define Kl (Xp) := Limy, 0o K (X)), where { X’},,>1 is the filtration of X p giving
Xp its ind-projective variety structure (i.e., X = Uiw)<nwewr BwP/P) and KI'(XFP)is the
Grothendieck group of T-equivariant coherent sheaves on the projective variety X

For any w € WF,
[Oxr] € K (Xp),

where [Oxp] denotes the class of Oxp in KI(Xp).

Lemma 3.2. {[Oxrl|},cwr forms a basis of K& (Xp) as an R(T)-module.

Proof. Apply [CG97, §5.2.14 and Theorem 5.4.17]. O

For any v € WP, O xu is a coherent Og -module. We record the following lemma due to
Kashiwara-Shimozono [KS09, Proof of Lemma 8.1].

Lemma 3.3. Any T-equivariant coherent sheaf S on V¥ admits a free resolution in Cohp(Oyu):
025, 0pu = =25 ®0pu = SyROpu - S — 0,

where Sy are finite-dimensional T-modules, V" := uU~P/P C Xp, and Cohr(Oyu) is the
abelian category of T-equivariant coherent Oyw-modules.

We define a pairing
(,): Kp(Xp)® Kq (Xp) = R(T), ([SLIF) = D (= D'xr(Xy, For; “7 (S, F)), (2)

%
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where S is a T-equivariant coherent sheaf on Xp and F is a T-equivariant coherent sheaf on Xp
supported on X for some n, and where 7 is the T-equivariant Euler-Poincaré characteristic.
This pairing is well defined by [Kum17, Proof of Lemma 3.5].

Definition 3.4. For any v € W7, set the T-equivariant sheaf on Xp,
£p = Oxu(—0Xp), where 0Xp := Xp \ Cp with the reduced scheme structure.

Proposition 3.5. {[{}]},cwr forms an infinite basis of K%(Xp) as an R(T)-module, where
by infinite basis we mean that K9.(Xp) = [[,epr R(T)[EH].

Proof. By the same proof as in [KS09, §2] {[Oxy]},cwr is an infinite basis of K§(Xp).
Moreover, [{p] = [Oxu] + Z T [OX?),/] for some r,s € R(T), the lemma follows. O

w'>u

w' eWP

Proposition 3.6. For any finite union ¥ = U§:1 X} of opposite Schubert varieties and any
w in WP,

O,
(a) Jor; XP((’)y,(’)Xg) =0 for all j > 0.
(b) HI(XT, Oynxe) =0 for all j > 0, where n is any positive integer such that xFoxPk.

In particular, this applies to the case Y = 0Xp.

Proof. This follows by the same argument as [Kuml7, Proof of Corollary 5.7]. Observe that
XU(P) is irreducible by Lemma 7.4. Moreover, the vanishing H/ (X! O xy(p)) = 0, for all
4 > 0, follows from the corresponding result for X (cf. [KS14, Corollary 3.2]) and applying the

Leray spectral sequence for the bundle 7 : X — Xp, since 7~ 1(X2(P)) = X op» Where wl is

the longest element of Wp. O
Proposition 3.7. For any v,w € WP,
For %P (¢4 Oyp) = 0 1j>0
o, < (€5, Oxp) =0 for all j > 0,
Proof. By Proposition 3.6(a), we have the vanishing
Oxp .
ﬂorj (OX}’),OXUFJ’):O for all 7 > 0.

The proposition follows from this together with Proposition 3.6 part (a) applied to Y = 0X}
and the long exact sequence for Jor associated to the short exact sequence

0—>£}’3—>0X;—>Oaxlg—>0. O
Proposition 3.8. For any u,v € W7,
([£B]: [OxP]) = buo-

Proof. For any u,w € W¥, the pairing is by definition

(€81 1Oxg)) = S (1) xr (X7, For; (€, Oxcp),
5



with n taken such that n > [(w). By Proposition 3.7, this becomes
(€8], [Oxp]) = x7 (X, € ®oy, Oxp)- 3)
From Proposition 3.6(a) and the definition §% := Oxy(—0Xp), we have the sheaf exact sequence
0— §1u: ®(95(P OX&? — Oxlg ®OXP OX{S — O@X}; ®O}?P OX£ — 0.
Hence,
xr(Xy € ®og, Oxp) = xr(Xy,, Oxu(p) = x1(Xy, Opoxpynxe)- (4)

From Lemma 7.4, the Richardson variety X} (P) is irreducible (when nonempty, i.e., u < w) and
hence (OX%)NXE = X (P) is connected (when nonempty) since wP € X (P) for all

u<v<w “tw
u<v<w. IfuZw, Xj(P)is empty, and hence Equations (3) and (4) imply ([¢3], [Oxr]) = 0.
Hence, we assume u < w so that X(P) is nonempty. Since X/ (P) has rational singularities
(Lemma 7.4)

H'(X),Oxupy) =0 foralli>0.
Further, by Proposition 3.6 (b) applied to 0X3,
H'(X,;, Oxuynxp) =0 for all i > 0.

Thus, for u < w,
xr(X),0xup)) =1
and for u < w,

xr(Xy, Ooxu)nxe) = 1.

Therefore, when u < w, ([§3],[Oxp]) = 0. Finally, if u = w, we have ([§p], [Oxr]) = 1 since
0X% N XE is empty in this case. O

Let A: Xp — Xp x Xp be the diagonal map. Express the coproduct in K (Xp):

AfOxrl= Y g (P)[Oxr]® [Oxr], for ¢¥, € R(T).

u,veW¥r
Also, express the product in K%(Xp)
€B]-[€p) = D di,(P)[ER], for di,(P) € R(T). ()
weWr

Proposition 3.9. For any u,v,w € WF,

Quo(P) = dy,,(P).
6



Proof. Let A : Xp — Xp x Xp be the diagonal map. Then, for any w € WF,

(A[eh BERL [Oxp]) = (6 BERL Au[Oxg))
(EbREp, Y abu(P)Oxe] @ [Oxe))

u' w'eWP
= qv ,(P), by Proposition 3.8.

On the other hand, since [€%] - [€%] = A*[€% K %], we also have

(A"[ep ®EP] [Oxp]) = ([€p] - [€7]: [Ox2])

=< > dﬁ,L(P)[&%’],[Ong>

w'ew?
= dy ,(P), by Proposition 3.8 O

4. THE MIXING SPACE AND MIXING GROUP

In this section, we introduce the mixing space (Xp)p, which is a bundle over a product of
projective spaces with fiber Xp. This allows the reduction from the T-equivariant K-theory to
the non-equivariant K-theory. We then introduce the mixing group I" whose action is sufficient
to allow for a transversality result used to prove part of our main technical result.

