
Supplemental material for “A bootstrapped test
of covariance stationarity based on orthonormal
transformations”
Jonathan B. Hill1 and Tianqi Li2

1Dept. of Economics, University of North Carolina
2Dept. of Economics, University of North Carolina

Contents
A Introduction 2

B Omitted proofs 3
B.1 Strong mixing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

B.1.1 Lemma 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
B.1.2 Theorem 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
B.1.3 Theorem 4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

B.2 Physical dependence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
B.2.1 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
B.2.2 Lemma 3.1∗, Theorem 3.2∗, Lemma B.4∗ . . . . . . . . . . . . . . . . . . . . 27
B.2.3 Theorem 3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

C Empirical study 31

D Complete simulation results 36

References 45

List of Tables
A.1 Dates and Sample Sizes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
A.2 Empirical Study: Covariance Stationarity Tests . . . . . . . . . . . . . . . . . . . . . 34
A.3 Rejection Frequencies under 𝐻0: Walsh Basis Case 1: H𝑇 = [log2 (𝑛).99 − 3.5] and

K𝑇 = [𝑛1/3 + .01] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
A.4 Rejection Frequencies under 𝐻0: Walsh Basis Case 2: H𝑇 = 2𝑇 .49 and K𝑇 = .5𝑇 .49 . . 38
A.5 a. Rejection Frequencies under 𝐻1: Walsh Basis Case 1: H𝑇 = [log2 (𝑛).99 − 3.5] and

K𝑇 = [𝑛1/3 + .01] 𝝐 𝒕 ∼ 𝑵(0,1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
A.5 b. Rejection Frequencies under 𝐻1: Walsh Basis Case 1: H𝑇 = [log2 (𝑛).99 − 3.5] and

K𝑇 = [𝑛1/3 + .01] 𝝐 𝒕 ∼ 𝒕5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
A.5 c. Rejection Frequencies under 𝐻1: Walsh Basis Case 1: H𝑇 = [log2 (𝑛).99 − 3.5] and

K𝑇 = [𝑛1/3 + .01] 𝝐 𝒕 ∼ GARCH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
A.6 a. Rejection Frequencies under 𝐻1: Walsh Basis Case 2: H𝑇 = 2𝑇 .49 and K𝑇 = .5𝑇 .49

𝝐 𝒕 ∼ 𝑵(0,1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

1



2

A.6 b. Rejection Frequencies under 𝐻1: Walsh Basis Case 2: H𝑇 = 2𝑇 .49 and K𝑇 = .5𝑇 .49

𝝐 𝒕 ∼ 𝒕5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
A.6 c. Rejection Frequencies under 𝐻1: Walsh Basis Case 2: H𝑇 = 2𝑇 .49 and K𝑇 = .5𝑇 .49

𝝐 𝒕 ∼ GARCH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

A. Introduction
We list the assumptions for reference below. Appendix B contains omitted proofs and additional results.
We provide an empirical study in Appendix C, and Appendix D contains all simulation results.

We use the following notation. [𝑧] rounds 𝑧 to the nearest integer.. 𝐿2 is the space of square inte-
grable random variables; 𝐿2 [𝑎, 𝑏) is the class of square integrable functions on [𝑎, 𝑏). | | · | |𝑝 and | | · | |
are the 𝐿𝑝 and 𝑙2 norms respectively, 𝑝 ≥ 1. Let Z ≡ {... − 2,−1,0,1,2, ...}, and N ≡ {0,1,1,2, ...}.
𝐾 > 0 is a finite constant whose value may be different in different places. 𝑎𝑤𝑝1 denotes “asymp-
totically with probability approaching one”. Write maxH𝑇

= max0≤ℎ≤H𝑇
. maxK𝑇

= max1≤𝑘≤K𝑇

and maxH𝑇 ,K𝑇
= max0≤ℎ≤H𝑇 ,1≤𝑘≤K𝑇

. Similarly, maxH𝑇
𝑎(ℎ, ℎ̃) = max0≤ℎ,ℎ̃≤H𝑇

𝑎(ℎ, ℎ̃), etc. Write
max𝑡 ,𝑇 = lim sup𝑇→∞ max1≤𝑡≤𝑇 , max𝑡 ,𝑇,H𝑇 ,K𝑇

= max𝑡 ,𝑇 maxH𝑇 ,K𝑇
, etc. |𝑎 |+ ≡ 𝑎 ∨ 0.

Write

𝑧𝑡 (ℎ, 𝑘) ≡ 𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)

Z𝑇 (ℎ, 𝑘) ≡
1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝑧𝑡 (ℎ, 𝑘).

Define 𝜎-fields

F∞
𝑇,𝑡 ≡ 𝜎 (𝑋𝜏 : 𝜏 ≥ 𝑡) 𝑎𝑛𝑑F 𝑡

𝑇,−∞ ≡ 𝜎 (𝑋𝜏 : 𝜏 ≤ 𝑡) ,

and 𝛼-mixing coefficients (Rosenblatt, 1956), 𝛼(𝑙) ≡ sup𝑡∈Z supA⊂F𝑡
𝑇,−∞ ,B⊂F∞

𝑇,𝑡+𝑙
|P(A ∩ B) −

P (A) P (B) |, for 𝑙 > 0.

Assumption 1.

𝑎. (weak dependence): 𝛼(𝑙) ≤ 𝐾1 exp{−𝐾2𝑙
𝜙} for some universal constants 𝜙, 𝐾1, 𝐾2 > 0.

𝑏. (subexponential tails): max𝑡 ,𝑇 𝑃( |𝑋𝑡 | > 𝑐) ≤ 𝜗1 exp{−𝜗2𝑐
𝜛 } for some universal constants𝜛,𝜗1, 𝜗2

> 0.

𝑐. (nondegeneracy): lim inf𝑇→∞ 𝐸 [Z2
𝑇
(ℎ, 𝑘)] > 0 ∀(ℎ, 𝑘).

𝑑. (orthonormal basis): {B𝑘 (𝑥) : 0 ≤ 𝑘 ≤ K} forms a complete orthonormal basis on L[0,1); B𝑘 (𝑥)
∈ {−1,1} on [0,1); |∑𝑇

𝑡=1 𝐵𝑘 (𝑡) | = 𝑂 (𝜂(𝑘)) for some positive strictly monotonic function 𝜂 : R+ →
R+, 𝜂(𝑘) ↗ ∞ as 𝑘 →∞.

Let {𝜖𝑡 }𝑡∈Z be an iid sequence, and assume there exists a measurable R-valued function 𝑔𝑡 (·) satis-
fying

𝑋𝑡 = 𝑔𝑡 (𝜖𝑡 , 𝜖𝑡−1, . . .) .

Let {𝜖 ′𝑡 }𝑡∈Z be an independent copy of {𝜖𝑡 }𝑡∈Z, and let 𝑋 ′
𝑡 (𝑚) be the coupled version based on {𝜖 ′𝑡 }𝑡∈Z:

𝑋 ′
𝑡 (𝑚) = 𝑔𝑡

(
𝜖𝑡 , 𝜖𝑡−1, . . . , 𝜖

′
𝑡−𝑚, 𝜖𝑡−𝑚−1, ...

)
.
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Define L𝑝-physical dependence coefficients 𝜃 (𝑝)𝑡 (𝑚) ≡ ||𝑋𝑡 − 𝑋 ′
𝑡 (𝑚) | |𝑝 .

Assumption 1.a∗. (weak dependence): 𝑋𝑡 is L𝑝-physical dependent for some 𝑝 ≥ 8, with 𝜃 (𝑝)𝑡 (𝑚) ≤
𝑑
(𝑝)
𝑡 𝜓𝑚 where 𝜓𝑚 = 𝑂 (𝑚−𝜆− 𝜄) for some size 𝜆 ≥ 1.

Remark 1. By construction and Minkowski’s inequality 𝜃 (𝑝)𝑡 (𝑚) ≤ 2| |𝑋𝑡 | |𝑝 hence logically

𝑑
(𝑝)
𝑡 ≤ 2 ∥𝑋𝑡 ∥𝑝 . (A.1)

Set a block size 𝑏𝑇 such that 1 ≤ 𝑏𝑇 < 𝑇 , 𝑏𝑇/𝑇 𝜄 → ∞ and 𝑏𝑇/𝑇1− 𝜄 → 0 for some tiny 𝜄 > 0 that
may be different in different places.

Assumption 2.

𝑎. (𝑖) lim inf𝑇→∞ 𝑠2
𝑇
(ℎ, 𝑘; ℎ̃, 𝑘̃) > 0 ∀(ℎ, ℎ̃, 𝑘, 𝑘̃); (𝑖𝑖) maxH𝑇 ,K𝑇

|𝑠2
𝑇
(ℎ, 𝑘; ℎ̃, 𝑘̃) − 𝑠2 (ℎ, 𝑘; ℎ̃, 𝑘̃) | =

𝑂 (𝑇− 𝜄) for some infinitessimal 𝜄 > 0.

𝑏. 𝑏𝑇/𝑇 𝜄 →∞ and 𝑏𝑇 = 𝑜(𝑇1/2− 𝜄) for some infinitessimal 𝜄 > 0.

B. Omitted proofs
The following result shows the composite Haar wavelets {𝜓𝑘 (𝑥)} form a complete orthonormal basis.

Lemma B.1. 𝑎. {𝜓𝑘 (𝑥) : 1 ≤ 𝑘 ≤ K𝑇 } forms a {−1,1}-valued complete orthonormal basis in L[0,1);
𝑏. |∑𝑇

𝑡=1 Ψ𝑘 (𝑡) | = 𝑂 (2𝑘); 𝑐. lim𝑇→∞ 1/𝑇∑𝑇
𝑡=1 Ψ𝑘 (𝑡) = 0; 𝑑.

∑𝑇
𝑡=1 Ψ𝑘 (𝑡) = 0 if 2𝑘 is a multiple of 𝑇 .

Proof.

Claim (a). By construction, for 𝑘 = 1,2, ...,

𝜓𝑘 (𝑥) =
2𝑘−1−1∑︁
𝑚=0

𝜓(2𝑘−1𝑥 −𝑚) = 𝜓(2𝑘−1𝑥) + 𝜓(2𝑘−1𝑥 − 1) + · · · + 𝜓(2𝑘−1𝑥 − 2𝑘−1 + 1),

where 𝜓(𝑥) ∈ {−1,0,1}, and

𝜓(2𝑘𝑥 −𝑚) = 𝐼
(
𝑚

2𝑘
≤ 𝑥 < 𝑚 + 1/2

2𝑘

)
− 𝐼

(
𝑚 + 1/2

2𝑘
≤ 𝑥 < 𝑚 + 1

2𝑘

)
.

For a given couplet (𝑥, 𝑘), by mutual exclusivity it follows 𝜓(2𝑘𝑥 − 𝑚) ∈ {−1,1} for only one 𝑚 ∈
{0, ...,2𝑘 − 1}. Hence 𝜓𝑘 (𝑥) ∈ {−1,1}.

Next, by construction of the Haar wavelet functions 𝜓(2𝑘𝑥 −𝑚):

∫ 1

0
𝜓𝑘 (𝑥)𝑑𝑥 =

2𝑘−1∑︁
𝑚=0

∫ 1

0
𝜓(2𝑘−1𝑥 −𝑚)𝑑𝑥 =

2𝑘−1−1∑︁
𝑚=0

(∫ (𝑚+1/2)/2𝑘−1

𝑚/2𝑘−1
𝑑𝑥 −

∫ (𝑚+1)/2𝑘−1

(𝑚+1/2)/2𝑘−1
𝑑𝑥

)
= 0.
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Furthermore, 𝜓𝑘 (𝑥) ∈ {−1,1} implies
∫ 1

0 𝜓2
𝑘
(𝑥)𝑑𝑥 = 1. Finally, let 𝑘1 > 𝑘2 to generate by the orthogo-

nality of {𝜓𝑘1 ,𝑚 (𝑥), 𝜓𝑘2 ,𝑚 (𝑥) : 𝑘1 ≠ 𝑘2}:∫ 1

0
𝜓𝑘1 (𝑥)𝜓𝑘2 (𝑥)𝑑𝑥 =

2𝑘1−1−1∑︁
𝑚1=0

2𝑘2−1−1∑︁
𝑚2=0

∫ 1

0
𝜓(2𝑘1−1𝑥 −𝑚1)𝜓(2𝑘2−1𝑥 −𝑚2)𝑑𝑥

=
1

2𝑘1−1/22𝑘2−1/2

2𝑘1−1−1∑︁
𝑚1=0

2𝑘2−1−1∑︁
𝑚2=0

∫ 1

0
𝜓(2𝑘1−1𝑥 −𝑚1)𝜓(2𝑘2−1𝑥 −𝑚2)𝑑𝑥

=

2𝑘2−1−1∑︁
𝑚1=0

2𝑘2−1−1∑︁
𝑚2=0

∫ 1

0
𝜓(2𝑘1−1𝑥 −𝑚1)𝜓(2𝑘2−1𝑥 −𝑚2)𝑑𝑥

+
2𝑘1−1−1∑︁

𝑚1=2𝑘2−1+1

2𝑘2−1−1∑︁
𝑚2=0

∫ 1

0
𝜓(2𝑘1−1𝑥 −𝑚1)𝜓(2𝑘2−1𝑥 −𝑚2)𝑑𝑥

=

2𝑘2−1−1∑︁
𝑚=0

∫ 1

0
𝜓(2𝑘1−1𝑥 −𝑚)𝜓(2𝑘2−1𝑥 −𝑚)𝑑𝑥

+
2𝑘1−1−1∑︁

𝑚1=2𝑘2−1+1

2𝑘2−1−1∑︁
𝑚2=0

∫ 1

0
𝜓(2𝑘1−1𝑥 −𝑚1)𝜓(2𝑘2−1𝑥 −𝑚2)𝑑𝑥 = 0.

Hence {𝜓𝑘 (𝑥) : 1 ≤ 𝑘 ≤ K𝑇 } forms a {−1,1}-valued orthonormal basis. Completeness follows from
completeness of {𝜓𝑘,𝑚 (𝑥) : 1 ≤ 𝑘 ≤ K𝑇 } and the definition 𝜓𝑘 (𝑥) ≡ 2−(𝑘−1)/2 ∑2𝑘−1−1

𝑚=0 𝜓𝑘,𝑚(𝑥).

Claim (b). By construction:

𝑇∑︁
𝑡=1

Ψ𝑘 (𝑡) =
2𝑘−1∑︁
𝑚=0

𝑇∑︁
𝑡=1

𝜓(2𝑘 (𝑡 − 1) /𝑇 −𝑚) =
2𝑘−1∑︁
𝑚=0

(
2
[(
𝑚 + 1/2

2𝑘

)
𝑇

]
−

[ 𝑚
2𝑘
𝑇

]
−

[(
𝑚 + 1

2𝑘

)
𝑇

] )
(B.1)

Now use [𝑎𝑇] − 𝑎𝑇 ∈ [−1/2,1/2] ∀𝑎 ∈ [0,1] to yield for any 𝑚 ∈ {0, ...,2𝑘−1}:����2 [(
𝑚 + 1/2

2𝑘

)
𝑇

]
−

[ 𝑚
2𝑘
𝑇

]
−

[(
𝑚 + 1

2𝑘

)
𝑇

] ����
≤

����2 (
𝑚 + 1/2

2𝑘

)
𝑇 − 𝑚

2𝑘
𝑇 −

(
𝑚 + 1

2𝑘

)
𝑇

���� + 2
���� [ (𝑚 + 1/2

2𝑘

)
𝑇

]
−

(
𝑚 + 1/2

2𝑘

)
𝑇

����
+
��� [ 𝑚

2𝑘
𝑇

]
− 𝑚

2𝑘
𝑇

��� + ���� [ (𝑚 + 1
2𝑘

)
𝑇

]
−

(
𝑚 + 1

2𝑘

)
𝑇

����
≤ 1 + 1/2 + 1/2 = 2.