Fix a large N and let P := (PY)", where » = dim 7. For any j = (j1,--- ,j.) € [N]", where
[N] :={0,1,--- , N}, set

P =PV x ... x PN and Py = P9t x - x I,
We also define the boundary of P by
OP; i= (P71 X P2 x o x PIM) U U (P9 X PO2 x oo x PO,

where we interpret P~! := @ as the empty set. Throughout the paper, we fix an identification
T = (C*)" under t — (e“1(t), - ,e* (t)).

Definition 4.1. Let E(T)p := (CV*!1\ {0})" be the total space of the standard principal
T-bundle E(T)p — P. Let nx, : (Xp)p := E(T)p xT Xp — P be the fibration with fiber Xp
associated to the principal T-bundle E(T)p — P, where we twist the action of 7" on Xp via

tOx = t L. (6)

For any T-subscheme Y C Xp, denote Yp := E(T)p x' Y C (Xp)p.

The following proposition follows easily by using [CG97, §5.2.14 and Theorem 5.4.17] applied
to the vector bundle (BwP/P)p — P.

Proposition 4.2. Ko((Xp)p) := Lim, oo Ko((XF)p) is a free module over the ring Ko(P) =
K°(P) with basis Oy wewr. Therefore, Ko((Xp)p) has a Z-basis

{ijp([oumj]) ) [O(ng)p]}je[mr, weWP

where we view [Ops] as an element of Ko(P) = K°(P).
7



Let Yp := Xp x Xp. The diagonal map A : Xp — Yp gives rise to the embedding
A:(Xp)p = (Yp)p = E(T)p xT Yp = (Xp)p xp (Xp)p.

Therefore, we have (denoting the projection (Yp)p — P by my,)

AOxryl = > & ()5, (Om]) - [Oxryxr)] € Ko((Yp)p) (7)
ueW?
JEINT"

for some ¢} ,(j) € Z.
Let Yp = Xp x Xp and let K°((Yp)p) denote the Grothendieck group associated to the
semi-group of coherent O(yp)P—moduleS. Define, for u,v € W7,

EBREY == Opxunxy) (—O((Xp x Xp)p)) € K((Yp)p),

where O((Xp x Xp)p) := ((0Xp x Xp) U (Xp x 0Xp))p.

Lemma 4.3. With the notation as above,
c,(3) = (3, [Op,(—0P;)] - (€8 K D], Ad[Oxpy, D), (8)

where ., : (Yp)p — P is the projection and the pairing ( , ) : K°((Yp)p) @ Ko((Yp)p) — Z is
defined similar to (2) above. Explicitly,

(SL 7)) = D (=D'x(¥p)e, For; 77 (S, F)), 9)

i

where x denotes the (non-equivariant) Euler-Poincaré characteristic.

Proof. We compute

(73, [Op, (~OPy)] - (€ B EB], Au[Opxp), )
= (n3, (08, (=0B)] - (65 MR, D el ()7, (Op ) - [Oxpxx),])

v ewP
J'E[NT"
= ¢y(J) by Proposition 3.8 and [Kum17, identity (20)]. O
Definition 4.4. Let T act on B via
t-b=t"bt

where t € T and b € B. Then there is a natural action of AT on B x B. Let (B?)p be the
ind-group scheme over P:

(B)p:=E(T)p xI' (Bx B) =P

and let Ty denote the group of global sections of (B?)p under pointwise multiplication. Thus,

Iy can be identified with the set of regular maps f : E(T)p — B x B such that f(e-t) =

t=1. f(e) for all e € E(T)p and t € T. Now, GL(N + 1)" acts canonically on (B?)p in a way

compatible with its action on P and acts on I'g via its pull-back. We define the mixing group
8



[ =Tps:=Tgx GL(N + 1)
1-Ty—-T—=GLN+1)" = 1.
By the comments following [Kum17, Lemmas 4.7 and 4.8], we have the following two lemmas.

Lemma 4.5. T' is connected.

Lemma 4.6. Given any € € P and any (b1,b2) in the fiber of (B%)p over €, there exists a
section v € T'g such that v(e) = (b1, ba2).

Define the action of I" on (Yp)p by

(7:9) - [e; (y,9)] = [ge,v(ge) - (v, y")]

for v € Ty, g € GL(N +1)", e € E(T)p, and (y,y’) € Yp, where the action of I'y is via the
standard action of B? on Yp. From Lemma 4.6, it follows that the orbits of the I'-action on
(Ye)z are precisely {(CF x CP)e}, -

Proposition 4.7. For any coherent sheaf S on P, and any u,v € WF,

(8] [Ep R Ep] = [7(S) oy, (EpRER)] € KO((Yp)p),

Yp)p

where we abbreviate wy, by m and 7*(S) = Oy, ®o, S. In particular,

7 [Op, (~OPY)] - 6B B ED] = [v*(Ory(~0By) o0y, (€5 HER)].
Proof. This follows from the same argument as [Kuml7, Propositon 4.9]. O

5. STATEMENT OF MAIN RESULTS

The following is our main technical result. The proof of its two parts are given in Sections
6 and 10 respectively.

Theorem 5.1. For general y € T, j € [N]", and any u,v,w € WF,
O —— -
(A) For, P (7(Op; (—0P5)) ® (€ K ER), 1:Ax(O(xp),)) =0 for all i >0, where v € T' is

viewed as an automorphism of the scheme (Yp)p.

(B) For cy,(j) # 0, where ¢} ,(j) is defined by (7) (see also (8)),

HP((Yp)p, 7" (Opy (—0P)) ® (£ W ER) @ 1:A:(O(xpy,)) = 0

for all p # [j| + l(w) — (I(u) + 1(v)), where |j| = i, ji-

Since I' is connected (cf. Lemma 4.5), we have the following result as an immediate corollary
of Lemma, 4.3, Proposition 4.7, and Theorem 5.1.

Corollary 5.2. (—1)‘jHl(w)’(l(“)H(”))cg’m(j) € Z>p.

Recall the definition of the structure constants dy ,(P) € R(T) (cf. (5)) for the product in
K3(Xp).

Lemma 5.3. For any u,v,w € WP, d¥ (P) € Z[(e™® —1),...,(e"* —1)].
9



Proof. By [GKO08, Proposition 3.5, which is valid in the symmetrizable Kac-Moody case by the
same proof, for any u,v,w € WF,

dyy (P) = > 1 (B)- (10)

uw' EuWp v’ €EvWp

Now, dy, ,(B) € Z[(e™® —1),...,(e7* —1)] by [Kuml7, Lemma 4.12]. Hence, the lemma
follows from the identity (10). O

The following lemma follows easily from the identity (7), Proposition 3.9, [GK08, Lemma
6.2] (which is valid in the Kac-Moody case as well) (see also [AGM11, §3)).

Lemma 5.4. For any u,v,w € W, we can choose a large enough N (depending on u,v,w)
and write (c¢f. Lemma 5.3)

dig(P) =Y di (e = 1)t (e = 1)
j

for some unique dy; ,(j) € Z, where j = (j1,--+,jr). Then

dir, (5) = (=)¥ley, (3)- (11)

The following main theorem of this paper is an immediate consequence of Corollary 5.2 and
Lemma 5.4, which was proved in the G/B case by Kumar [Kum17].

Theorem 5.5. For anyu,v,w € WF, and any symmetrizable Kac-Moody group G and parabolic
subgroup P of finite type, the structure constants in K3((Xp)p) satisfy

(=))W GD (P) € Zool(e™* = 1), (e = 1)]. (12)

6. PROOF OF PART (A) OF THEOREM 5.1

Proof of Theorem 5.1(A). Note that since the assertion is local in P, we assume (Yp)p =~ P x Yp.
Then,

W*O]pj(—apj) ~ O]}Dj(—apj) X OYP’ (13)
§pMEp = 0p M (§p W Ep), (14)
O(XEXX}E)H»:OP&(OX{E&OX{E)' (15)

We first show that for any Oy ry,-module S (where (Y = (XE x XPp),

For, P (n(Op, (—0B})) @ (€ KEL), S)

Owbre . s
= <7.0701' (O(Yu}?)p ®O(YP)]P’ (71' (OPJ(_a]P)J)) ® (£P 0 gP)) ’S) (16)

To prove (16), we observe the following: Let R, S be commutative rings with a ring homomorphism
R — S, M an R-module and N an S-module. Then N ®g (S ®r M) ~ N ®@p M. This gives
the following isomorphism, provided Torf(S, M) =0 for all j > 0:

Tor®(M, N) ~ Tor (S @r M, N). (17)
10



Then (16) follows with R = Oy, S = Oyp)., M = 1*(Op,(~0P;)) © (6 K Ep), and N = S,
provided that 907“?(5’, M) =0 for all j > 0. But this follows from the Kunneth formula, and
the isomorphisms (13) - (15) together with Proposition 3.7.

By Proposition 3.7 and isomorphism (17) applied to R = Og,,, S = Oxp, M = {p, and
N =0xp (forz <w,z € W), we have

(@]
907’]- X5(0X5 ®oy, &p, OX};’) =0 for all z < w, j > 0. (18)

By Lemma 4.6, the closures of the ['-orbits in (Y,)')p are precisely (X x X,f)p for z,y < w
and z,y € WF. Setting F := Owr)s @0, (7 Op,(—0P;) @ (£ K £})), the identities (13)—(15)
and (18) imply that J is homologically transverse to the closures of the I-orbits in (Y.
Then applying [AGM11, Theorem 2.3] (with their G =T, X = (Y,}')p,& = A,O(xr), and their
F = F), we have the following:

O,y p . . .
For; T (Oyr), 005, (7 (Opy (—0P;)) ® (€ K ER)), 1ALO(xp),) = 0 for all i > 0.

(19)

(We note here that although I is infinite-dimensional, its action on (Y,2')p factors through a

finite-dimensional quotient group I' of T.) Finally, observe that v(A(X2)p) € (Y,2)p, and thus
(16) and (19) imply

Tory TPF (O, (~0P})) © (€4 M ER), 1 Au(Oxp),) =0 forall i > 0. O

w

This proves Theorem 5.1(A).

7. STUDY OF THE RICHARDSON VARIETIES
For any u,v < w in WF set Xi¥ := X% x X! where X% := X% N X,,. Similarly, we set
X' (P) = X%(P) x XY(P) where X%(P) := X% N XL. We also write X2(P) := X x XJ
and from now on we denote by Yj (for any T-stable subscheme Y C Xp) the inverse image of
P; under the standard quotient map E(T)p xTY — P.
The action of B on X[ factors through the action of a finite dimensional quotient group

B = B, containing the maximal torus H. Similarly, the action of I' on (X7 (P))p descends to
an action of a finite dimensional quotient group I" = I'y,:

I +T =T, GL(N+1)".

Further, we can (and do) take T' = Ty x GL(N + 1)", where T is the group of global sections
of the bundle (B?)p := E(T)p xT B? — P.

Lemma 7.1. For any j = (j1, -+ ,jr) € [N]" and u,v < w € WF, the map
T x (XEU(P)); = (X3(P)e

is flat, where m(vy,x) = v - mo(x) and 72 : (Xu"'(P)); — (X2 (P))p is the map induced from the
inclusion p : X%(P) x X5 (P) — X2(P). Similarly, its restriction m : T x o((Xw" (P));) —
(X2 (P))p is also flat, where

O((Xy" (P))y) = ((0Xp") N (XG(P));) U (X3 (P)) ;.
11



(X" (P))ap; denotes the inverse image of OP; under the quotient map E(T)p xT (X" (P)) = P
and 0X 5" = (0Xp x Xp) U (Xp x 0XY).

Proof. Consider the following diagram:

T x X&¥(P) —— T x (X&'(P)); —— GL(N +1)" x P,

b I b

Xa(P) ————— (X3(P))e

Here the two right horizontal maps are locally trivial fibrations with fibers in the leftmost
spaces. From this and the fact that m” is smooth (see the proof of [Kum17, Lemma 6.11]), to
show that m is flat it is enough to show that m/ is a flat morphism. From Lemma 4.6, it suffices
to show that (B?) x X;*(P) — X2(P) is flat. This follows from the proof of [Kum17, Lemma
6.10] for Xp.