Therefore |∑𝑇
𝑡=1 Ψ𝑘 (𝑡) | ≤ 2𝑘+1 =𝑂 (2𝑘).

Claim (c). Use (a) with 𝑥𝑡 = (𝑡 − 1)/𝑇 and 𝑑𝑥𝑡 = 1/𝑇 to give 1/𝑇∑𝑇
𝑡=1 Ψ𝑘 (𝑡) =

∫ 1
0 𝜓(2𝑘𝑥𝑡 − 𝑚)𝑑𝑥𝑡 →
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0 𝜓(2𝑘𝑥 − 𝑚)𝑑𝑥 = 0 as 𝑇 →∞.

Claim (d). The claim follows from identity (B.1), and [2−𝑘 (𝑚 +1/2)𝑇] = 2−𝑘 (𝑚 + 1/2)𝑇 if 2𝑘 divides
𝑇 (in which case 𝑇/2𝑘 is even, hence 2−𝑘 (𝑚 + 1/2)𝑇 ∈ N). QED.

B.1. Strong mixing
B.1.1. Lemma 3.1

The proof of Lemma 3.1 relies on an extension of Assumption 1.b to
∏𝑟

𝑖=1 𝑋𝑡𝑖 for any 𝑟-tuple {𝑡1, ..., 𝑡𝑟 },
𝑟 ∈ N. This is required here for both couplets 𝑋𝑡𝑋𝑡−ℎ and their cross-products 𝑋𝑠𝑋𝑠−𝑙𝑋𝑡𝑋𝑡−ℎ for our
high dimensional results.

Lemma B.2. Let max1≤𝑡≤𝑇 𝑃( |𝑋𝑡 | > 𝑐) ≤ 𝜗1 exp{−𝜗2𝑐
𝜛 } for some universal constants 𝜛,𝜗1, 𝜗2 >

0. It holds that for some 𝜛̃ > 0:

max
1≤𝑡1 ,...,𝑡𝑟 ≤𝑇

𝑃

(���∏𝑟

𝑖=1
𝑋𝑡𝑖

��� > 𝑐) ≤ 𝑟𝜗1 exp
{
−𝜗2𝑐

𝜛̃
}
. (B.2)

Proof. We prove (B.2) by induction. If 𝑟 = 1 then max1≤𝑡≤𝑇 𝑃( | 𝑋𝑡 | > 𝑐) ≤ 𝜗1 exp{−𝜗2𝑐
𝜛 } by sup-

position. Now let (B.2) hold for some 𝑟 ≥ 1. Then Young and Bonferroni inequalities imply for 𝜛̃ =

𝜛/2:

max
1≤𝑡1 ,...,𝑡𝑟+1≤𝑇

𝑃

(���∏𝑟+1

𝑖=1
𝑋𝑡𝑖

��� > 𝑐) ≤ max
1≤𝑡1 ,...,𝑡𝑟+1≤𝑇

𝑃

(
1
2

(∏𝑟

𝑖=1
𝑋𝑡𝑖

)2
+ 1

2
𝑋2
𝑡𝑟+1

> 𝑐

)
≤ max

1≤𝑡1 ,...,𝑡𝑟 ≤𝑇
𝑃

(���∏𝑟

𝑖=1
𝑋𝑡𝑖

��� > 𝑐 1
2

)
+ max

1≤𝑡≤𝑇
𝑃

(
|𝑋𝑡 | > 𝑐

1
2

)
≤ 𝑟𝜗1 exp

{
−𝜗2𝑐

𝜛/2
}
+ 𝜗1 exp

{
−𝜗2𝑐

𝜛/2
}

≤ (𝑟 + 1) 𝜗1 exp
{
−𝜗2𝑐

𝜛̃
}
. QED .

In the following we allow for a non-zero mean 𝐸 [𝑋𝑡 ] ∀𝑡. Recall

𝜌𝑇 ≡ sup
𝑧≥0

����𝑃 (
max

H𝑇 ,K𝑇

|Z𝑇 (ℎ, 𝑘) | ≤ 𝑧
)
− 𝑃

(
max

H𝑇 ,K𝑇

|𝒁𝑇 (ℎ, 𝑘) | ≤ 𝑧
)����→ 0. (B.3)

Lemma 3.1. Under Assumption 1, 𝜌𝑇 ≲ H1/2
𝑇

(ln (H𝑇 ))7/6 /𝑇1/9 → 0, for any sequences {H𝑇 ,K𝑇 }
with 0 ≤ H𝑇 ≤ 𝑇 − 1, H𝑇 =𝑂 (𝑇1/9 (ln(𝑇))1/3), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, and 𝜂(K𝑇 ) = 𝑜(

√
𝑇)

where 𝜂(·) is the Assumption 1.d discrete basis summand bound. In this case maxH𝑇 ,K𝑇
|Z𝑇 (ℎ, 𝑘) |

𝑑→
maxℎ,𝑘∈N |𝒁(ℎ, 𝑘) | where 𝒁(ℎ, 𝑘) ∼ 𝑁 (0, lim𝑇→∞𝜎2

𝑇
(ℎ, 𝑘)) and lim𝑇→∞𝜎2

𝑇
(ℎ, 𝑘) < ∞.

Proof. Allowing for a non-zero mean, recall:

𝑧𝑡 (ℎ, 𝑘) ≡ (𝑋𝑡 − 𝐸 [𝑋𝑡 ]) (𝑋𝑡+ℎ − 𝐸 [𝑋𝑡−ℎ]) 𝐵𝑘 (𝑡) − {𝐸 [(𝑋𝑡 − 𝐸 [𝑋𝑡 ]) (𝑋𝑡+ℎ − 𝐸 [𝑋𝑡−ℎ])] 𝐵𝑘 (𝑡)}

and Z𝑇 (ℎ, 𝑘) ≡ 1/
√
𝑇

∑𝑇−ℎ
𝑡=1 𝑧𝑡 (ℎ, 𝑘). Here, and in the sequel, let {𝜁𝑡 (𝑖),ℨ𝑇 (𝑖)}H𝑇K𝑇

𝑖=0 denote {𝑧𝑡 (ℎ, 𝑘),
Z𝑇 (ℎ, 𝑘)}H𝑇 ,K𝑇

ℎ=0,𝑘=1, stacked ℎ-wise over 𝑘:

ℨ𝑇 (𝑖) =Z𝑇 (ℎ, 𝑘) with index correspondence 𝑖 = (𝑘 − 1)H𝑇 + ℎ. (B.4)
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Thus ℨ𝑇 (1), ...,ℨ𝑇 (H𝑇 ) = Z𝑇 (1,1), ...,Z𝑇 (H𝑇 ,1); ℨ𝑇 (H𝑇 + 1), ...,ℨ𝑇 (2H𝑇 ) = Z𝑇 (1,2), ...,
Z𝑇 (H𝑇 ,2); etc. Define

𝜎2
𝑇 (𝑖) ≡ 𝐸

[
ℨ2
𝑇 (𝑖)

]
and let {𝒁𝑇 (𝑖) : 𝑇 ∈ N}𝑖≥0 be normally distributed 𝒁𝑇 (𝑖) ∼ 𝑁 (0, 𝜎2

𝑇
(𝑖)). It suffice to prove the claim

for ℨ𝑇 (𝑖).
Under Assumption 1.a,b,c 𝜁𝑡 (𝑖) satisfies AS1-AS3 in Chang, Jiang and Shao (2023, p. 990). AS1

holds from Assumption 1.b and Lemma B.2. AS2 holds as follows: by construction and Assumption
1.a, [𝜁𝑡 (𝑖)]H𝑇K𝑇

𝑖=0 is 𝜎(𝑋𝜏 : 𝜏 ≤ 𝑡 + H𝑇 )-measurable, with mixing coefficients 𝛼̊(𝑙) ≤ 𝛼( |𝑙 − H𝑇 |+) ≤
𝐾1 exp{−𝐾2 |𝑙 −H𝑇 |𝜙+ }. AS3 is Assumption 1.c.

Recall 𝜛, 𝜙 > 0 are respectively the mixing and tail decay exponents. Write, e.g., 𝜛0 ≡ 𝜛 ∧ 1, and
set

𝜓 ≡ 𝜛0𝜙0

𝜛0 + 𝜙0
.

Proposition 3 in Chang, Jiang and Shao (2023), and the mapping theorem, therefore yield 𝜌𝑇 ≡

sup
𝑧≥0

����𝑃 (
max

0≤𝑖≤H𝑇K𝑇

|Z𝑇 (𝑖) | ≤ 𝑧
)
− 𝑃

(
max

0≤𝑖≤H𝑇K𝑇

|𝒁𝑇 (𝑖) | ≤ 𝑧
)����≲ 𝑔𝑇 , (B.5)

where

𝑔𝑇 ≡
H1/3

𝑇
(ln (H𝑇K𝑇 ))2/3

𝑇1/9

{
H1/6

𝑇
(ln (H𝑇K𝑇 ))1/2 +H1/3

𝑇
+ (ln (H𝑇K𝑇 ))1/(3𝜛0 )

}
→ 0 (B.6)

provided

H𝑇 ln(H𝑇K𝑇 ) = 𝑜(𝑇1/6)

H𝑇 =𝑂 (𝑇1/9 (ln(𝑇))1/3)

ln (H𝑇K𝑇 ) = 𝑜
(
min

{
H3𝜓/(6+2𝜓)

𝑇
𝑇7𝜓/(18+6𝜓) ,H−3𝜙0/(6+2𝜙0 )

𝑇
𝑇7𝜙0/(18+6𝜙0 ) ,𝑇𝜛0/(9−3𝜛0 )

})
.

The first bound ensures 𝑔𝑇 = 𝑜(1), and the remaining two suffice for 𝜌𝑇 ≲ 𝑔𝑇 . Then together K𝑇 =

𝑜(𝑇 𝜅 ) for some 𝜅 > 0 and H𝑇 = 𝑂 (𝑇1/9 (ln(𝑇))1/3) suffice, cf. Remark 5 in the main paper.

Finally, (B.6) implies max0≤𝑖≤H𝑇K𝑇
|Z𝑇 (𝑖) |

𝑑→ max𝑖∈N |𝒁(𝑖) | where 𝒁(𝑖) ∼ 𝑁 (0, lim𝑇→∞𝜎2
𝑇
(𝑖))

with lim𝑇→∞𝜎2
𝑇
(𝑖) < ∞ shown below. Just note that convergence in distribution follows by construc-

tion of 𝒁(𝑖): lim𝑇→∞ 𝑃(max0≤𝑖≤H𝑇K𝑇
|𝒁𝑇 (𝑖) | ≤ 𝑧) = 𝑃(max𝑖∈N |𝒁(𝑖) | ≤ 𝑧) ∀𝑧 ≥ 0.

It remains to prove

lim
𝑇→∞

𝜎2
𝑇 (𝑖) <∞, 𝑖 = 0,1,2, ... (B.7)

Under Assumption 1 and by measurability, 𝜁𝑡 (𝑖) is for each fixed 𝑖 uniformly L𝑟 -bounded for any 𝑟 > 2,
and 𝛼-mixing with coefficients 𝛼 (𝑧) (𝑙) ≤ 𝐾1 exp{−𝐾2 |𝑙 − ℎ |𝜙+ } for some universal 𝜙, 𝐾1, 𝐾2 > 0, where
ℎ is a unique lag index associated with 𝑖 via (B.4). Then by Lemma 2.1 in McLeish (1975), {𝑧𝑡 (ℎ, 𝑘)}
forms a zero-mean L2-mixingale array with coefficients 𝛼̊(𝑙) ≡ 𝛼 (𝑧) (𝑙) {1/2−2/𝑟 } ≤ 𝐾1 exp{−𝐾2 (1/2 −
2/𝑟) |𝑙 − ℎ|𝜙+ }, and constants 𝐾 | |𝑧𝑡 (ℎ, 𝑘) | |𝑟 . The former satisfies 𝛼̊(𝑙) =𝑂 (𝑙−𝜆) for any 𝜆 ≥ 1/2 for each
fixed ℎ. The constants are uniformly bounded maxH𝑇 ,K𝑇

| |𝑧𝑡 (ℎ, 𝑘) | |𝑟 ≤ 𝐾maxH𝑇
| |𝑋𝑡𝑋𝑡−ℎ | |𝑟 ≤ 𝐾 by

Minkowski and Jensen inequalities, |𝐵𝑘 (𝑡) | = 1, and Assumption 1.b. Then Theorem 1.6 in McLeish
(1975) proves (B.7), completing the proof. QED.
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B.1.2. Theorem 3.2

We first show that may assume 𝐸 [𝑋𝑡 ] = 0 in subsequent proofs to ease notation.

Lemma B.3. Under Assumption 1, for any sequences {H𝑇 ,K𝑇 } with 0 ≤ H𝑇 ≤ 𝑇 − 1, H𝑇 =

𝑂 (𝑇1/9 (ln(𝑇))1/3), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, and 𝜂(K𝑇 ) = 𝑜(
√
𝑇):

max
H𝑇 ,K𝑇

����� 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{(
𝑋𝑡 − 𝑋̄

) (
𝑋𝑡−ℎ − 𝑋̄

)
− (𝑋𝑡 − 𝜇) (𝑋𝑡−ℎ − 𝜇)

}
𝐵𝑘 (𝑡)

����� =𝑂 𝑝

(
1
√
𝑇

)
.

Proof. Write 𝑋̃𝑡 ≡ 𝑋𝑡 − 𝜇 and 𝑋̂𝑡 ≡ 𝑋𝑡 − 𝑋̄ . We have:

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{
𝑋̂𝑡 𝑋̂𝑡−ℎ − 𝑋̃𝑡 𝑋̃𝑡−ℎ

}
𝐵𝑘 (𝑡)

=

(
𝑋̄2 − 𝜇2

) 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐵𝑘 (𝑡) − 2𝜇
(
𝑋̄ − 𝜇

) 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐵𝑘 (𝑡)

−
(
𝑋̄ − 𝜇

) 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{𝑋𝑡−ℎ − 𝜇 + 𝑋𝑡 − 𝜇} 𝐵𝑘 (𝑡)

= 𝔄𝑇 (ℎ, 𝑘) +𝔅𝑇 (ℎ, 𝑘) +ℭ𝑇 (ℎ, 𝑘).

By Assumption 1.d |1/
√
𝑇

∑𝑇
𝑡=1 𝐵𝑘 (𝑡) | = 𝑂 (𝜂(𝑘)/

√
𝑇). Arguments preceding (B.7) identically imply

𝑋̄ − 𝜇 = 𝑂 𝑝 (1/
√
𝑇) by Chebyshev’s inequality, hence 𝑋̄2 − 𝜇2 = 𝑂 𝑝 (1/

√
𝑇) by the mapping theorem.

Therefore, e.g.,

max
H𝑇 ,K𝑇

�����{𝑋̄2 − 𝜇2
} 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐵𝑘 (𝑡)
����� =𝑂 (

maxK𝑇
𝜂(𝑘)

𝑇

)
=𝑂 𝑝

(
𝜂(K𝑇 )
𝑇

)
.

Now use 𝜂(K𝑇 ) = 𝑜(
√
𝑇) to get maxH𝑇 ,K𝑇

|𝔄𝑇 (ℎ, 𝑘) | = 𝑜𝑝 (1/
√
𝑇), and maxH𝑇 ,K𝑇

|𝔅𝑇 (ℎ, 𝑘) =

𝑜𝑝 (1/
√
𝑇).

The remaining term ℭ𝑇 is handled by applying arguments in the proof of Lemma 3.1 to deduce for
some mean zero Gaussian process 𝒁̊(ℎ, 𝑘) ∼ 𝑁 (0, lim𝑇→∞ 𝜎̊2

𝑇
(ℎ, 𝑘)) and lim𝑇→∞ 𝜎̊2

𝑇
(ℎ, 𝑘) < ∞:

max
H𝑇 ,K𝑇

����� 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{𝑋𝑡−ℎ − 𝜇 + 𝑋𝑡 − 𝜇} 𝐵𝑘 (𝑡)
����� 𝑑→ max

ℎ,𝑘∈N
|𝒁(ℎ, 𝑘) | .

Hence maxH𝑇 ,K𝑇
|ℭ𝑇 | = 𝑂 𝑝 (1/

√
𝑇), completing the proof. QED .

Recall 𝜎2 (ℎ, 𝑘) ≡ lim𝑇→∞𝜎2
𝑇
(ℎ, 𝑘).

Theorem 3.2. Let 𝐻0 and Assumption 1 hold, and let H𝑇 ,K𝑇 → ∞. Let {𝒁(ℎ, 𝑘) : ℎ, 𝑘 ∈ N}
be a zero mean Gaussian process with 𝒁(ℎ, 𝑘) ∼ 𝑁 (0, 𝜎2 (ℎ, 𝑘)). Then it holds that M𝑇

𝑑→
𝛾−1

0 maxℎ,𝑘∈N |𝒁(ℎ, 𝑘) | for any {H𝑇 ,K𝑇 } with 0 ≤ H𝑇 ≤ 𝑇 − 1, H𝑇 = 𝑂 (𝑇1/9 (ln(𝑇))1/3), K𝑇 =

𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, and 𝜂(K𝑇 ) = 𝑜(
√
𝑇).
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Proof. 𝜎2
𝑇
(𝑖) = 𝑂 (1) in (B.7) implies 𝛾̂0 − 𝛾0 = 𝑂 𝑝 (1/

√
𝑇) by Chebyshev’s inequality.

Moreover, by construction

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)} =
√
𝑇 (𝛾̂ (𝑘 )

ℎ
− 𝛾̂ℎ) −

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡). (B.8)

Under covariance stationarity 𝐻0, |𝐸 [𝑋𝑡𝑋𝑡+ℎ] | < 𝐸 [𝑋2
𝑡 ] < ∞ for all ℎ and 𝑡. Assumption 1.d imply

∀{ℎ, 𝑘}:

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡)] = 𝛾ℎ ×
1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐵𝑘 (𝑡) =𝑂
(
𝜂(𝑘)
√
𝑇

)
. (B.9)

Hence:

√
𝑇

(
𝜌̂
(𝑘 )
ℎ

− 𝜌̂ℎ
)
=

1

𝛾0 +𝑂 𝑝 (1/
√
𝑇)

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)} (B.10)

+ 1

𝛾0 +𝑂 𝑝 (1/
√
𝑇)

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)

=
1

𝛾0 +𝑂 𝑝 (1/
√
𝑇)

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)} +𝑂 𝑝

(
𝜂(𝑘)
√
𝑇

)
,

where the 𝑂 (·) and 𝑂 𝑝 (·) terms do not depend on {ℎ, 𝑘}. Then 𝜂(K𝑇 ) = 𝑜(
√
𝑇) yields:

max
H𝑇 ,K𝑇

���√𝑇 (
𝜌̂
(𝑘 )
ℎ

− 𝜌̂ℎ
)

(B.11)

− 1

𝛾0 +𝑂 𝑝 (1/
√
𝑇)

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)}
����� = 𝑜𝑝 (1).

The claim now follows from Lemma 3.1. QED.

B.1.3. Theorem 4.1

A weak convergence result for the bootstrapped correlation difference is required. We develop ideas
under mixing here, and extend to physical dependence in Appendix B.2.

Let ⇒𝑝 denote weak convergence in probability on 𝑙∞ (the space of bounded functions) as defined
in Giné and Zinn (1990, Section 3). Recall bootstrap index blocks 𝔅𝑠 = {(𝑠 − 1)𝑏𝑇 + 1, . . . , 𝑠𝑏𝑇 },
𝑠 = 1, . . . ,𝑇/𝑏𝑇 , with block size 𝑏𝑇 , 1 ≤ 𝑏𝑇 < 𝑇 , 𝑏𝑇 → ∞ and 𝑏𝑇/𝑇1− 𝜄 → 0 for some small 𝜄 > 0. 𝜉𝑖
is iid 𝑁 (0,1), and 𝜑𝑡 = 𝜉𝑠 if 𝑡 ∈ 𝔅𝑠 . Recall the number of blocks N𝑇 = [𝑇/𝑏𝑇 ], and

Δ𝑔̂
(𝑑𝑤)
𝑇

(ℎ, 𝑘) ≡ 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡

{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡)
}
,

and define

𝜎̊2
𝑇 (ℎ, 𝑘) ≡ 𝐸


(

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡

{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

1
𝑇

𝑇−ℎ∑︁
𝑠=1

𝐸 [𝑋𝑠𝑋𝑠+ℎ] 𝐵𝑘 (𝑠)
})2 .
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Recall

𝑧𝑡 (ℎ, 𝑘) ≡ {𝑋𝑡𝑋𝑡+ℎ − 𝐸 [𝑋𝑡𝑋𝑡+ℎ]} 𝐵𝑘 (𝑡)

𝜎2
𝑇 (ℎ, 𝑘) ≡ 𝐸


(

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝑧𝑡 (ℎ, 𝑘)
)2 .

Lemma B.4. Let Assumptions 1 and 2 hold. Let {𝑏𝑇 ,H𝑇 ,K𝑇 } be any sequences satisfying 𝑏𝑇/𝑇 𝜄 →
∞, 𝑏𝑇 = 𝑜(𝑇1/2− 𝜄), 0 ≤ H𝑇 < 𝑇 − 1, H𝑇 = 𝑂 (𝑇1/9 (ln(𝑇))1/3), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, and
𝜂(K𝑇 ) = 𝑜(

√
𝑇) .

𝑎. Let {𝒁̊𝑇 (ℎ, 𝑘) : 0 ≤ ℎ ≤ H𝑇 ,1 ≤ 𝑘 ≤ K𝑇 }𝑇≤1 be a Gaussian process, 𝒁̊𝑇 (ℎ, 𝑘) ∼ 𝑁 (0, 𝜎̊2
𝑇
(ℎ, 𝑘)),

independent of the sample {𝑋𝑡 }𝑇𝑡=1. Then:

sup
𝑐>0

����𝑃 (
max

H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
��� ≤ 𝑐 |{𝑋𝑡 }𝑇𝑡=1

)
− 𝑃

(
max

H𝑇 ,K𝑇

���𝒁̊𝑇 (ℎ, 𝑘)
��� ≤ 𝑐)���� 𝑝

→ 0.

𝑏. Let {𝒁̊(ℎ, 𝑘)} be an independent copy of the Lemma 3.1 Gaussian process {𝒁(𝑘, ℎ) : ℎ, 𝑘 ∈ N},
𝒁(ℎ, 𝑘) ∼ 𝑁 (0, lim𝑇→∞𝜎2

𝑇
(ℎ, 𝑘)), independent of the asymptotic draw {𝑋𝑡 }∞𝑡=1. Then:

max
H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
���⇒𝑝 max

ℎ,𝑘∈N

���𝒁̊(ℎ, 𝑘)��� .
The proof exploits two results. First, uniform sample covariance convergence. Write

𝑔̂(ℎ, 𝑘) ≡ 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) and 𝑔𝑇 (ℎ, 𝑘) ≡ 𝐸 [𝑔̂(ℎ, 𝑘)] = 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)

Lemma B.5. Under Assumption 1,

max
H𝑇 ,K𝑇

|𝑔̂(ℎ, 𝑘) − 𝑔𝑇 (ℎ, 𝑘) | =𝑂 𝑝

(
1/
√
𝑇

)
for any {H𝑇 ,K𝑇 } satisfying 0 ≤ H𝑇 ≤ 𝑇 − 1, H𝑇 = 𝑂 (𝑇1/9 (ln(𝑇))1/3), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅
> 0, and 𝜂(K𝑇 ) = 𝑜(

√
𝑇).

Proof. Define

G𝑇 (ℎ, 𝑘) ≡
√
𝑇 (𝑔̂(ℎ, 𝑘) − 𝑔𝑇 (ℎ, 𝑘)) =

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{𝑋𝑡𝑋𝑡+ℎ − 𝐸 [𝑋𝑡𝑋𝑡+ℎ]} 𝐵𝑘 (𝑡)

and 𝑠2
𝑇
(ℎ, 𝑘) ≡ 𝐸 [G2

𝑇
(ℎ, 𝑘)]. The argument used to prove Lemma 3.1 implies

sup
𝑧≥0

����𝑃 (
max

H𝑇 ,K𝑇

|G𝑇 (ℎ, 𝑘) | ≤ 𝑧
)
− 𝑃

(
max

H𝑇 ,K𝑇

|𝑮𝑇 (ℎ, 𝑘) | ≤ 𝑧
)����→ 0

for some sequence of random functions {𝑮𝑇 (ℎ, 𝑘)}𝑇≥1 with 𝑮𝑇 (ℎ, 𝑘) ∼ 𝑁 (0, 𝑠2
𝑇
(ℎ, 𝑘)), for any

{H𝑇 ,K𝑇 } satisfying 0 ≤ H𝑇 ≤ 𝑇 − 1, H𝑇 = 𝑂 (𝑇1/9 (ln(𝑇))1/3), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 >
0, and 𝜂(K𝑇 ) = 𝑜(

√
𝑇). The claim follows instantly. QED.
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Next, define

𝑦𝑡 (ℎ, 𝑘) ≡
{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

1
𝑇 − ℎ

𝑇−ℎ∑︁
𝑠=1

𝐸 [𝑋𝑠𝑋𝑠+ℎ] 𝐵𝑘 (𝑠)
}
. (B.12)

We decompose the following summand into big and little blocks:

Δ𝑔∗𝑇 (ℎ, 𝑘) ≡
1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡

{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

1
𝑇 − ℎ

𝑇−ℎ∑︁
𝑠=1

𝐸 [𝑋𝑠𝑋𝑠+ℎ] 𝐵𝑘 (𝑠)
}
=

1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘).

Let 𝑏̃𝑇 and 𝑙𝑇 be block sizes, (𝑏̃𝑇 , 𝑙𝑇 ) →∞, with 1 < 𝑏̃𝑇 < 𝑇 , 𝑏̃𝑇 = 𝑜(𝑇), 1 ≤ 𝑙𝑇 < 𝑏̃𝑇 , and 𝑙𝑡 = 𝑜(𝑏̃𝑇 ).
In each index set {1, ...,𝑇 − ℎ} the number of blocks is

Ñ𝑇 (ℎ) =
[
(𝑇 − ℎ)/𝑏̃𝑇

]
.

Denote the blocks by 𝔅̃𝑠 = {(𝑠 − 1)𝑏̃𝑇 + 1, . . . , 𝑠𝑏̃𝑇 } with 𝑠 = 1, . . . , Ñ𝑇 (ℎ), and 𝔅̃Ñ𝑇 (ℎ)+1 =

{Ñ𝑇 (ℎ)𝑏̃𝑇 , ...,𝑇 + ℎ}. Then

Δ𝑔∗𝑇 (ℎ, 𝑘) =
1
𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

𝑖𝑏̃𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+𝑙𝑇+1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘) +
1
𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

(𝑖−1) 𝑏̃𝑇+𝑙𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘)

+ 1
𝑇

𝑇−ℎ∑︁
𝑖=Ñ𝑇 (ℎ) 𝑏̃𝑇+1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘).

Lemma B.6. Under Assumptions 1 and 2, for any {H𝑇 ,K𝑇 } satisfying 0 ≤ H𝑇 ≤ 𝑇 − 1, H𝑇 =

𝑂 (𝑇1/9 (ln(𝑇))1/3), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, and 𝜂(K𝑇 ) = 𝑜(
√
𝑇):������ max

H𝑇 ,K𝑇

��Δ𝑔∗𝑇 (ℎ, 𝑘)�� − max
H𝑇 ,K𝑇

������ 1
𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

𝑖𝑏̃𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+𝑙𝑇+1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘)

������
������ = 𝑜𝑝 (

1/
√
𝑇

)
.

Proof. The triangle inequality yields for any real-valued functions {𝑎(ℎ, 𝑘), 𝑏(ℎ, 𝑘)}���� max
H𝑇 ,K𝑇

|𝑎(ℎ, 𝑘) | − max
H𝑇 ,K𝑇

|𝑏(ℎ, 𝑘) |
���� ≤ max

H𝑇 ,K𝑇

|𝑎(ℎ, 𝑘) − 𝑏(ℎ, 𝑘) | .

We therefore prove for some {H𝑇 ,K𝑇 },

max
H𝑇 ,K𝑇

������ ��Δ𝑔∗𝑇 (ℎ, 𝑘)�� −
������ 1
𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

𝑖𝑏̃𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+𝑙𝑇+1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘)

������
������ = 𝑜𝑝 (

1/
√
𝑇

)
,

Step 1. It suffices to replace 𝑦𝑡 (ℎ, 𝑘) with 𝑧𝑡 (ℎ, 𝑘) uniformly awp1:

max
H𝑇 ,K𝑇

����� 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡 {𝑦𝑡 (ℎ, 𝑘) − 𝑧𝑡 (ℎ, 𝑘)}
����� = 𝑜𝑝 (1). (B.13)
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This follows by noting:����� 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘) −
1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)
�����

≤
����� 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡

{
𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡) −

1
𝑇 − ℎ

𝑇−ℎ∑︁
𝑠=1

𝐸 [𝑋𝑠𝑋𝑠+ℎ] 𝐵𝑘 (𝑠)
}�����

≤
����� 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)
����� +𝑂 𝑝

(
1/
√
𝑇

)
in view of the Assumption 1.b,d implication

max
H𝑇 ,K𝑇

����� 1
𝑇 − ℎ

𝑇−ℎ∑︁
𝑠=1

𝐸 [𝑋𝑠𝑋𝑠+ℎ] 𝐵𝑘 (𝑠)
����� ≤ 𝐾,

and

max
H𝑇

����� 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡

����� =𝑂 𝑝

(
1/
√
𝑇

)
.

The latter follows by construction of 𝜑𝑡 :

1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡 =
1

𝑇/𝑏𝑇

[ (𝑇−ℎ)/𝑏𝑇 ]∑︁
𝑖=1

𝜉𝑖 =
1

𝑇/𝑏𝑇

[𝜆ℎ𝑇/𝑏𝑇 ]∑︁
𝑖=1

𝜉𝑖 with 𝜆ℎ = 1 − ℎ

𝑇
∈ [0,1),

where iid 𝜉𝑖 ∼ 𝑁 (0,1). By Donsker’s theorem extended to D[0,1], and the mapping theorem,
sup𝜆∈[0,1) |1/

√
𝑁

∑[𝜆𝑁 ]
𝑖=1 𝜉𝑖 | = 𝑂 𝑝 (1) (cf Dudley, 1999).