Observe also that, by the same proof as that of [Kum17, Lemma 6.10], the map (B?) x
(0Xp") N X2(P)) — X2(P) is flat. Hence to show that 7 is flat, we first observe that the
restrictions to the components I'y := T' x ((0Xp") N X2 (P));, 2 := I x (X" (P))sp;, and
I'1 N9 are all flat maps (following the same argument as the first part of this proof). Therefore
m is flat on I'y U Ty, since for any affine scheme Y = Y7 UY5 with closed subschemes Y7, Y5 and
a morphism f :Y — X of schemes, there is an exact sequence of k[X]-modules:

0 — kY] — k[Y1] @ k[Y2] — k[Y1 NY3] — 0. O
As in Section 2, for v < w € WP, let
ot Zyy — X0 (P)
be the T-equivariant desingularization of X2 (P). For u,v,w € WF let Zy" := Z% x Z% under
the diagonal action of 7" and (Zfﬁ’v)j is the inverse image of P; under the map E(T)p i 70— P

We record the following from [Kum17, Lemma 6.11]:
Lemma 7.2. For any j € [N]" and u,v < w € WF, the map

T x (Z5Y); — (Z2)p
is a smooth morphism, where m is defined similarly to the map m in Lemma 7.1.

Lemma 7.3. For any u € WF, X3 is normal and CM.

Proof. The standard projection map p : G/B — G/P is a locally trivial fibration with fibers
isomorphic to the finite dimensional flag variety P/B (since, by assumption, P is of finite type).
By [KS09, Propositions 3.2 and 3.4] the lemma follows for X". Hence, the lemma follows for
X} since X" — X} is a locally trivial fibration with fiber P/B. Thus, locally X" is isomorphic
with X% x A", for n = dim P/B. Alternatively, see [sta, Lemma 10.164.3] for normality and
[sta, Lemma 75.26.5] for CM property. g

Lemma 7.4. For any symmetrizable Kac-Moody group G and anyu < w in WP, the Richardson
variety X (P) C Xp is irreducible, normal, and CM with rational singularities. Moreover,
CENCY% is an open dense subset of XY(P).

Proof. Observe that under the locally trivial fibration 7 : X — Xp with fiber P/B, 7~ }(X%(P)) =
X, where w is the longest element in the coset wWp. Hence, the irreducibility, normality and
12



CM property of X (P) follows, as in the above lemma 7.3, from the corresponding properties
of X (cf. [Kuml17, Propositon 6.6]). Similarly, the rational singularities of X (P) follows from
the corresponding result for X (cf. [KS14, Theorem 3.1]).

Finally, CF NC} is clearly an open subset of X} (P) and therefore dense since it is nonempty
by [Kum02, Lemma 7.3.10]. O

Lemma 7.5. (’)X;JD(—(?X}S) is a CM Oxv-module and Ogxv, is a CM ring.

Proof. From the locally trivial fibration G/B — G/P with fiber P/B, we see that locally
X ~XpxA" X'~ Xpx A" and 0X" ~ 9Xp x A™. (20)
Thus, locally as Oxv >~ Oxy @ Ogn-modules, we get
Oxv(—0X") ~ (Oxy(—0Xp)) ® Opn. (21)

Since Ox»(—0X") is a CM Oxv-module (cf. [Kum17, Corollary 10.5]), from the above decomposition
(21), we get that Oxy (—0X3) is a CM Oxy-module.

Now, Opxv being a CM ring (cf. [Kuml?7, Corollary 10.5]), so is Opxy by using the
decompositions (20). O

Remark Following the same proof as that of Lemma 7.4, replacing X% by 0Xp and observing
that X" N Xy is CM (cf. [Kum17, Remark 6.7]), we also have that (0X%) N X is CM.

8. THE SCHEMES Zp AND z

Let u,v < w € WP, As in Section 7, denote by Z," = Z% x Z!, where Z is the

T-equivariant desingularization of X%(P) as in Section 2. We also let Z2 := Z,, X Z,,, where
Z,, is a BSDH variety as in [Kum02, §7.1.3]. For any j € [N]", let (X.;"(P)); and (Zy"); denote
the inverse image of P; through the maps E(T)p xT X" (P) — P and E(T)p x* Ziy* — P
respectively.

We define the scheme Z to be the fiber product (I x (Zw");) X (22)p A((Zy)p) and Zp to

be the fiber product (I' x (Xu"(P));) X(x2(p))s A((XP)p) as in the commutative diagram:
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z o A(Zu)e)

(smooth)

i O

UV | m \2,
I'x (Zw )‘] (smooth) (ZW)P

0 B

(flat) w/\
i Il
Zp (ﬂzt) A((XL)e)

The map 6 is induced by the product of the desingularizations 7 : Z — X¥(P) and
7l 2 ZY — XU(P). In particular, 6 is a birational map for u,v < w € W¥. The map 3 is
induced from the BSDH desingularization Z,, — XI’. The maps m and 7 are obtained from
the projections to the I-factor via the maps i and ¢ respectively. The map f is the restriction
of 0 to Z (via i) with image inside Zp.

Proposition 8.1. The schemes Zp and Z are irreducible and the map [ : Z— Zp s a proper
birational map. Thus Z is a desingularization of Zp. Moreover, Zp is CM with

dim(Zp) = [j| + l(w) — (I(u) + I(v)) + dim(T), (22)
where ’j| = Z::ljl fOTj = (j17' T 7j7")‘

Proof. We first note that the top Cartesian square is precisely the same as that of [Kum17, §7],
and hence (as in [Kum17, Equation 59])

dim(Z) = dim(I") + |j| 4 (w) — I(u) — I(v) (23)

and Z is irreducible from the proof of [Kum17, Proposition 7.4].

We next show that Zp is of pure dimension. Since m is a flat morphism, Im (m) is an open
subset of (X2(P))p ([Har77, Chap. III, Exercise 9.1]). Moreover, clearly Im (m) D (C2(P))p,
thus Im (m) intersects A((X2(P)p). Applying [Har77, Chap. III, Corollary 9.6] first to the
morphism m : I' x (Xy"(P)); — Im (m) and then its restriction p to Zp, we see that Zp is
pure dimensional.

We next show that Zp is irreducible. Since Z is irreducible, so is its open subset ZnN
m L ((C2(P))p). Now Z N m L((C2(P))p) maps surjectively onto the open subset Zp N
m~Y((C2(P))p) of Zp under f and hence Z; := Zp N m~1((C2(P))p) is an irreducible component
of Zp. Let Z5 be another irreducible component of Zp so that u(2») € A(XE\ CP)p). But

dim(A((XP\ CP)p)) < dim(A((XE)p)) and all of the fibers of y|z, have dimension no more
14




than any fiber of p, so dim(2;) < dim(Z;), which is a contradiction since Zp is of pure
dimension. Thus Zp = Z; is irreducible.
The map f is clearly proper and an isomorphism when restricted to the open subset

ZN(Lx ((CENCY) x (CHN L)),

where we identify the inverse image (7%)~1(C%NCY) inside Z% with C4NCL. Hence dim(Zp) =
dim(Z) and (22) holds by the equation (23). Therefore,

codimz, (T x (X" (P));) = COdimA((Xg)P)((Xi(P))IP’) =l(w).