Next, by construction:

1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)

=
1

𝑇/𝑏𝑇

[ (𝑇−ℎ)/𝑏𝑇 ]∑︁
𝑖=1

𝜉𝑖
1
𝑏𝑇

𝑖𝑏𝑇∑︁
𝑡=(𝑖−1)𝑏𝑇+1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡) =
1

𝑇/𝑏𝑇

N𝑇 (ℎ)∑︁
𝑖=1

𝜉𝑖𝜛𝑇,𝑖 (ℎ, 𝑘)

say, where 𝜛𝑇,𝑖 (ℎ, 𝑘) ≡ 1/𝑏𝑇
∑𝑖𝑏𝑇

𝑡=(𝑖−1)𝑏𝑇+1 𝐸 [𝑋𝑡𝑋𝑡+ℎ]𝐵𝑘 (𝑡) and N𝑇 (ℎ) ≡ [(𝑇 − ℎ)/𝑏𝑇 ]. Given 𝜉𝑖 is
iid 𝑁 (0,1), a generalization of Nemirovski’s L𝑞-moment bound, 𝑞 ≥ 1, for independent sequences
yields (see, e.g., Bühlmann and Van De Geer, 2011, Lemma 14.24):

𝐸

 max
H𝑇 ,K𝑇

����� 1
𝑇/𝑏𝑇

N𝑇 (ℎ)∑︁
𝑖=1

𝜉𝑖𝜛𝑇,𝑖 (ℎ, 𝑘)
�����
𝑞 ≤


8 ln (2H𝑇K𝑇 ) max

H𝑇 ,K𝑇

max
1≤𝑖≤N𝑇 (ℎ)

𝜛2
𝑇,𝑖

(ℎ, 𝑘)

𝑇/𝑏𝑇


𝑞/2

. (B.14)
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Moreover:

max
H𝑇 ,K𝑇

max
1≤𝑖≤N𝑇 (ℎ)

𝜛2
𝑇,𝑖 (ℎ, 𝑘) = max

H𝑇 ,K𝑇

max
1≤𝑖≤N𝑇 (ℎ)

©­« 1
𝑏𝑇

𝑖𝑏𝑇∑︁
𝑡=(𝑖−1)𝑏𝑇+1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)
ª®¬

2

(B.15)

≤
(
max
H𝑇

max
1≤𝑡≤𝑇

|𝐸 [𝑋𝑡𝑋𝑡+ℎ] |
)2

≡ 𝜛̄2
𝑇 .

Now combine (B.14) and (B.15), choose 𝑞 = 2, and invoke 𝑏𝑇 = 𝑜(𝑇1/2− 𝜄), H𝑇 = 𝑜(𝑇), K𝑇 = 𝑜(𝑇 𝜅 )
for some finite 𝜅 > 0, and 𝜛̄𝑇 = 𝑂 (1) under Assumption 1.b and the Cauchy-Schwartz inequality, to
deduce:

𝐸

 max
H𝑇 ,K𝑇

(
1

𝑇/𝑏𝑇

N𝑇 (ℎ)∑︁
𝑖=1

𝜉𝑖𝜛𝑇,𝑖 (ℎ, 𝑘)
)2 ≤ 𝐾 ln (H𝑇K𝑇 )

𝑇/𝑏𝑇
𝜛̄2

𝑇

= 𝑜

(
ln (𝑇)
𝑇1/2+ 𝜄

)
× 𝜛̄2

𝑇 = 𝑜

(
ln (𝑇)
𝑇1/2+ 𝜄

)
= 𝑜(1).

This proves (B.13) by Chebyshev’s inequality.

Step 2. Now observe that������Δ𝑔∗𝑇 (ℎ, 𝑘) − 1
𝑇

(𝑇−ℎ)/𝑏𝑇∑︁
𝑖=1

𝑖𝑏𝑇∑︁
𝑡=(𝑖−1)𝑏𝑇+𝑙𝑇+1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)

������
≤

������ 1
𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

(𝑖−1) 𝑏̃𝑇+𝑙𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)

������ +
������ 1
𝑇

𝑇−ℎ∑︁
𝑖=Ñ𝑇 (ℎ) 𝑏̃𝑇+1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)

������ .
Use Lemma 3.1 and 𝑏̃𝑇/𝑙𝑇 = 𝑜(1) to deduce under the assumed properties for {H𝑇 ,K𝑇 }:

max
H𝑇 ,K𝑇

������ 1
𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

(𝑖−1) 𝑏̃𝑇+𝑙𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)

������ = . 𝑙𝑇𝑏̃𝑇 max
H𝑇 ,K𝑇

������ 1
𝑇𝑙𝑇/𝑏̃𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

(𝑖−1) 𝑏̃𝑇+𝑙𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)

������
= 𝑂 𝑝

(
𝑙𝑇/𝑏̃𝑇√︁
𝑇𝑙𝑇/𝑏̃𝑇

)
=𝑂 𝑝

(
1/

√︃
𝑇𝑏̃𝑇/𝑙𝑇

)
= 𝑜𝑝

(
1/
√
𝑇

)
.

Similarly, for any (ℎ, 𝑘), the integer-valued discrepancy implicit in

𝑇 − ℎ − Ñ𝑇 (ℎ)𝑏̃𝑇 = 𝑇 − ℎ −
[
(𝑇 − ℎ)/𝑏̃𝑇

]
𝑏̃𝑇

yields:

max
H𝑇 ,K𝑇

������ 1
𝑇

𝑇−ℎ∑︁
𝑖=Ñ𝑇 (ℎ) 𝑏̃𝑇+1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)

������ = 𝑂 𝑝

©­­«max
H𝑇

√︃
(𝑇 − ℎ) − Ñ𝑇 (ℎ)𝑏̃𝑇

𝑇

ª®®¬ (B.16)
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= 𝑂 𝑝

©­­­­«
max
H𝑇

√︂
1 −

[
𝑇

𝑏̃𝑇
(1 − ℎ/𝑇)

]
𝑏̃𝑇

𝑇 (1−ℎ/𝑇 )
√
𝑇

ª®®®®¬
= 𝑜𝑝 (1/𝑇) .

This completes the proof. QED

We are now ready to prove Lemma B.4. Assume (𝑇 − ℎ)/𝑏𝑇 and related ratios are integers to reduce
notation. The resulting error is otherwise asymptotically negligible; cf. (B.16).

Proof of Lemma B.4.

Claim (a). Define the sample 𝔛𝑇 ≡ {𝑋𝑡 }𝑇𝑡=1, and define

Δ𝑔̂
(𝑑𝑤)
𝑇

(ℎ, 𝑘) ≡ 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡

{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡)
}

Let {Δ𝑔̂ (𝑑𝑤)
𝑇

(𝑖)}H𝑇K𝑇

𝑖=0 , etc., denote the stacked {Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)}H𝑇 ,K𝑇

ℎ=0,𝑘=1:

Δ𝑔̂
(𝑑𝑤)
𝑇

(𝑖) = Δ𝑔̂
(𝑑𝑤)
𝑇

(ℎ, 𝑘) with index correspondence 𝑖 = (𝑘 − 1)H𝑇 + ℎ. (B.17)

and define

𝑠2
𝑇 (𝑖, 𝑗) = 𝑇𝐸

[
Δ𝑔̂

(𝑑𝑤)
𝑇

(𝑖)Δ𝑔̂ (𝑑𝑤)
𝑇

( 𝑗) |𝔛𝑇

]
and 𝑠2

𝑇 (𝑖, 𝑗) = 𝑇𝐸
[
Δ𝑔∗𝑇 (𝑖)Δ𝑔

∗
𝑇 ( 𝑗) |𝔛𝑇

]
Δ𝑇 ≡ max

0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠2
𝑇 (𝑖, 𝑗) − 𝑠

2
𝑇 (𝑖, 𝑗)

��� ,
hence 𝑠2

𝑇
(𝑖, 𝑖) ≡ 𝜎̊2

𝑇
(ℎ, 𝑘) where 𝑖 = (𝑘 − 1)H𝑇 + ℎ.

Let {𝒁̊𝑇 (𝑖)}𝑇≤1 be sequences of normal random variables 𝒁̊𝑇 (𝑖) ∼ 𝑁 (0, 𝑠2
𝑇
(𝑖, 𝑖)) independent of 𝔛𝑇 .

Lemma 3.1 in Chernozhukov, Chetverikov and Kato (2013), cf. Chernozhukov, Chetverikov and Kato
(2015, Theorem 2, Proposition 1) and Chen (2018, Lemma C.1), implies:

E𝑇 ≡ sup
𝑐>0

����𝑃 (
max

0≤𝑖≤H𝑇K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(𝑖)
��� ≤ 𝑐 |𝔛𝑇

)
− 𝑃

(
max

0≤𝑖≤H𝑇K𝑇

���𝒁̊𝑇 (𝑖)
��� ≤ 𝑐)���� (B.18)

= 𝑂 𝑝

(
Δ

1/3
𝑇

max {1, ln (H𝑇K𝑇/Δ𝑇 )}2/3
)
.

It suffices to have Δ𝑇 = 𝑜𝑝 (ln(H𝑇K𝑇 )2): see the remark following Theorem 2 in Chernozhukov,
Chetverikov and Kato (2015), cf. Chernozhukov, Chetverikov and Kato (2015, Proposition 1). Thus
we need only show Δ𝑇 = 𝑜𝑝 (ln(T )2) given H𝑇 = 𝑜(𝑇) and K𝑇 = 𝑜(𝑇 𝜅 ).

We prove below Δ𝑇 = 𝑂 𝑝 (1/𝑇 𝜄) for some 𝜄 > 0. Thus, H𝑇 = 𝑜(𝑇) and K𝑇 = 𝑜(𝑇 𝜅 ) for some finite
𝜅 > 0 produce:

E𝑇 = 𝑂 𝑝

(
Δ

1/3
𝑇

max {1, ln (H𝑇K𝑇/Δ𝑇 )}2/3
)

= 𝑂 𝑝

(
Δ

1/3
𝑇

max
{
1, ln

(√
𝑇H𝑇K𝑇

)
+ ln

(√
𝑇Δ𝑇

)}2/3
)
=𝑂 𝑝

(
1
𝑇 𝜄/3

{ln (𝑇)}2/3
)

𝑝
→ 0.
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This suffices to prove the claim in view of the correspondence 𝑖 = (𝑘 − 1)H𝑇 + ℎ.
We now prove Δ𝑇 = 𝑂 𝑝 (1/𝑇 𝜄). Define for any 𝑔 ∈ R

𝔈𝑙,𝑇 (ℎ, 𝑘;𝑔) ≡
𝑙𝑏𝑇∑︁

𝑡=(𝑙−1)𝑏𝑇+1

{𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝑔} ,

and define

𝑔̂(ℎ, 𝑘) ≡ 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) and 𝑔𝑇 (ℎ, 𝑘) ≡
1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡).

By construction of 𝜑𝑡 via iid {𝜉𝑙} (𝑇−ℎ)/𝑏𝑇𝑙=1 , 𝜉𝑙 ∼ 𝑁 (0,1):

Δ𝑔̂
(𝑑𝑤)
𝑇

(ℎ, 𝑘) = 1
𝑇

(𝑇−ℎ)/𝑏𝑇∑︁
𝑙=1

𝜉𝑙𝔈𝑙,𝑇 (ℎ, 𝑘; 𝑔̂(ℎ, 𝑘))

Δ𝑔∗𝑇 (ℎ, 𝑘) =
1
𝑇

(𝑇−ℎ)/𝑏𝑇∑︁
𝑙=1

𝜉𝑙𝔈𝑙,𝑇 (ℎ, 𝑘;𝑔𝑇 (ℎ, 𝑘)).

Serial independence, and independence of 𝔛𝑇 , for 𝜉𝑡 yield for some couplets (ℎ, 𝑘) and ( ℎ̃, 𝑘̃):

𝑠2
𝑇 (𝑖, 𝑗) = 𝑇𝐸

[
Δ𝑔̂

(𝑑𝑤)
𝑇

(𝑖)Δ𝑔̂ (𝑑𝑤)
𝑇

( 𝑗) |𝔛𝑇

]
= 𝑇𝐸


1
𝑇

(𝑇−ℎ)/𝑏𝑇∑︁
𝑙=1

𝜉𝑙𝔈𝑙,𝑇 (ℎ, 𝑘; 𝑔̂(ℎ, 𝑘)) 1
𝑇

(𝑇−ℎ̃)/𝑏𝑇∑︁
𝑚=1

𝜉𝑚𝔈𝑚,𝑇 ( ℎ̃, 𝑘̃; 𝑔̂( ℎ̃, 𝑘̃)) |𝔛𝑇


=

1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝔈𝑙,𝑇 (ℎ, 𝑘; 𝑔̂(ℎ, 𝑘))𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃; 𝑔̂( ℎ̃, 𝑘̃)).

Similarly:

𝑠2
𝑇 (𝑖, 𝑗) =

1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝔈𝑙,𝑇 (ℎ, 𝑘;𝑔𝑇 (ℎ, 𝑘))𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃;𝑔𝑇 ( ℎ̃, 𝑘̃)).

Now observe for any (𝑖, 𝑗) and some associated couplets (ℎ, 𝑘) and ( ℎ̃, 𝑘̃):���𝑠2
𝑇 (𝑖, 𝑗) − 𝑠

2
𝑇 (𝑖, 𝑗)

���
≤

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

{
𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃; 𝑔̂( ℎ̃, 𝑘̃)) −𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃;𝑔𝑇 ( ℎ̃, 𝑘̃))

}
×

{
𝔈𝑙,𝑇 (ℎ, 𝑘; 𝑔̂(ℎ, 𝑘)) −𝔈𝑙,𝑇 (ℎ, 𝑘;𝑔𝑇 (ℎ, 𝑘))

}��
+

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃;𝑔𝑇 ( ℎ̃, 𝑘̃))
{
𝔈𝑙,𝑇 (ℎ, 𝑘; 𝑔̂(ℎ, 𝑘)) −𝔈𝑙,𝑇 (ℎ, 𝑘;𝑔𝑇 (ℎ, 𝑘))

}������
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+

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝔈𝑙,𝑇 (ℎ, 𝑘;𝑔𝑇 (ℎ, 𝑘))
{
𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃; 𝑔̂( ℎ̃, 𝑘̃)) −𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃;𝑔𝑇 ( ℎ̃, 𝑘̃))

}������
= S1,𝑇 (ℎ, 𝑘, ℎ̃, 𝑘̃) + S2,𝑇 (ℎ, 𝑘, ℎ̃, 𝑘̃) + S3,𝑇 (ℎ, 𝑘, ℎ̃, 𝑘̃).

It follows Δ𝑇 = 𝑂 𝑝 (1/𝑇 𝜄) for some tiny 𝜄 > 0 if we show each:

max
H𝑇 ,K𝑇

��S𝑖,𝑇 (ℎ, 𝑘, ℎ̃, 𝑘̃)
�� =𝑂 𝑝 (1/𝑇 𝜄) . (B.19)

Consider S2,𝑇 (·); S1,𝑇 (·) and S3,𝑇 (·) are similar. Use

{𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝑔̂(ℎ, 𝑘)} − {𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝑔𝑇 (ℎ, 𝑘)} = − {𝑔̂(ℎ, 𝑘) − 𝑔𝑇 (ℎ, 𝑘)}

with Lemma B.5 to yield:

max
H𝑇 ,K𝑇

��S2,𝑇 (ℎ, 𝑘, ℎ̃, 𝑘̃)
��

≤ max
H𝑇 ,K𝑇

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑡=(𝑙−1)𝑏𝑇+1

{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘̃ (𝑡) − 𝑔𝑇 (ℎ, 𝑘)

}������ × 𝑏𝑇 max
H𝑇 ,K𝑇

|𝑔̂(ℎ, 𝑘) − 𝑔𝑇 (ℎ, 𝑘) |

= max
H𝑇 ,K𝑇

������ 1
𝑇

𝑇−ℎ∨ℎ̃∑︁
𝑡=1

{𝑋𝑡𝑋𝑡+ℎ − 𝐸 [𝑋𝑡𝑋𝑡+ℎ]} 𝐵𝑘 (𝑡)

������ ×𝑂 𝑝

(
𝑏𝑇/

√
𝑇

)
.

Moreover, by the same argument used to prove (B.5), we have for any {H𝑇 }, 0 ≤ H𝑇 < 𝑇 − 1, H𝑇 =

𝑂 (𝑇1/9 (ln(𝑇))1/3), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0 and 𝜂(K𝑇 ) = 𝑜(
√
𝑇):

max
H𝑇 ,K𝑇

������ 1
𝑇

𝑇−ℎ∨ℎ̃∑︁
𝑡=1

{
𝑋𝑡𝑋𝑡+ℎ̃ − 𝐸

[
𝑋𝑡𝑋𝑡+ℎ̃

]}
𝐵𝑘̃ (𝑡)

������ =𝑂 𝑝 (1/
√
𝑇).

Therefore

max
H𝑇 ,K𝑇

��S2,𝑇 (ℎ, 𝑘, ℎ̃, 𝑘̃)
�� =𝑂 𝑝

(
1/
√
𝑇

)
×𝑂 𝑝

(
𝑏𝑇/

√
𝑇

)
=𝑂 𝑝 (𝑏𝑇/𝑇) = 𝑜𝑝 (1/𝑇 𝜄),

given 𝑏𝑇 = 𝑜(𝑇1− 𝜄), proving (B.19).

Claim (b). Now let {𝒁̊(ℎ, 𝑘) : 0 ≤ ℎ ≤ H𝑇 ,1 ≤ 𝑘 ≤ K𝑇 } be an independent copy of the Lemma 3.1
law 𝒁(ℎ, 𝑘) ∼ 𝑁 (0, lim𝑇→∞𝜎2

𝑇
(ℎ, 𝑘)), independent of the asymptotic draw {𝑋𝑡 }∞𝑡=1, where

𝜎2
𝑇 (ℎ, 𝑘) = 𝐸


(

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝑧𝑡 (ℎ, 𝑘)
)2 .

Let [𝒁̊(𝑖)]H𝑇K𝑇

𝑖=0 be the stacked version of 𝒁(ℎ, 𝑘), cf. (B.17), and define

𝑣2 (𝑖, 𝑗) ≡ 𝐸 [𝒁̊(𝑖) 𝒁̊( 𝑗)],
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hence 𝑣2 (𝑖, 𝑖) ≡ lim𝑇→∞𝜎2
𝑇
(ℎ, 𝑘) with 𝑖 = (𝑘 − 1)H𝑇 + ℎ. We prove below

Ẽ𝑇 ≡ sup
𝑐>0

����𝑃 (
max

0≤𝑖≤H𝑇K𝑇

���𝒁̊𝑇 (𝑖)
��� ≤ 𝑐 |𝔛𝑇

)
− 𝑃

(
max

0≤𝑖≤H𝑇K𝑇

���𝒁̊(𝑖)��� ≤ 𝑐)���� 𝑝
→ 0. (B.20)

By claim (𝑎) with (B.20):

sup
𝑐>0

����𝑃 (
max

H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
��� ≤ 𝑐 |𝔛𝑇

)
− 𝑃

(
max

H𝑇 ,K𝑇

���𝒁̊(ℎ, 𝑘)��� ≤ 𝑐)���� 𝑝
→ 0.

Hence:

max
H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
��� 𝑑→ max

ℎ,𝑘∈N

���𝒁̊(ℎ, 𝑘)��� 𝑎𝑤𝑝1 with respect to {𝑋𝑡 }∞𝑡=1.

This gives as claimed by definition (cf. Giné and Zinn, 1990, Section 3):

max
H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
���⇒𝑝 max

ℎ,𝑘∈N

���𝒁̊(ℎ, 𝑘)��� .
We now prove (B.20). With 𝑠2

𝑇
(𝑖, 𝑗) = 𝑇𝐸 [Δ𝑔∗

𝑇
(𝑖)Δ𝑔∗

𝑇
( 𝑗) |𝔛𝑇 ] and 𝑣2 (𝑖, 𝑗) define

Δ̃𝑇 ≡ max
0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠2
𝑇 (𝑖, 𝑗) − 𝑣

2 (𝑖, 𝑗)
��� .

As above Ẽ𝑇 = 𝑂 𝑝 (Δ̃1/3
𝑇

× max{1, ln(H𝑇K𝑇/Δ̃𝑇 )}2/3). The proof is complete if we show

Δ̃𝑇 =𝑂 (1/𝑇 𝜄) for some 𝜄 > 0, (B.21)

since then

Ẽ𝑇 =𝑂 𝑝

(
Δ̃

1/3
𝑇

max
{
1, ln(H𝑇K𝑇/Δ̃𝑇 )

}2/3
)
=𝑂 𝑝

(
𝑇− 𝜄/3 {ln(𝑇)}2/3

)
𝑝
→ 0.

We now prove (B.21). Define

Δ𝑔∗𝑇 (ℎ, 𝑘) ≡
1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡

{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

1
𝑇 − ℎ

𝑇−ℎ∑︁
𝑠=1

𝐸 [𝑋𝑠𝑋𝑠+ℎ] 𝐵𝑘 (𝑠)
}
,

and let Δ𝑔∗
𝑇
(𝑖) stack Δ𝑔∗

𝑇
(ℎ, 𝑘). Define

𝑠2
𝑇 (𝑖, 𝑗) = 𝑇𝐸

[
Δ𝑔∗𝑇 (𝑖)Δ𝑔

∗
𝑇 ( 𝑗) |𝔛𝑇

]
𝑠̈2
𝑇 (𝑖, 𝑗) = 𝑇𝐸

[
Δ𝑔∗𝑇 (𝑖)Δ𝑔

∗
𝑇 ( 𝑗) |𝔛𝑇

]
𝑠2
𝑇 (𝑖, 𝑗) = 𝑇𝐸

[
Δ𝑔∗𝑇 (𝑖)Δ𝑔

∗
𝑇 ( 𝑗)

]
𝑠2 (𝑖, 𝑗) = lim

𝑇→∞
𝑇𝐸

[
Δ𝑔∗𝑇 (𝑖)Δ𝑔

∗
𝑇 ( 𝑗)

]
.
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We prove (B.21) by showing in order:

max
0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠2
𝑇 (𝑖, 𝑗) − 𝑠̈

2
𝑇 (𝑖, 𝑗)

��� =𝑂 𝑝 (𝑇− 𝜄) (B.22)

max
0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠̈2
𝑇 (𝑖, 𝑗) − 𝑠

2
𝑇 (𝑖, 𝑗)

��� =𝑂 𝑝 (𝑇− 𝜄) (B.23)

max
0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠2
𝑇 (𝑖, 𝑗) − 𝑠

2 (𝑖, 𝑗)
��� =𝑂 (𝑇− 𝜄) (B.24)

max
0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠2 (𝑖, 𝑗) − 𝑣2 (𝑖, 𝑗)
��� =𝑂 (𝑇− 𝜄). (B.25)

Step 1 (𝑠2
𝑇
(𝑖, 𝑗), 𝑠̈2

𝑇
(𝑖, 𝑗)). Recall 𝑔𝑇 (ℎ, 𝑘) ≡ 1/𝑇∑𝑇−ℎ

𝑡=1 𝐸 [𝑋𝑡𝑋𝑡+ℎ]𝐵𝑘 (𝑡). After expanding, and
cancelling like terms, we have for any (𝑖, 𝑗) and some unique couplet (ℎ, 𝑘; ℎ̃, 𝑘̃), where 𝑖 = (𝑘 −1)H𝑇 +
ℎ and 𝑗 = (𝑘 − 1)H𝑇 + ℎ:���𝑠2

𝑇 (𝑖, 𝑗) − 𝑠̈
2
𝑇 (𝑖, 𝑗)

���
=

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

{
−𝑔𝑇 (ℎ, 𝑘)𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡) − 𝑔𝑇 ( ℎ̃, 𝑘̃)𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡)

+ 𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃) +
𝑇

𝑇 − ℎ𝑔𝑇 (ℎ, 𝑘)𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡)

+ 𝑇

𝑇 − ℎ̃
𝑔𝑇 ( ℎ̃, 𝑘̃)𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

𝑇

𝑇 − ℎ
𝑇

𝑇 − ℎ̃
𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃)

}����
≤ ℎ

𝑇 − ℎ

������𝑔𝑇 (ℎ, 𝑘) 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡)

������
+ ℎ̃

𝑇 − ℎ̃

������𝑔𝑇 ( ℎ̃, 𝑘̃) 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡)

������
+ 𝑇 (ℎ + ℎ̃) + ℎℎ̃
(𝑇 − ℎ)

(
𝑇 − ℎ̃

) ������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃)

������
=D𝑇,1 (ℎ, 𝑘; ℎ̃, 𝑘̃) + D𝑇,2 (ℎ, 𝑘; ℎ̃, 𝑘̃) + D𝑇,3 (ℎ, 𝑘; ℎ̃, 𝑘̃)

Now twice use the fact that Assumption 1.b implies uniform L𝑟 -boundedness for any 𝑟 ≥ 1, with
Lemma B.5, and H𝑇 = 𝑂 (𝑇1− 𝜄) for any 𝜄 ∈ (0,1):

max
H𝑇 ,K𝑇

D𝑇,1 (ℎ, 𝑘; ℎ̃, 𝑘̃) ≤ max
H𝑇 ,K𝑇


ℎ

𝑇 − ℎ

������𝑔𝑇 (ℎ, 𝑘) 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡)

������

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≤ 𝐾 H𝑇

𝑇 −H𝑇

max
H𝑇 ,K𝑇

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡)

������
= 𝐾

H𝑇

𝑇 −H𝑇

max
H𝑇 ,K𝑇

������ 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡)

������
= 𝑂 𝑝

(
H𝑇

𝑇 −H𝑇

)
=𝑂 𝑝

(
H𝑇

𝑇

)
=𝑂 𝑝 (1/𝑇 𝜄).

Similarly, maxH𝑇 ,K𝑇
D𝑇,2 (ℎ, 𝑘; ℎ̃, 𝑘̃) = 𝑜𝑝

(
1/𝑇1−𝑎

)
. Furthermore, use for any ℎ ∨ ℎ̃ ∈ {1, ...,H𝑇 }:������ 1

𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃)

������ ≤ 𝑏𝑇 ��𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃)��
with H𝑇 =𝑂 (𝑇1− 𝜄/𝑏𝑇 ), 𝑏𝑇/𝑇 𝜄 →∞, and 𝑏𝑇 = 𝑜(𝑇1/2− 𝜄) to arrive at:

max
H𝑇 ,K𝑇

D𝑇,3 (ℎ, 𝑘; ℎ̃, 𝑘̃) ≤ max
H𝑇 ,K𝑇


𝑇 (ℎ + ℎ̃) + ℎℎ̃
(𝑇 − ℎ) (𝑇 − ℎ̃)

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃)

������


≤ 𝑏𝑇
2𝑇H𝑇 +H2

𝑇

(𝑇 −H𝑇 )2 ≤ 𝐾 𝑏𝑇H𝑇

𝑇
(1 + 𝑜(1)) =𝑂 (𝑇− 𝜄) ,

proving (B.22). For example, if H𝑇 = 𝑜(𝑇𝑎) for any 𝑎 ∈ (0,1/2) suffices.

Step 2 (𝑠̈2
𝑇
(𝑖, 𝑗), 𝑠2

𝑇
(𝑖, 𝑗)). Write

𝑔𝑇 (ℎ, 𝑘) ≡
1

𝑇 − ℎ

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡).

For some unique couplet (ℎ, 𝑘; ℎ̃, 𝑘̃) with 𝑖 = (𝑘 − 1)H𝑇 + ℎ and 𝑗 = (𝑘 − 1)H𝑇 + ℎ, expand terms in
𝑠̈2
𝑇
(𝑖, 𝑗), and use

1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

=
(
1 − ℎ ∨ ℎ̃/𝑇

)
𝑏𝑇

to deduce:

𝑠̈2
𝑇 (𝑖, 𝑗) =

1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑠𝑋𝑠+ℎ𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘 (𝑠)𝐵𝑘 (𝑡) (B.26)

− 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠=(𝑙−1)𝑏𝑇+1

𝑋𝑠𝑋𝑠+ℎ𝐵𝑘 (𝑠) × 𝑔𝑇 ( ℎ̃, 𝑘̃)
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− 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡) × 𝑔𝑇 (ℎ, 𝑘)

+ (1 − {ℎ ∨ ℎ̃}/𝑇)𝑏𝑇𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃).