The fact that Zp is CM follows from the fact that m is flat as well as [Kum17, Lemma 7.2] and
Lemma 7.4. 0

Lemma 8.2. The scheme Zp is normal, irreducible, and CM.

Proof. The only thing that remains to be shown is that Zp is normal. Consider the map
o : G XY™ X4(S!) — Xp, lg,2] — g -z,

where X%(S!) := X% N VS, VS = Uwes;, B-wo, @, is the base point 1.P of Xp, and
S! = {v e W¥ | I(v) <I(u)+1}. Since u, is G-equivariant, it is a locally trivial fibration
with fibers F* := U, <. 1(0)<i(u) 41 Pv=lU~/U~. Since X% is normal by Lemma 7.3 and any
B~ orbit in X}(S;) has codimension < 1 in X%, X}(S]) is smooth and so is F". (Here
the smoothness of F means that there exists a closed normal subgroup B; of B of finite
codimension such that Bj acts freely and properly on F* and the quotient B; \ F'* is a smooth
scheme of finite type over C.) Therefore y, is a smooth morphism. Hence so is the restriction
of 1, to the open subset B x X}(S),), and further so is the restriction to the inverse image of
XP po(w) : Bx (X4(S1)NnXE) — XP. Clearly p,(w) factors through a smooth morphism
fio(w) : B x (X%(S,) N XE) — X[I, where B is a finite-dimensional quotient of B. Hence,
fio(w) H(XE) = B x (X4(S.) N (XP)) is a smooth variety, where XF := XFP\ £ and ¥F is
the singular locus of X[ .

Following the same argument as in the proof of Lemma 7.1 and restricting the middle
vertical map to the open subset m : I' x ((X%(S.,) x X%(S))) N X2(P)); — (X2(P))p and
the left vertical map accordingly, we have that m is a smooth morphism (with open image Y).
Hence, the restriction of m to m : m ™ (A((X1)p)) = A((X])p) is also smooth. (Observe that
Y does intersect A((XL)p) since Y being a I-stable open subset of (X2 (P))p, (C2(P))p C Y.)
Therefore the open set i~ H(A((XE)p)) in Zp = m~Y(A((XL)p)) is a smooth variety. Denote
the complement of T' x ((X%(S),) x X%(S.)) N X2(P)); in T' x (X" (P)); by F and denote
m~Y(A((2E)p)) by F'. Then F' has codimension > 2 in m~*(A((X}))g)), and hence in Zp.
Also, F is of codimension > 2 in ' x (X" (P));. If F is nonempty, then the restriction of m to
F is flat (following the proof of Lemma 7.1) with image an open subset of (X2 (P))p intersecting
A((XP)p). Therefore the codimension of F N Zp in Zp is > 2 and hence so is the complement
of the smooth locus of Zp in Zp. Finally, since Zp is CM, it is normal by Serre’s criterion
[Har77, Ch. II, Theorem 8.22(A)]. O

Proposition 8.3. The scheme Zp has rational singularities.

Proof. Since u is flat and A((X2)p) has rational singularities [Kum02, Theorem 8.2.2(c)], it is
enough to show (by [Elk78, Théoreme 5]) that the fibers of p are disjoint unions of irreducible
varieties with rational singularities.
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Let z € A((C’ﬁ)p), where w’ < w € WP. Then from [Kum17, Thoerem 7.6] and Lemma 4.6,
Stab(e) \ 5 (z) = (XBNCE) x (XpNCE)), (24)

where the stabilizer Stab(z) is taken with respect to the I' action on (X3 (P))p. From [Ser58,
Proposition 3, §2.5], the map I' — Stab(x) \ I is locally trivial in the étale topology.
We have the pull-back diagram

poH(z) I x (X" (P));

| |

Stab(z) \ p~ () C (Stab(z) \ T) x (Xu"(P)); ,

N

where the left vertical map is a locally trivial fibration in the étale topology since so is the right
side map. Therefore, since Stab(zx) is smooth and Stab(z) \ x~!(x) has rational singularities
(by the equation (24) and Lemma 7.4), u~!(z) is a disjoint union of irreducible varieties with
rational singularities by [KMO08, Corollary 5.11]. O

Proposition 8.4. The scheme 0Zp is of pure codimension 1 in Zp and is CM, where we define
the closed subscheme 0Zp of Zp as

0Zp := (T x O((X}y"(P))) X (xape AX)e),
where O((X.w" (P));) is as in Lemma 7.1.

Proof. First recall that I' x 8((X."(P));) ™ (X2(P))p is a flat morphism (cf. Lemma 7.1)
and observe that 9((Xy"(P));) is pure of codimension 1 in (X" (P));. We consider two cases:
OP; # () or OP; = (0. In the first case, Im m = Im m. In the latter case, we have

Im 7 D U o’ x| U ¢r]|u U 7| = U o7

u—u <O0<w v<0'<w u<6<w v—v’ <0’ <w P

In either case we have that, if nonempty, Im 7 intersects A((XZ)p). Moreover, since 7 is
flat, Im 77 is open in (X2 (P))p. Thus, by [Har77, Ch. III, Corollary 9.6], each fiber of 7 (if
nonempty) is pure of dimension

dim(T) + dim((X3" (P));) — dim((X3(P))e) — 1.

Applying [Har77, Ch. III, Corollary 9.6] again to the restriction of m to dZp via u, we have
that 0Zp is pure of dimension

dim(I") + dim((X," (P));) — dim((X5,(P))p) — 1+ dim(A((X,)e))-

Hence, from (22) it is clear that 0Zp is pure of codimension 1 in Zp. From Lemma 7.4 and
the remark following Lemma 7.5, both of ((0X%) N X[) x XY(P) and X%(P) x ((0X3%)NXL)
are CM. Hence so is their intersection, which is of pure codimension 1 in each of them. Thus
their union is CM (cf. [Kum02, Theorem A.36]) and hence so is ((0Xp") N X2(P));. We also
have that (X" (P))ap; and the intersection

(0XE") N XE(P)); N (X" (P)ar; = (0X5E" N X5(P))om,
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are CM since JP; is. Since ((0Xp5") N X2 (P))ap, is CM of pure codimension 1 in each of
(Xw"(P))ap, and ((0Xp5") N X2(P));, their union 9((X.w"(P));) is CM. Finally, applying
[Kum17, Lemma 7.2] to 7 shows 0Zp is CM. O

Corollary 8.5. Assume that c;;,(j) # 0, where ¢/, (j) is defined by the equation (7) (also see
Lemma 4.3). Then for general v € T, the fiber N, := n~1(y) C Zp is CM of pure dimension,
where w : Zp — T is defined at the beginning of this section. In fact, for any v € T such that
N, is pure of dimension

dim(N,) = dim(Zp) — dim(T) = [j| + {(w) — I(v) — I(v), (25)

N, is CM (and this condition holds for general ~y).