Now use 𝑠2
𝑇
(𝑖, 𝑗) = 𝐸 [𝑠̈2

𝑇
(𝑖, 𝑗)] to obtain:

max
0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠̈2
𝑇 (𝑖, 𝑗) − 𝑠

2
𝑇 (𝑖, 𝑗)

��� ≤ D1,𝑇 + D2,𝑇 ,

where

D1,𝑇 = max
H𝑇 ,K𝑇

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

{
𝑋𝑠𝑋𝑠+ℎ𝑋𝑡𝑋𝑡+ℎ̃ − 𝐸

[
𝑋𝑠𝑋𝑠+ℎ𝑋𝑡𝑋𝑡+ℎ̃

]}
𝐵𝑘 (𝑠)𝐵𝑘̃ (𝑡)

������
D2,𝑇 = 2 max

H𝑇 ,K𝑇

������ 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠=(𝑙−1)𝑏𝑇+1

{𝑋𝑠𝑋𝑠+ℎ − 𝐸 [𝑋𝑠𝑋𝑠+ℎ]} 𝐵𝑘 (𝑠) × 𝑔𝑇 ( ℎ̃, 𝑘̃)

������ .
Consider D1,𝑇 and write

𝔛𝑇,𝑙 (ℎ, 𝑘) ≡
1

√
𝑏𝑇

𝑙𝑏𝑇∑︁
𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡)

𝔜𝑇,𝑙 (ℎ, 𝑘; ℎ̃, 𝑘̃) ≡ 𝔛𝑇,𝑙 (ℎ, 𝑘)𝔛𝑇,𝑙 ( ℎ̃, 𝑘̃),

hence:

D1,𝑇 = max
H𝑇 ,K𝑇

������ 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

(
𝔜𝑇,𝑙 (ℎ, 𝑘; ℎ̃, 𝑘̃) − 𝐸

[
𝔜𝑇,𝑙 (ℎ, 𝑘; ℎ̃, 𝑘̃)

] )������ .
Let [𝒀𝑇,𝑙 (𝑖, 𝑗)]H𝑇K𝑇

𝑖, 𝑗=0 stack 𝔜𝑇,𝑙 (ℎ, 𝑘; ℎ̃, 𝑘̃), with correspondence 𝑖 = (𝑘 − 1)H𝑇 + ℎ and 𝑗 = ( 𝑘̃ −

1)H𝑇 + ℎ̃. Similarly [𝒀̊𝑇,𝑙 (𝑚)]
H2

𝑇
K2
𝑇

𝑚=0 stacks [𝒀𝑇,𝑙 (𝑖, 𝑗)]H𝑇K𝑇

𝑖, 𝑗=0 with 𝑚 = ( 𝑗 − 1)H𝑇K𝑇 + 𝑖. Hence

D1,𝑇 = max
0≤𝑚≤H2

𝑇
K2
𝑇
+1

������ 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

(
𝒀̊𝑇,𝑙 (𝑚) − 𝐸

[
𝒀̊𝑇,𝑙 (𝑚))

] )������ .
We show below that 𝒀̊𝑇,𝑙 (𝑚) satisfies AS1-AS3 in Chang, Jiang and Shao (2023, p. 990). Hence
their Gaussian approximation Proposition 3 holds provided K𝑇 = 𝑜(𝑇 𝜅 ) for some 𝜅 > 0 and H𝑇 =

𝑂 (𝑇1/9 (ln(𝑇))1/3), similar to (B.5) and (B.6) in the proof of Lemma 3.1. In view of asymptotic Gaus-
sianicity, it follows by standard arguments and (H𝑇 ,K𝑇 ) = 𝑜(𝑇),√︁

𝑇/𝑏𝑇D1,𝑇 =𝑂 𝑝

(
ln

(
(H𝑇K𝑇 )2

))
hence D1,𝑇 = 𝑜𝑝

(
1

𝑇1/2+ 𝜄 ln (𝑇)
)
= 𝑜𝑝

(
1
√
𝑇

)
.
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Now consider 𝒀̊𝑇,𝑙 (𝑚). For sub-exponential tails AS1, Bonferroni’s inequality and Lemma A.2 to
imply for some 𝜛̃ > 0:

max
0≤𝑚≤H2

𝑇
K2
𝑇

max
1≤𝑙≤𝑇

𝑃

(���𝒀̊𝑇,𝑙 (𝑚)
��� > 𝑐)

= max
H𝑇 ,K𝑇

max
1≤𝑙≤𝑇

𝑃
©­«
������ 1
𝑏𝑇

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑠𝑋𝑡+ℎ𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘 (𝑠)𝐵𝑘̃ (𝑡)

������ > 𝑐ª®¬
≤ 𝑏2

𝑇 max
H𝑇

max
1≤𝑡≤𝑇−ℎ

𝑃
(��𝑋𝑠𝑋𝑡+ℎ𝑋𝑡𝑋𝑡+ℎ̃�� > 𝑏𝑇𝑐)

≤ 𝐾𝑏2
𝑇 exp

{
−𝑐𝜛̃𝑏 𝜛̃𝑇

}
.

Now exploit 𝑏𝑇/𝑇 𝜄 →∞ to deduce ∀𝑐 > 0 ∃T > 0 such that

𝑏2
𝑇 exp

{
−𝑐𝜛̃𝑏 𝜛̃𝑇

}
≤ exp{−𝑐𝜛̃/2𝑏

𝜛̃/2
𝑇

} ≤ exp{−𝑐𝜛̃/2} ∀𝑇 ≥ T ,

hence AS1. Mixing AS2 holds by Assumption 1.a and measurability: [𝒀𝑇,𝑙 (𝑖, 𝑗)]H𝑇K𝑇

𝑖, 𝑗=0 is 𝜎(𝑋𝜏 :

𝜏 ≤ 𝑡 + H𝑇 )-measurable, with mixing coefficients 𝛼̊(𝑙) ≤ 𝛼( |𝑙 − H𝑇 |+) ≤ 𝐾1 exp{−𝐾2 |𝑙 − H𝑇 |𝜙+ }.
Nondegeneracy AS3 holds by Assumption 2.a(𝑖).

For D2,𝑇 , use Lemma B.5, and 𝑏𝑇 = 𝑂 (𝑇1/2− 𝜄) under Assumption 2.b, to get:

D2,𝑇 ≤ 𝐾 max
H𝑇 ,K𝑇

������ 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠=(𝑙−1)𝑏𝑇+1

{𝑋𝑠𝑋𝑠+ℎ − 𝐸 [𝑋𝑠𝑋𝑠+ℎ]} 𝐵𝑘 (𝑠)

������
= 𝐾𝑏𝑇 max

H𝑇 ,K𝑇

������ 1
𝑇

𝑇−ℎ∨ℎ̃∑︁
𝑡=1

{𝑋𝑡𝑋𝑡+ℎ − 𝐸 [𝑋𝑡𝑋𝑡+ℎ]} 𝐵𝑘 (𝑡)

������ =𝑂 𝑝

(
𝑏𝑇/𝑇1/2

)
=𝑂 𝑝 (𝑇− 𝜄) .

Step 3 (𝑠2
𝑇
(𝑖, 𝑗), 𝑠2 (𝑖, 𝑗)). The property holds by Assumption 2.a(𝑖𝑖).

Step 4 (𝑠2 (𝑖, 𝑗), 𝑣2 (𝑖, 𝑗)). For some (ℎ, 𝑘; ℎ̃, 𝑘̃), 𝑠2 (𝑖, 𝑗) is identically

lim
𝑇→∞

1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝐸

[{
𝑋𝑠𝑋𝑠+ℎ𝐵𝑘 (𝑠) −

1
𝑇 − ℎ

𝑇−ℎ∑︁
𝑢=1

𝐸 [𝑋𝑢𝑋𝑢+ℎ] 𝐵𝑘 (𝑢)
}

×
𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡) −

1
𝑇 − ℎ̃

𝑇−ℎ̃∑︁
𝑢=1

𝐸
[
𝑋𝑢𝑋𝑢+ℎ̃

]
𝐵
𝑘̃
(𝑢)




and by rearranging terms

𝑣2 (𝑖, 𝑗) = lim
𝑇→∞

1
𝑇

𝑇−ℎ∨ℎ̃∑︁
𝑠,𝑡=1

𝐸

[{
𝑋𝑠𝑋𝑠+ℎ𝐵𝑘 (𝑠) −

1
𝑇 − ℎ

𝑇−ℎ∑︁
𝑢=1

𝐸 [𝑋𝑢𝑋𝑢+ℎ] 𝐵𝑘 (𝑢)
}

×
𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡) −

1
𝑇 − ℎ̃

𝑇−ℎ̃∑︁
𝑢=1

𝐸
[
𝑋𝑢𝑋𝑢+ℎ̃

]
𝐵𝑘̃ (𝑢)


 .
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Further, block size 𝑏𝑇 →∞. Hence 𝑠2 (𝑖, 𝑗) = 𝑣2 (𝑖, 𝑗) ∀𝑖, 𝑗 . This completes the proof. QED.

Remark 2. We technically only need the iid random numbers {𝜉1, . . . , 𝜉N𝑇
} to satisfy 𝐸 [𝜉𝑖] = 0, 𝐸 [𝜉2

𝑖
]

= 1, and 𝐸 [𝜉4
𝑖
] < ∞. Thus

√
𝑇Δ𝑔̂

(𝑑𝑤)
𝑇

(𝑖) |𝔛𝑇 need not be Gaussian, hence the Gaussian-to-Gaussian
result (B.18) may not hold. We will need the added Gaussian approximation step:

sup
𝑐>0

����𝑃 (
max

0≤𝑖≤H𝑇K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(𝑖)
��� ≤ 𝑐 |𝔛𝑇

)
− 𝑃

(
max

0≤𝑖≤H𝑇K𝑇

���√𝑇Δ𝒈̊𝑇 (𝑖) |𝔛𝑇

��� ≤ 𝑐)���� 𝑝
→ 0

where
√
𝑇Δ𝒈̊𝑇 (𝑖) |𝔛𝑇 ∼ 𝑁 (0,𝑇𝐸 [Δ𝑔̂ (𝑑𝑤)

𝑇
(𝑖)2 |𝔛𝑇 ]). We would then need to alter (B.18), and prove

instead

E𝑇 ≡ sup
𝑐>0

����𝑃 (
max

0≤𝑖≤H𝑇K𝑇

���√𝑇Δ𝒈̊𝑇 (𝑖)��� ≤ 𝑐 |𝔛𝑇

)
− 𝑃

(
max

0≤𝑖≤H𝑇K𝑇

���𝒁̊𝑇 (𝑖)
��� ≤ 𝑐)����

= 𝑂 𝑝

(
Δ

1/3
𝑇

max {1, ln (H𝑇K𝑇/Δ𝑇 )}2/3
)

𝑝
→ 0.

Recall

𝐻1 : 𝐸 [𝑋𝑡𝑋𝑡+ℎ] = 𝛾ℎ + 𝑐ℎ (𝑡/𝑇) (B.27)

where

lim inf
𝑇→∞

max
ℎ,𝑘∈N

����∫ 1

0
𝑐ℎ (𝑢) B𝑘 (𝑢)𝑑𝑢

���� > 0. (B.28)

Theorem 4.1. Let Assumptions 1.b,c,d and 2 hold, let H𝑇 ,K𝑇 → ∞, and let the number of bootstrap
samples 𝑀 = 𝑀𝑇 → ∞ as 𝑇 → ∞. Let {𝑏𝑇 ,H𝑇 } satisfy 𝑏𝑇 → ∞ and 𝑏𝑇 = 𝑂 (𝑇1/2− 𝜄), 0 ≤ H𝑇 ≤ 𝑇
− 1, and under Assumption 1.a H𝑇 = 𝑂 (𝑇1/9 (ln(𝑇))1/3), or H𝑇 = 𝑂 (𝑇1− 𝜄/𝑏𝑇 ) for tiny 𝜄 > 0 under
Assumption 1.a∗. Under 𝐻0, 𝑃(𝑝 (𝑑𝑤)

𝑇,𝑀
< 𝛼) → 𝛼 for any sequence {K𝑇 } satisfying K𝑇 = 𝑜(𝑇 𝜅 ) for

some finite 𝜅 > 0 and 𝜂(K𝑇 ) = 𝑜(
√
𝑇). Under 𝐻1 in (B.27) where 𝑐ℎ (·) satisfy (B.28), 𝑃(𝑝 (𝑑𝑤)

𝑇,𝑀
< 𝛼)

→ 1 for any {K𝑇 }.

Proof.

Step 1: Impose mixing Assumption 1.a. Operate conditionally on the sample 𝔛𝑇 ≡ {𝑋𝑡 }𝑇𝑡=1. Define
max-covariance differences

M̌𝑇 ≡ max
H𝑇 ,K𝑇

���√𝑇 (𝛾̂ (𝑘 )
ℎ

− 𝛾̂ℎ)
��� and M̌ (𝑑𝑤)

𝑇
≡ max

H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
��� .

Compare this to, e.g., the max-correlation difference M (𝑑𝑤)
𝑇

≡ 𝛾̂−1
0 maxH𝑇 ,K𝑇

|
√
𝑇Δ𝑔̂

(𝑑𝑤)
𝑇

(ℎ, 𝑘) |.
Thus, by construction:

𝑝
(𝑑𝑤)
𝑇,𝑀

≡ 1
𝑀

𝑀∑︁
𝑖=1

𝐼

(
M (𝑑𝑤)

𝑇,𝑖
≥M𝑇

)
=

1
𝑀

𝑀∑︁
𝑖=1

𝐼

(
M̌ (𝑑𝑤)

𝑇,𝑖
≥ M̌𝑇

)
. (B.29)

It suffices to prove the claim for the bootstrapped p-value based on M̌𝑇 and M̌ (𝑑𝑤)
𝑇,𝑖

.
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By the Glivenko-Cantelli theorem, as 𝑀 →∞,

𝑝
(𝑑𝑤)
𝑇,𝑀

𝑝
→ 𝑃

(
max

H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
��� ≥ max

H𝑇 ,K𝑇

���√𝑇 (𝛾̂ (𝑘 )
ℎ

− 𝛾̂ℎ)
��� | 𝔛𝑇

)
. (B.30)

Further, maxH𝑇 ,K𝑇
|
√
𝑇Δ𝑔̂

(𝑑𝑤)
𝑇

(ℎ, 𝑘) | ⇒𝑝 maxℎ,𝑘∈N | 𝒁̊(ℎ, 𝑘) | by Lemma B.4, hence

sup
𝑐>0

����𝑃 (
max

H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
��� ≤ 𝑐 |𝔛𝑇

)
− 𝑃

(
max
ℎ,𝑘∈N

���𝒁̊(ℎ, 𝑘)��� ≤ 𝑐)���� 𝑝
→ 0, (B.31)

where {𝒁̊(ℎ, 𝑘) : ℎ, 𝑘 ∈ N} is an independent copy of 𝒁(ℎ, 𝑘) ∼ 𝑁 (0, lim𝑇→∞𝜎2
𝑇
(ℎ, 𝑘)) from Lemma

3.1, independent of the asymptotic draw 𝔛∞. See Giné and Zinn (1990, eq. (3.4)).
Now impose 𝐻0 and define 𝐹̄ (0)

𝑇
(𝑐) ≡ 𝑃(maxH𝑇 ,K𝑇

| 𝒁̊(ℎ, 𝑘) | > 𝑐). Limit (B.31) implies:

𝑃

(
max

H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
��� ≥ M̌𝑇 |𝔛𝑇

)
− 𝑃

(
max

H𝑇 ,K𝑇

���𝒁̊(ℎ, 𝑘)��� ≥ M̌𝑇

)
𝑝
→ 0.

[𝒁̊(ℎ, 𝑘)]H𝑇 ,K𝑇

ℎ=0,𝑘=1 is independent of 𝔛𝑇 , hence:

𝑃

(
max

H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
��� ≥ M̌𝑇 |𝔛𝑇

)
− 𝐹̄ (0)

𝑇

(
M̌𝑇

)
𝑝
→ 0. (B.32)

𝐹̄
(0)
𝑇

is continuous by Gaussianicity, thus Lemma 3.1 and Slutsky’s theorem yield:����𝐹̄ (0)
𝑇

(
M̌𝑇

)
− 𝐹̄ (0)

𝑇

(
max

H𝑇 ,K𝑇

|𝒁(ℎ, 𝑘) |
)���� 𝑝
→ 0. (B.33)

Together, with (B.30), (B.32) and (B.33) we have for any sequence of integers {𝑀𝑇 }, 𝑀𝑇 →∞:

𝑝
(𝑑𝑤)
𝑇,𝑀𝑇

= 𝐹̄
(0)
𝑇

(
max

H𝑇 ,K𝑇

|𝒁(ℎ, 𝑘) |
)
+ 𝑜𝑝 (1). (B.34)

Further, 𝐹̄ (0)
𝑇

(maxH𝑇 ,K𝑇
|𝒁(ℎ, 𝑘) |) is distributed uniform on [0,1] since {𝒁̊(ℎ, 𝑘) : ℎ, 𝑘 ∈ N} is an

independent copy of {𝒁(ℎ, 𝑘) : ℎ, 𝑘 ∈ N}. Thus 𝑃(𝑝 (𝑑𝑤)
𝑇,𝑀𝑇

< 𝛼) = 𝑃(𝐹̄ (0)
𝑇

(maxH𝑇 ,K𝑇
|𝒁(ℎ, 𝑘) |) < 𝛼) +

𝑜(1) = 𝛼 + 𝑜(1) → 𝛼 from (B.34) as required.
Next, impose 𝐻1 defined by (B.27), with drift/basis property (B.28). Thus

1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ]𝐵𝑘 (𝑡) →
∫ 1

0
𝑐ℎ (𝑢) B𝑘 (𝑢)𝑑𝑢 ≠ 0 for some ℎ and 𝑘. (B.35)

By the triangle inequality, Lemma 3.1, 𝛾̂ (𝑘 )
ℎ

− 𝛾̂ℎ = 1/𝑇∑𝑇−ℎ
𝑡=1 𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) and the definition of M̌𝑇 :

max
H𝑇 ,K𝑇

����� 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)
�����

≤ max
H𝑇 ,K𝑇

����� 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)}
����� + max

H𝑇 ,K𝑇

���√𝑇 (𝛾̂ (𝑘 )
ℎ

− 𝛾̂ℎ)
��� =𝑂 𝑝 (1) + M̌𝑇 .
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Lemma 3.1 and (B.35) therefore yield:

M̌𝑇 ≥
√
𝑇 max

H𝑇 ,K𝑇

����∫ 1

0
𝑐ℎ (𝑢) B𝑘 (𝑢)𝑑𝑢 + 𝑜(1)

���� +𝑂 𝑝 (1)
𝑝
→∞. (B.36)

Finally, combine (B.30), (B.31) and (B.36) to deduce 𝑃(𝑝 (𝑑𝑤)
𝑇,𝑀𝑇

< 𝛼) → 1 for any 𝛼 ∈ (0,1) because:

𝑝
(𝑑𝑤)
𝑇,𝑀𝑇

= 𝑃

(
max

H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
��� ≥ max

H𝑇 ,K𝑇

���√𝑇 (𝛾̂ (𝑘 )
ℎ

− 𝛾̂ℎ)
��� | 𝔛𝑇

)
+ 𝑜𝑝 (1)

= 𝑃

(
max

H𝑇 ,K𝑇

|𝒁(ℎ, 𝑘) | ≥ max
H𝑇 ,K𝑇

���√𝑇 (𝛾̂ (𝑘 )
ℎ

− 𝛾̂ℎ)
���) + 𝑜𝑝 (1)

= 𝐹̄
(0)
𝑇

(
max

H𝑇 ,K𝑇

���√𝑇 (𝛾̂ (𝑘 )
ℎ

− 𝛾̂ℎ)
���) + 𝑜𝑝 (1) 𝑝

→ 0.

This proves the claim.

Step 2: The proof is identical under physical dependence Assumption 1.a∗, except Lemmas 3.1∗ and
B.4∗ below replace Lemmas 3.1 and B.4. QED.

B.2. Physical dependence
B.2.1. Preliminary results

We first prove sub-exponential tails and physical dependence naturally carry over to:

𝑧𝑡 (ℎ, 𝑘) ≡ 𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡).

We also derive an upper bound on so-called dependence adjusted norms, here combined into one
statement (cf. Chang, Chen and Wu, 2024, Wu and Wu, 2016). The latter will be used to exploit a high
dimensional central limit theorem due to Chang, Chen and Wu (2024, Theorem 3).

[·]+ rounds to the nearest greater integer.

Lemma B.7. Let Assumption 1.b hold.

𝑎. max𝑡 ,𝑇,H𝑇 ,K𝑇
𝑃( |𝑧𝑡 (ℎ, 𝑘) | > 𝑐) ≤ 𝜗̃1 exp{−𝜗̃2𝑐

𝜛/2} ∀𝑐 > 0, and some universal constants 𝜗̃1 > 1
and 𝜗̃2 > 0.

𝑏. max𝑡 ,𝑇,H𝑇 ,K𝑇
| |𝑧𝑡 (ℎ, 𝑘) | |𝑝 ≤ 𝑐𝑝𝜑 where 𝜑 = [2/𝜛]+, and 𝑐 depends only on (𝜗̃1, 𝜗̃2, 𝜛).

Proof.

Claim (a). Apply Young and Bonferroni inequalities, 𝐵2
𝑘
(𝑡) = 1 and Assumption 1.b:

max
𝑡 ,𝑇,H𝑇 ,K𝑇

𝑃 ( |𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) | > 𝑐) (B.37)

≤ max
𝑡 ,𝑇,H𝑇 ,K𝑇

𝑃

(
1
2
𝑋2
𝑡 +

1
2
𝑋2
𝑡+ℎ > 𝑐

)
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≤ max
𝑡 ,𝑇,H𝑇 ,K𝑇

𝑃

(
|𝑋𝑡 | > 𝑐1/2

)
+ max

𝑡 ,𝑇,H𝑇 ,K𝑇

𝑃

(
|𝑋𝑡+ℎ | > 𝑐1/2

)
≤ 2𝜗1 exp{−𝜗2𝑐

𝜛/2}.

Therefore max𝑡 ,𝑇,H𝑇
|𝐸 [𝑋𝑡𝑋𝑡+ℎ] | < ∞.

Now let K ≥ max𝑡 ,𝑇,H𝑇
exp{𝜗̃2 (1 + |𝐸 [𝑋𝑡𝑋𝑡+ℎ] |)𝑎} for some 𝑎 > 𝜛/2 and 𝜗̃2 ∈ (0, 𝜗2). Using

(B.37), after tedious work it can be shown that there exist large 𝑎 > 0 and small 𝜗̃2 > 0 such that ∀𝑐 >
0:

𝑃 ( |𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡) | > 𝑐)

≤ 𝑃 ( |𝑋𝑡𝑋𝑡+ℎ | > − |𝐸 [𝑋𝑡𝑋𝑡+ℎ] | + 𝑐)

≤ {2𝜗1 ∨ 1} exp
{
−𝜗2 [𝑐 − |𝐸 [𝑋𝑡𝑋𝑡+ℎ] |]𝜛/2 𝐼 (𝑐 > |𝐸 [𝑋𝑡𝑋𝑡+ℎ] |)

}
≤ {2𝜗1 ∨ 1}K exp

{
−𝜗̃2𝑐

𝜛/2
}

= 𝜗̃1 exp
{
−𝜗̃2𝑐

𝜛/2
}

where 𝜗̃1 > 1 by construction.

Claim (b). By a change of variables, (𝑎), and 𝜗̃2
∫ ∞

0 𝑣𝑎 exp{−𝜗̃2𝑣}𝑑𝑣 = 𝑎!/𝜗̃𝑎2 for 𝑎 ∈ N:

max
𝑡 ,𝑇,H𝑇 ,K𝑇

E |𝑧𝑡 (ℎ, 𝑘) |𝑝 = 𝑝 max
𝑡 ,𝑇,H𝑇 ,K𝑇

∫ ∞

0
𝑢𝑝−1𝑃 ( |𝑧𝑡 (ℎ, 𝑘) | > 𝑢) 𝑑𝑢

≤ 𝑝K
∫ ∞

0
𝑢𝑝−1 exp{−𝜗̃2𝑐

𝜛/2}𝑑𝑢

=
2𝑝𝜗̃1

𝜛𝜗̃2
𝜗2

∫ ∞

0
𝑣2𝑝/𝜛−1 exp{−𝜗̃2𝑣}𝑑𝑣

≤ 2𝑝𝜗̃1

𝜛𝜗̃2

[2𝑝/𝜛 − 1]+!

𝜗̃
[2𝑝/𝜛−1]+
2

≤ 𝜗̃1
[2𝑝/𝜛]+!

𝜗̃
[2𝑝/𝜛 ]+
2 ∨ 1

≤ 𝜗̃1

(
𝑝

{[
2

𝜗̃2𝜛

]
+

}) 𝑝{ [2/𝜛 ]+ }
.

Thus, given 𝜗̃1 > 1 and 𝑝 ≥ 1:

max
𝑡 ,𝑇,H𝑇 ,K𝑇

(E |𝑧𝑡 (ℎ, 𝑘) |𝑝)1/𝑝 ≤ 𝜗̃1

(
𝑝

[
2

𝜗̃2𝜛

]
+

) [2/𝜛 ]+
= 𝜗̃1

[
2

𝜗̃2𝜛

] [2/𝜛 ]+

+
𝑝 [2/𝜛 ]+ .

QED.

Lemma B.8. Under Assumption 1.a∗ {𝑧𝑡 (ℎ, 𝑘)} is uniformly L𝑝/2-physical dependent for some 𝑝 ≥ 4
with size 𝜆 ≥ 1:

𝜃
(𝑧)
𝑡 (ℎ,𝑚) ≡



𝑧𝑡 (ℎ, 𝑘) − 𝑧′𝑡 (𝑚, ℎ, 𝑘)

𝑝/2 ≤ 𝑑
(𝑧)
𝑡 (ℎ)𝑚−𝜆− 𝜄
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for some 𝑑 (𝑧)𝑡 (ℎ) that depends only on | |𝑋𝑡 | |𝑝 ∨ ||𝑋𝑡+ℎ | |𝑝 up to a universal multiplicative constant. In
particular, for some 𝜑 > 0 and tiny 𝜄 > 0:

sup
𝑝≥2

𝑝−𝜑

{
sup
𝑚≥0

(𝑚 + 1)𝜆−1+ 𝜄/2
∞∑︁

𝑚=0

max
𝑡 ,𝑇,H𝑇 ,K𝑇



𝑧𝑡 (ℎ, 𝑘) − 𝑧′𝑡 (𝑚, ℎ, 𝑘)

𝑝/2

}
≤ 𝐾.

Proof. Note that 𝜖 ′𝑡 are an iid copy of iid 𝜖𝑡 , hence the coupled version of 𝑧𝑡 (ℎ, 𝑘) is

𝑧′𝑡 (𝑚, ℎ, 𝑘) = 𝑋
′
𝑡 (𝑚)𝑋

′
𝑡+ℎ (𝑚)𝐵𝑘 (𝑡) − 𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡).

By Minkowski and Cauchy- Schwartz inequalities, |𝐵𝑘 (𝑡) | = 1, and innovation independence and there-
fore 


𝑋 ′

𝑡 (𝑚)




𝑝
= ∥𝑋𝑡 ∥𝑝 ,

it follows:

𝑧𝑡 (ℎ, 𝑘) − 𝑧′𝑡 (𝑚, ℎ, 𝑘)

𝑝/2 ≤



𝑋𝑡𝑋𝑡+ℎ − 𝑋 ′

𝑡 (𝑚)𝑋
′
𝑡+ℎ (𝑚)





𝑝/2

≤ ∥𝑋𝑡+ℎ∥𝑝



𝑋𝑡 − 𝑋 ′

𝑡 (𝑚)




𝑝
+ ∥𝑋𝑡 ∥𝑝




𝑋𝑡+ℎ − 𝑋 ′
𝑡+ℎ (𝑚)





𝑝
.

Now use Assumption 1.a∗ to deduce for any 𝑘:

𝑧𝑡 (ℎ, 𝑘) − 𝑧′𝑡 (𝑚, ℎ, 𝑘)

𝑝/2 ≤ 𝐾
(
∥𝑋𝑡+ℎ∥𝑝 𝑑

(𝑝)
𝑡 + ∥𝑋𝑡 ∥𝑝 𝑑

(𝑝)
𝑡+ℎ

)
𝜓𝑚.

Using (A.1) and 𝜓𝑚 = 𝑂 (𝑚−𝜆− 𝜄) for 𝑚 ≥ 1 we therefore have

𝑧𝑡 (ℎ, 𝑘) − 𝑧′𝑡 (𝑚, ℎ, 𝑘)

𝑝/2 ≤ 𝐾
{
𝑑
(𝑝)
𝑡 ∨ 𝑑 (𝑝)

𝑡+ℎ

} {
∥𝑋𝑡 ∥𝑝 ∨ ∥𝑋𝑡+ℎ∥𝑝

}
𝑚−𝜆− 𝜄

≤ 𝐾
{
∥𝑋𝑡 ∥𝑝 ∨ ∥𝑋𝑡+ℎ∥𝑝

}2 {𝑚 ∨ 1}−𝜆− 𝜄

= 𝑑
(𝑧)
𝑡 (ℎ) {𝑚 ∨ 1}−𝜆− 𝜄 .

Next, the argument used to prove Lemma B.7.c yields for some 𝜑 > 0 and every 𝑝 ≥ 1:

max
𝑡 ,𝑇,H𝑇 ,K𝑇

{
∥𝑋𝑡 ∥𝑝 ∨ ∥𝑋𝑡+ℎ∥𝑝

}
≤ 𝐾𝑝𝜑 .

Therefore, for tiny 𝜄 > 0, and 𝜆 ≥ 1:

sup
𝑝≥2

𝑝−𝜑

{
sup
𝑚≥0

[
(𝑚 + 1)𝜆−1+ 𝜄/2

∞∑︁
𝑙=𝑚

max
𝑡 ,𝑇,H𝑇 ,K𝑇



𝑧𝑡 (ℎ, 𝑘) − 𝑧′𝑡 (𝑙, ℎ, 𝑘)

𝑝/2

]}
≤ sup

𝑝≥2
𝑝−𝜑

{
𝐾𝑝𝜑 sup

𝑚≥0

[
(𝑚 + 1)𝜆−1+ 𝜄/2

∞∑︁
𝑙=𝑚

1
𝑙𝜆+ 𝜄

]}
≤ sup

𝑝≥2
𝑝−𝜑

{
𝐾𝑝𝜑 sup

𝑚≥0

[
(𝑚 + 1)𝜆−1+ 𝜄/2 1

𝑚𝜆−1+ 𝜄/2

] ∞∑︁
𝑙=1

1
𝑙1+ 𝜄/2

}
≤ 𝐾 sup

𝑝≥2
{𝑝−𝜑 𝑝𝜑} = 𝐾,
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as claimed. QED.

Lemma B.9. Under Assumption 1.a∗




 1
√
𝑇

𝑇∑︁
𝑡=1

𝑧𝑡 (ℎ, 𝑘)






𝑝

≤
√︁

2𝑝
∞∑︁

𝑚=0

max
1≤𝑡≤𝑇

𝜃
(𝑧)
𝑡 (ℎ,𝑚). (B.38)

Proof. Write Z(𝑖) ,𝑇 ≡ 1/
√
𝑇

∑𝑇
𝑡=1 𝑧𝑡 (ℎ, 𝑘). Wu (2005, Theorem 2.i) provides a truncated proof of

(B.38) under stationarity. The following completes the proof in a general setting.
Define 𝜉𝑡 ≡ {𝜖𝑡 , 𝜖,𝑡−1, ..} and

M𝑟 ,𝑚 (ℎ, 𝑘) ≡
𝑚∑︁
𝑙=1

{𝐸 [𝑧𝑙 (ℎ, 𝑘) |𝜉𝑙−𝑟 ] − 𝐸 [𝑧𝑙 (ℎ, 𝑘) |𝜉𝑙−𝑟−1]}

𝑦
(𝑟 )
𝑙

(ℎ, 𝑘) ≡ E(𝑧𝑙 (ℎ, 𝑘) |𝜉𝑙−𝑟 ) − E(𝑧𝑙 (ℎ, 𝑘) |𝜉𝑙−𝑟−1).

Then
𝑇∑︁
𝑡=1

𝑧𝑡 (ℎ, 𝑘) =
∞∑︁
𝑘=0

M𝑟 ,𝑇 (ℎ, 𝑘),

hence by Minkowski’s inequality




 𝑇∑︁
𝑡=1

𝑧𝑡 (ℎ, 𝑘)






𝑝

≤
∞∑︁
𝑟=0






 𝑇∑︁
𝑙=1

𝑦
(𝑟 )
𝑙

(ℎ, 𝑘)






𝑝

.