Similarly, if |j|+1(w)—1(u)—1(v) > 0, then for generaly € T, the fiber M., := 7} '(v) C 0Zp
is CM of pure codimension 1 in N., where w1 is the restriction of m to 0Zp. If |j| + l(w) —
[(u) —I(v) =0, then for general v € T, M., is empty.

In particular, for general v € T,

@@xt%NW(ONV(_MA/);WNw) =0 foralli>D0. (26)
Proof. This follows the same argument as the proof of [Kum17, Corollary 7.9]. O

9. STUDY OF RPf.(w3(0Z))

Throughout this section we assume ¢y, (j) # 0, where ¢}/, (j) is defined by the identity (7).
We also follow the notation of the commutative diagram at the beginning of Section 8.

Lemma 9.1. For u € W¥| the line bundle EP(ﬁy)|X}g has a section with zero set precisely
equal to 0X}. In particular,

Ep(ﬁy)]X;j(p) ~ Z b;X; for some b; > 0,

(2

where the X; are the irreducible components of (0X%) N XL .

Proof. Let L(py) denote the integrable highest weight G™®-module with highest weight py
and let L(py)Y be its restricted dual, i.e., the direct sum of the dual of its weight spaces. Also,
let £ be the tautological line bundle over P(L(py)). Consider the linear map 8 : L(py)" —
HO(P(L(py)), L*), where B(f)(z) = (z, f|z) for f € L(py)¥ and x € P(L(py)). Further, let i* :
HY(P(L(py)), L*) — H*(Xp, LT (py)) be induced from i : Xp — P(L(py)) taking gP — [gez, ],
where €5, is a highest weight vector in L(py). Set x :=i* o 8: L(py)" — H*(Xp, L (py)),
which is the Borel-Weil isomorphism (see [Kum02, §8.1.21]) given by x(f)(gP) = [g, f(ges, )]

Let ey5, be the extremal weight vector of L(py) with weight upy and e 5, the linear form
which takes value 1 on e,;3, and 0 on any weight vector of weight different from upy. It is easy
to see (from [Kum02, Lemma 8.3.3 and Proposition 1.4.2(a)]) that the section x(e;,; )|xy has
zero set exactly 0X3. This proves the lemma. O

Recall that a Q-Cartier Q-divisor D on an irreducible projective variety X is said to be
nef (resp. big) if D has nonnegative intersection with every irreducible curve in X (resp.
dim(H°(X, Ox(mD))) > ecm3™X) for some ¢ > 0 and m > 1). Note that if D is ample, then
it is nef and big (cf. [KMO8, Proposition 2.61]).

For a proper morphism 7 : X — Y between schemes and a Q-Cartier Q-divisor D on X, D
is said to be m-nef (resp. m-big) if D has nonnegative intersection with every irreducible curve
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in X contracted by 7 (resp. m.Ox(mD) > e¢m'™ for some ¢ > 0 and m > 1, where n is the
dimension of a general fiber of 7).

Proposition 9.2. There exists a nef and big line bundle M on (Zy"); with a section with

support I((Zy'");), where d(( Zu Y);) is defined to be the inverse image of O((Xuw" (P));) under the
canonical map (Zy"); — (X" (P))j induced by the T-equivariant map mg"’ : Zy" — X" (P).
Moreover, M can be chosen to be the pull-back of an ample line bundle M’ on (X" (P));.

Proof. Let H be an ample line bundle on P; with a section with support precisely 0P;. Let
EZ;,U (py X py) be the pull-back of the line bundle £ (py) X LF(py) on Xp x Xp via the
morphism Zy” — Xp x Xp. The line bundle ey TvAy E%,v (py X py) is T-equivariant, hence
we have the line bundle

Lo (=py B =py) i= E(T); xT " Lo (py B py) = (Z3");.

Set M : EZM( py X —py) @ m*(HY), where 7 is the standard quotient map E(T); xT
Zy" — Pjand N > 0. Take 0 : (Z"); — EZW( py B —py) to be the section given by

[e, 2] = [e; Lupytupy @ (X(€upy ) BX(€3,)) (2)];

where e € E(T);, z € Zy", lupy+uvpy is the constant section of the trivial line bundle over Z; "
with H action given by upy + vpy, and x X y is the pull-back of the Borel-Weil isomorphism
as in the proof of Lemma 9.1. Let o be any section of H”" with support precisely OPj and ¢ its
pull-back to (Zy");. It is easy to see that the support of § @ & is precisely 6((Z“ U)J).

Moreover, the line bundle M is the pull-back of the line bundle M’ := £/(—py K —py) &
i (HY) on E(T); xT Xoy"(P) via the morphism

E(T); xT Z%" — E(T); xT X&*(P),

where m is the standard quotient map E(T); xT X" (P) — P;j and
L'(—py ®—py) :== B(T); x" <€uﬁy+vﬁy(ﬁp(ﬁY) X ﬁP(ﬁY))!)Q%’“(P)) :

From [KMO8, Proposition 1.45 and Theorems 1.37 and 1.42], M’ is ample on (X, (P)); for
large enough N > 0. Since 7 is a birational morphism and M’ is ample, M is nef and big by
[Deb01, §1.29]. O

Proposition 9.3. For 7 : Z— T,
Rpﬁ'*(wg(ag)) =0 forallp >0,

where 0Z = f~Y(0Zp) and wg(aé) = %mog(OE(—ag),wg). Here we take 0Zp with the
reduced scheme structure.

(Observe that f being a desingularization of a normal scheme Zp and 0Zp being reduced,
OZ is also a reduced scheme.)

Proof. As guaranteed by Proposition 9.2, let M be a nef and big line bundle on (Zy"); with
divisor Z?Zl biZ; (where b; > 0 for all ¢) supported precisely in 9((Zy");). Further, M can be
taken to be the pull-back of an ample line bundle M’ on (X" (P));. Let N be an integer so

that N > b; for all .
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By the proof of Proposition 9.2, the line bundle ¢ X M’ over I' x (X.,"(P)); restricted to
Zp via i has a section with support 0Zp, where 0Zp is defined in Proposition 8.4 and € is the
trivial line bundle over I'. Hence, the pull-back of the line bundle f*(i*(e X M’)) over Z has
a section with support f~1(0Zp) = dZ. Since OZ is the zero set of a line bundle on Z, 92
is a pure scheme of codimension 1 in Z. Let £ be the line bundle on the smooth scheme Z
associated to the reduced divisor Z and let D be the divisor >V bi)Z; on Z, where

Z; o= (T % Zi) % (22), A(Zw)p).

Then, as proved in [Kuml17, Proof of Proposition 8.4], each Z is a smooth irreducible divisor
of Z, and for any collection Z;,,---,Z;, 1 <i1 < --- < iy < d, the intersection ﬂq i, (if
non-empty) is smooth and of pure codimension ¢ in Z. (Observe that Z and Z; here commde

with the same in [Kum17, Proposition 8.4].) Hence, the Z;’s are all distinct and 9Z = 3 Z; is
a simple normal crossing divisor. Clearly,

LN(-D) =0z (Z bZ) (C%X 7, <Zb ))

By [Deb01, §1.6], since ", b;Z; is a nef divisor (by assumption), and since i is injective, LY (—D)
is 7-nef.

We next show that £V (—D) is #-big. Since M was chosen to be the pull-back of an
ample line bundle M’ on (X.;"(P));, we have that £V (—D) is the pull-back of the line bundle
S = i*(e X M’) on Zp via f. But M’ being ample implies S is 7-big. Further, since f is
birational, the fibers of 7 for general v have the same dimension as the fibers of 7 (use [Shal3,
Chap. 1, §6.3, Theorem 1.25]). Hence LY (—D) is 7-big.

Since f is proper and birational it is surjective. We also have that 7 is surjective (proof of
[Kum17, Corollary 7.9]), hence so is 7. Now apply [Kum17, Theorem 8.3]. O

Theorem 9.4. For the morphism f : Z Zp,

(a) Rpf*(w§(~8§)) =0 for allp > 0, and
(b) f*(wg(az)) = wgp(é)Zp), where wZP(azp) = jﬁ)mozp (OZP(—aZp),wZP).

Proof. For (a), note that f is surjective since it is proper and birational. As in the previous
proposition, £Y(—D) is #-nef and 7-big. Now the fibers of # contain the fibers of f, so that
LN (—D) is also f-nef. Since f is birational, we also have that £¥(—D) is f-big. Then (a)
follows from [Kum17, Theorem 8.3].

(b) Since Z = f~1(0Zp) is the scheme-theoretic inverse image with the reduced scheme
structure on 0Zp, the morphism

[0z, (~02p)) — O5(—0Z2)

is surjective (cf. [sta, Tag 01HJ, Lemma 25.4.7]) with kernel supported on a proper closed
subset of Z (since f is a desingularization). Thus the kernel is a torsion sheaf and so the dual
map

0z(02) — Homo (f*(Oz,(-0Zp)),Oz) (27)

is an isomorphism, where 05(82) = ,%mog(og(—aé), Oz).
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Finally,

Fe(w5(02)) = fulws ® Homo_(05(~0Z),03))
= olwz @ Homo, (J*(02,(~02p)),03)) by (27)
= fotomo (f*(Oz,(—0Zp)),wz)
= Homo, (0z,(—0Zp), fiwz) by adjunction [Har77, Ch. II, §5]
= Homo,,(Oz,(—0Zp),wz,) by Proposition 8.3 and [KM08, Theorem 5.10]
=wz,(0Zp). O

The following is an immediate consequence of Proposition 9.3, Theorem 9.4 and the Grothendieck
spectral sequence [Jan03, Part I, Proposition 4.1] applied to 7 = 7o f.

Corollary 9.5. The morphism m: Zp — T from the diagram satisfies
RPr,(wz,(0Z2p)) =0  for allp > 0.

10. PROOF OF PART (B) OF THEOREM 5.1

From Proposition 3.6, a similar argument to the proof of part (A) of Theorem 5.1 gives the
vanishing
O Y X —
For, " (12840 (x ), Op((xuvy;)) =0 for general v € I'.

J

This together with the definition that £} := Oxu(—0X}p) implies that part (B) of Theorem 5.1
is equivalent to the following

Theorem 10.1. Assume ¢, (j) # 0. For general v € T,

HP(N,,Ox, (=My)) =0 for all p # |j| + 1(w) — I(u) = I(v),
where M, == M1 is the subscheme (O(Xp");)) N YA((XE)p) and Ox, (—=M,) is the ideal
sheaf of M, in Ny = (Xp"); N vA(XD)p).

Proof. Since Zp and 0Zp are CM and 0Zp is of codimension 1 in Zp (cf. Propositions 8.1 and
8.4), we have

gxﬁbZP (0Oz,(—02p),wz,) =0 foralli>1.
Similarly, by the identity (26), we also have for general v € T,
gxtzbﬁv (ONW(—My),wNW) =0 foralli>1.

By the Serre duality [Har77, Ch. III, Theorem 7.6] applied to N7 and the local-to-global Ext
spectral sequence [God58, Ch. II, Théorem 7.3.3], the theorem is equivalent to the vanishing

Hp(]\fﬁy,e%”omom (On, (—=M),wy, ) =0 forall p >0, (28)

since N, is CM (for general v € I') and dim(N,) = [j| + {(w) — I(u) — I(v) (cf. Corollary 8.5).
Let wy (My) == j’fomom (Ox, (—=M,),wg, ). Then for general v € T,

Wz, (82;:)“4(771) o~ wﬂ71(771)(82p N W_l(’y_l)) =Wy, (M’Y) (29)
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To prove this, observe that by [Shal3, Ch. I, §6.3, Theorem 1.25] and [Har77, Ch. III, Exercise
10.9], there exists an open nonempty subset [, C T such that 7 : 771(T,) — T, is a flat
morphism. Since I', is smooth and Zp and Zp are CM, and since the assertion is local in T, it
is enough to observe (see [ILL*07, Corollary 11.35]) that for a nonzero function 6 on T, there
is an isomorphism of OZ% -modules

S/0-S ~ jﬁ)mozg (Oz,(—02p)/0 - OZP(—azp),ng)),
P

where ZY% is the zero scheme of 6 in Zp and S := Homo, (Oz,(—02p),wz,). Taking 6 in a
local coordinate system, we can continue and get (29).

Now RPmr(wz,(0Zp)) = 0 for p > 0 (cf. Corollary 9.5) implies that for general v € T,
(28) holds. This follows from the fact that since Zp and 9Zp are CM, T, is smooth, and
77 Y(T,) — T, is flat, we have wz,(0Zp) is flat over ', (see the proof of [Kum17, Theorem
9.1]). Therefore (28) follows from the semicontinuity theorem ([Har77, Ch. III, Theorem 12.8
and Corollary 12.9]). Hence the theorem is proven and therefore so is part (B) of Theorem 5.1.
Thus, Corollary 5.2 is proved. O
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11. APPENDIX

The aim of this appendix is to determine the dualizing sheaf wyw of the CM scheme X5 C

Xp for any w € WF (in the thick Kac-Moody flag variety). Even though this result is not used
in the paper, we believe that it is interesting on its own for potentially its future use. When
P = B, this result was proved by Kashiwara (cf. [Kuml17, Theorem 10.4]). Moreover, in the
finite case (i.e., when G is a semisimple group), this result for any P is obtained in [KRW20,
Theorem 3.3].

From [Jan03, Part II, §4.2], the dualizing sheaf of Xp in the finite case is given by

wi, = L0 (=20 +2p"),

where pY denotes the half sum of positive roots coming from the Levi component of P.
Given any Cohen-Macaulay subscheme Y of a smooth variety X, its dualizing sheaf wy is
given by
wy ~ 5xt%’§im Y((’)y, Ox) Quwx.

In particular, by Lemma 7.3, following the analogy with the schemes of finite type, we define
the dualizing sheaf of X35 by

(w)
O%p

wxw = Exty (Oxu,0x,) @ LE(—=2p+2p").

Recall the definitions of py = >,y @; and py = p — py from Section 2. For any w € WP, let

€8 =Cprupy ® wxy @ L (p+ py —2p")
I(w ~
=C_pruwpy ® &:téxl(oxg, Ox,) ® L (—py).

Lemma 11.1. Restricted to the open cell C5 C X3P, we have a B~ -equivariant isomorphism
(€P)lcy ~ (Oxw)lcw-

Proof. Because of the B~ -equivariance of f%, it suffices to show that zj‘uég is trivial as a
T-module, where i, : {pt} — Xp is the map sending the point to the fixed point w. First, note
that for any character A of P, i LF(\) = C_,». Further,

% w TW(X )
i (é”:ptl(gx) (OX}’DJ’OXPD ~ det (Tw(X;> ~ Cpwp-

P

The last equality follows from the computation of the tangent spaces:
Tw(XB) =Tw(B wP/P) =T, (w(w 'B~wnUp)P/P) = D 95
BEA—NW(A\AY)
Tw (XP) = @ gﬁu

Bew(AT\Ay)

where A~ is the set of negative roots, Ay the set of negative roots of the Levi component of

P, and U is the unipotent radical of the opposite parabolic of P. Then by [Kumo02, Corollary
1.3.22],

22



Tw(X
det (TEXZ%) = det @ gg | = det @ 93 | = Cp_wp, since w € wr.
WP BeA+nw(A-\AT) BEA+NWA~

Therefore the conclusion of the lemma follows since the weight of z;“vég is given by
—p+wpy + (p — wp) — w(—py) = wpy —wp + wp — wpy = 0. O

Let V§ = Cp U U Cp, where the notation v < w indicates that [(w) = I(v) — 1 and
vE—w
v > w. Then, V§ is a smooth open subset of X} and fg\vg is an invertible B~ -equivariant
Oyw-module. By Lemma 11.1,

Eplvy =~ Oxw (— g minI%) lvw,  for some mfiv €Z.

vw

P

Lemma 11.2. The coefficients my, ,, are given by the formula

mf},v =1- <wa7ﬁv>7

where B is the positive root so that sgw = v.

Proof. Let v € WF be such that v < w. We first compute

TA;;))
P

% l(w
i, (éaxt(éX)P (Oxw, OXP)) ~ det <Tv( )
T,(Xp)

(1) = (1)

~ C)—ypp—p, by [Kuml7, Lemma 10.3].

Hence,

Zzég ~ Cprwpy @ Cpvp—p ® Cypy
= (Cwﬂy—ﬁ—’vﬂy
= Ctwpy ,8v)-1)8- (30)

On the other hand

P
: Ty (X8)\ & e
x B P yu _ v(Ap
1, (OXP ( g mwyuXP>> det (Tv( fs))

U—w
®7m5 v
= Cﬁ
- C—mi,uﬁ’ (31)
Equating the equations (30) and (31), we have the desired result. O
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Theorem 11.3. For any w € WF, we have a B~ -equivariant isomorphism

6 = 0x (- Xl ).
vE—w
where mffw are as in Lemma 11.2. Therefore, the dualizing sheaf of X is T-equivariantly

isomorphic to

Cp—wpy ® Oxy (‘ Z min}é) ® EP(QPY —p=py)

v<w

Proof. Let j : Vg — X} be the inclusion map and set D := Z min}’;. We have the

vEw
following commutative diagram with exact rows

0 —— Oxy(-D) ————— Oxg ———— Op ——— 0

0—— j*jil(oX}ﬁ(_D)) B j*jil(oX}j) — j»j'Obp.

Here the middle vertical arrow is an isomorphism since X} is normal (cf. Lemma 7.3) and X3\

V} is of codimension at least 2 in X3. The right vertical map is injective since supp(D) N V¥ =
supp(D). This implies that the leftmost vertical map is an isomorphism. We also have that
€Y ~ 4,571 (€Y) since £% is a CM Oxw-module. Moreover, by Lemmas 7.3 and 11.2,

€8~ jj ' (EP) ~ juj ' Oxu(—D) =~ Oxu(—D). O
For P = B, clearly py = 0 and the coefficients m}, , = 1 — (wpy,3Y) = 1. This gives the

following theorem of Kashiwara ([Kum17, Theorem 10.4])

Theorem 11.4. For any w € W, we have a B~ -equivariant isomorphism
£ = Oxu(—0X™),
where £ :=C_, @ L(—p) ® éaxtl(,()?(OXw, Ox).

Example 11.5. (a) For the affine Kac-Moody group G = é\o, where G, is a simple simply-connected
complex algebraic group, taking the standard maximal parabolic subgroup P, we see that if we

take w =e,v = sg, then miﬂ) =1.

(b) Let us take G = SLy and P the standard maximal parabolic subgroup (as above). Then,
for w = sg, v = $150, mfl’v = 0. If we take w = s150,v = Sgs150, then mivv = —1.
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