Define

A (𝑟 )
𝑗

(ℎ, 𝑘) ≡ 𝜎(𝑦 (𝑟 )1 (ℎ, 𝑘), ..., 𝑦 (𝑟 )
𝑗

(ℎ, 𝑘)),

hence A (𝑟 )
𝑗

(ℎ, 𝑘) = 𝜎(𝜉 𝑗−𝑟 ). Now apply Proposition 4 in Dedecker and Doukhan (2003) to

| |∑𝑇
𝑙=1 𝑦

(𝑟 )
𝑙

(ℎ, 𝑘) | |𝑝:




 𝑇∑︁
𝑙=1

𝑦
(𝑟 )
𝑙

(ℎ, 𝑘)






𝑝

≤
√︁

2𝑝
©­­«

𝑇∑︁
𝑗=1

max
𝑗≤𝑙≤𝑇







𝑦 (𝑟 )𝑗
(ℎ, 𝑘)

𝑙∑︁
𝑚= 𝑗

𝐸

[
𝑦
(𝑟 )
𝑚 (ℎ, 𝑘) |A (𝑟 )

𝑗
(ℎ, 𝑘)

]






𝑝/2

ª®®¬
1/2

(B.39)

=
√︁

2𝑝 ©­«
𝑇∑︁
𝑗=1

max
𝑗≤𝑙≤𝑇




𝑦 (𝑟 )
𝑙

(ℎ, 𝑘)𝐸
[
𝑦
(𝑟 )
𝑗

(ℎ, 𝑘) |A (𝑟 )
𝑗

(ℎ, 𝑘)
]




𝑝/2

ª®¬
1/2

≤
√︁

2𝑝
√
𝑇 max

1≤𝑡≤𝑇




𝑦 (𝑟 )𝑡 (ℎ, 𝑘)




𝑝
.

The equality follows from the martingale difference property and measurability, and iterated expecta-
tions:

𝐸

[
𝑦
(𝑟 )
𝑚 (ℎ, 𝑘) |A (𝑟 )

𝑗
(ℎ, 𝑘)

]
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= 𝐸

(
𝐸

[
𝑦
(𝑟 )
𝑚 (ℎ, 𝑘) |𝜎(𝜉 𝑗−𝑟 )

]
|A (𝑟 )

𝑗
(ℎ, 𝑘)

)
= 𝐸

(
𝐸

{
𝐸

[
𝑦
(𝑟 )
𝑚 (ℎ, 𝑘) |𝜉𝑚−𝑟

]
− 𝐸

[
𝑦
(𝑟 )
𝑚 (ℎ, 𝑘) |𝜉𝑚−𝑟−1

]
|𝜎(𝜉 𝑗−𝑟 )

}
|A (𝑟 )

𝑗
(ℎ, 𝑘)

)
= 0 ∀𝑚 ≥ 𝑗 + 1.

The second inequality uses Cauchy-Schwartz and Lyapunov inequalities:


𝑦 (𝑟 )
𝑙

(ℎ, 𝑘)𝐸
[
𝑦
(𝑟 )
𝑗

(ℎ, 𝑘) |A (𝑟 )
𝑗

(ℎ, 𝑘)
]




𝑝/2
≤




𝑦 (𝑟 )
𝑙

(ℎ, 𝑘)




𝑝




𝐸 [
𝑦
(𝑟 )
𝑗

(ℎ, 𝑘) |A (𝑟 )
𝑗

(ℎ, 𝑘)
]




𝑝

≤



𝑦 (𝑟 )

𝑙
(ℎ, 𝑘)





𝑝




𝑦 (𝑟 )𝑗
(ℎ, 𝑘)





𝑝
.

Finally, we have by definition, and arguments in Wu (2005, proofs of Theorem 1.(𝑖),(𝑖𝑖)),


𝑦 (𝑟 )𝑡 (ℎ, 𝑘)




𝑝
= ∥E(𝑧𝑡 (ℎ, 𝑘) |𝜉𝑡−𝑟 ) − E(𝑧𝑡 (ℎ, 𝑘) |𝜉𝑡−𝑟−1)∥𝑝 ≤ 𝜃 (𝑧)𝑡 (ℎ,𝑚).

Combining bounds, we have shown | |Z𝑇 | |𝑝 ≤
√︁

2𝑝
∑∞

𝑚=0 max1≤𝑡≤𝑇 𝜃
(𝑧)
𝑡 (ℎ,𝑚), completing the proof.

QED.

B.2.2. Lemma 3.1∗, Theorem 3.2∗, Lemma B.4∗

We now have versions of high dimensional Gaussian approximation Lemma 3.1 and max-statistic limit
Theorem 3.2 under physical dependence. We also develop the required supporting results to prove
bootstrap validity Theorem 4.1 under physical dependence. In the former two cases H𝑇 = 𝑜(𝑇) is
achieved.

First, Lemma 3.1∗ replicates Lemma 3.1 under physical dependence, using Kolmogorov distance 𝜌𝑇
in (B.3).

Lemma 3.1∗. Under Assumption 1.a∗,b,c,d, 𝜌𝑇 → 0, for any sequences {H𝑇 ,K𝑇 } with 0 ≤ H𝑇 ≤ 𝑇
− 1, H𝑇 = 𝑜(𝑇), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, and 𝜂(K𝑇 ) = 𝑜(

√
𝑇) where 𝜂(·) is the Assumption

1.d discrete basis summand bound. Thus maxH𝑇 ,K𝑇
|Z𝑇 (ℎ, 𝑘) |

𝑑→ maxℎ,𝑘∈N |𝒁(ℎ, 𝑘) | where 𝒁(ℎ, 𝑘)
∼ 𝑁 (0, lim𝑇→∞𝜎2

𝑇
(ℎ, 𝑘)) and lim𝑇→∞𝜎2

𝑇
(ℎ, 𝑘) < ∞.

Proof. Recall from the proof of Lemma 3.1 that 𝜁𝑡 (𝑖) stacks 𝑧𝑡 (ℎ, 𝑘).We show below 𝜁𝑡 (𝑖) satisfies
Conditions 1 and 3 in Chang, Chen and Wu (2024). By their Theorem 3(𝑖𝑖), therefore, 𝜌𝑇 ≲ 𝑔𝑇 for
some 𝑔𝑇 = 𝑜(1) to be characterized below.

Condition 3 in Chang, Chen and Wu (2024) holds by Assumption 1.c. Next, by Lemma B.7.a for
some 𝜛 > 0, and 𝜆 > 0:

max
𝑡 ,𝑇,H𝑇 ,K𝑇

𝐸

[
exp

{
|𝑧𝑡 (ℎ, 𝑘) |𝜛/2 /𝜆𝜛/2

}]
= 1 + max

𝑡 ,𝑇,H𝑇 ,K𝑇

∫ ∞

1
𝑃

(
exp

{
|𝑧𝑡 (ℎ, 𝑘) |𝜛/2 /𝜆𝜛/2

}
> 𝑢

)
𝑑𝑢

= 1 + max
𝑡 ,𝑇,H𝑇 ,K𝑇

∫ ∞

1
𝑃

(
|𝑧𝑡 (ℎ, 𝑘) | > 𝜆 (ln(𝑢))2/𝜛

)
𝑑𝑢

≤ 1 + 𝜗̃1

∫ ∞

1
exp{−𝜗̃2𝜆

𝜛/2 ln(𝑢)}𝑑𝑢
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= 1 + 𝜗̃1

∫ ∞

1
𝑢− 𝜗̃2𝜆

𝜛/2
𝑑𝑢.

Then Condition 1 holds with their 𝐵𝑇 = 1 in view of:

inf
{
𝜆 > 0 : 𝐸

[
exp

{
|𝑧𝑡 (ℎ, 𝑘) |𝜛/2 /𝜆𝜛/2

}]
≤ 2

}
≤ inf

{
𝜆 ≥ 𝜗̃−2/𝜛

2 : 𝜗̃1

∫ ∞

1
𝑢− 𝜗̃2𝜆

𝜛/2
𝑑𝑢 ≤ 1

}
= inf

{
𝜆 ≥ 1

𝜗̃
2/𝜛
2

:
1

𝜗̃2𝜆𝜛/2 − 1
≤ 1
𝜗̃1

}

=

(
𝜗̃1 + 1
𝜗̃2

)2/𝜛
<∞ ∀𝑡 ∈ {1, ...,𝑇} and 𝑇 ∈ N.

Now consider 𝑔𝑇 . Invoke Lemma B.8 under Assumption 1.a∗ to obtain uniform finite bounds on
each aggregated dependence adjusted norm in Chang, Chen and Wu (2024, eq. (5)). Their Theorem
3(𝑖𝑖) with their 𝐵𝑇 = 1, 𝛼 = 𝜆 − 1 + 𝜄/2 and 𝑣 = 𝜑 now gives :

𝜌𝑇 ≲
(ln(H𝑇K𝑇 ))7/6

𝑇 𝛼/(12+6𝛼) + (ln(H𝑇K𝑇 ))2/3

𝑇 𝛼/(12+6𝛼) + (ln(H𝑇K𝑇 ))1+𝜑

𝑇 𝛼/(4+2𝛼)

≲
(ln(H𝑇K𝑇 )) (7/6)∨(1+𝜑)

𝑇 𝛼/(12+6𝛼) → 0

for any positive integer sequences {H𝑇 ,K𝑇 }, with 0 ≤ H𝑇 ≤ 𝑇 − 1, H𝑇 = 𝑜(𝑇), K𝑇 = 𝑜(𝑇 𝜅 ) for some
finite 𝜅 > 0. QED.

We now extend Lemma B.3 to physical dependent cases, allowing us to assume 𝐸 [𝑋𝑡 ] = 0.

Lemma B.3∗. Under Assumption 1.a∗,b,c,d, for any sequences {H𝑇 ,K𝑇 } with 0 ≤ H𝑇 ≤ 𝑇 − 1, H𝑇

= 𝑜(𝑇), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, and 𝜂(K𝑇 ) = 𝑜(
√
𝑇):

max
H𝑇 ,K𝑇

����� 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{(
𝑋𝑡 − 𝑋̄

) (
𝑋𝑡−ℎ − 𝑋̄

)
− (𝑋𝑡 − 𝜇) (𝑋𝑡−ℎ − 𝜇)

}
𝐵𝑘 (𝑡)

����� =𝑂 𝑝

(
1
√
𝑇

)
.

Proof. We replicate the proof of Lemma B.3 with a few required changes. Write 𝑋̃𝑡 ≡ 𝑋𝑡 − 𝜇 and 𝑋̂𝑡 ≡
𝑋𝑡 − 𝑋̄ . We have:

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{
𝑋̂𝑡 𝑋̂𝑡−ℎ − 𝑋̃𝑡 𝑋̃𝑡−ℎ

}
𝐵𝑘 (𝑡) =

(
𝑋̄2 − 𝜇2

) 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐵𝑘 (𝑡) − 2𝜇
(
𝑋̄ − 𝜇

) 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐵𝑘 (𝑡)

−
(
𝑋̄ − 𝜇

) 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{𝑋𝑡−ℎ − 𝜇 + 𝑋𝑡 − 𝜇} 𝐵𝑘 (𝑡)

= 𝔄𝑇 (ℎ, 𝑘) +𝔅𝑇 (ℎ, 𝑘) +ℭ𝑇 (ℎ, 𝑘).
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By Assumption 1.d |1/
√
𝑇

∑𝑇
𝑡=1 𝐵𝑘 (𝑡) | = 𝑂 (𝜂(𝑘)/

√
𝑇). By Lemma B.9, lim𝑇→∞𝜎2

𝑇
(𝑖) < ∞, 𝑖 =

0,1,2, ...Thus 𝑋̄ − 𝜇 = 𝑂 𝑝 (1/
√
𝑇) and therefore 𝑋̄2 − 𝜇2 = 𝑂 𝑝 (1/

√
𝑇) by Chebyshev’s inequality

and the mapping theorem. Therefore, e.g.,

max
H𝑇 ,K𝑇

�����{𝑋̄2 − 𝜇2
} 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐵𝑘 (𝑡)
����� =𝑂 (

maxK𝑇
𝜂(𝑘)

𝑇

)
=𝑂 𝑝

(
𝜂(K𝑇 )
𝑇

)
.

Then 𝜂(K𝑇 ) = 𝑜(
√
𝑇) implies maxH𝑇 ,K𝑇

|𝔄𝑇 (ℎ, 𝑘) | = 𝑜𝑝 (1/
√
𝑇). Similarly maxH𝑇 ,K𝑇

|𝔅𝑇 (ℎ, 𝑘) =
𝑜𝑝 (1/

√
𝑇).

The remaining term ℭ𝑇 is handled by applying arguments in the proof of Lemma 3.1∗, cf. proof of
Lemma 3.1, to deduce for some mean zero Gaussian process 𝒁̊(ℎ, 𝑘) ∼ 𝑁 (0, lim𝑇→∞ 𝜎̊2

𝑇
(ℎ, 𝑘)) and

lim𝑇→∞ 𝜎̊2
𝑇
(ℎ, 𝑘) < ∞:

max
H𝑇 ,K𝑇

����� 1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{𝑋𝑡−ℎ − 𝜇 + 𝑋𝑡 − 𝜇} 𝐵𝑘 (𝑡)
����� 𝑑→ max

ℎ,𝑘∈N
|𝒁(ℎ, 𝑘) | .

Hence maxH𝑇 ,K𝑇
|ℭ𝑇 | = 𝑂 𝑝 (1/

√
𝑇), completing the proof. QED.

Next, Theorem 3.2∗ replicates Theorem 3.2 under physical dependence, and instantly implies Theo-
rem 3.3.

Theorem 3.2∗. Let 𝐻0 and Assumption 1.a∗,b,c,d hold, and let H𝑇 ,K𝑇 → ∞. Let {𝒁(ℎ, 𝑘) : ℎ, 𝑘

∈ N} be a zero mean Gaussian process with 𝒁(ℎ, 𝑘) ∼ 𝑁 (0, 𝜎2 (ℎ, 𝑘)). Then it holds that M𝑇
𝑑→

𝛾−1
0 maxℎ,𝑘∈N |𝒁(ℎ, 𝑘) | for any {H𝑇 ,K𝑇 } with 0 ≤ H𝑇 ≤ 𝑇 − 1, H𝑇 = 𝑜(𝑇), K𝑇 = 𝑜(𝑇 𝜅 ) for some

finite 𝜅 > 0, and 𝜂(K𝑇 ) = 𝑜(
√
𝑇).

Proof. The proof of Theorem 3.2 carries over verbatim, using Lemma 3.1∗ in lieu of Lemma 3.1. QED.

Step 2 of the proof of Theorem 4.1 under physical dependence requires a version of Lemma B.4
under Assumptions 1.a∗.

Lemma B.4∗. Under Assumptions 1.a∗,b,c,d and 2 the conclusions of Lemma B.4 hold for sequences
{𝑏𝑇 ,H𝑇 ,K𝑇 } satisfying 𝑏𝑇/𝑇 𝜄 → ∞, 𝑏𝑇 = 𝑜(𝑇1/2− 𝜄), 0 ≤ H𝑇 < 𝑇 − 1, H𝑇 = 𝑂 (𝑇1− 𝜄/𝑏𝑇 ), K𝑇 =

𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, and 𝜂(K𝑇 ) = 𝑜(
√
𝑇).

Proof. Replicate the proof of Lemma B.4 with two modifications.

Modification #1: Supporting Lemmas B.10 and B.11 below replace Lemmas B.5 and B.6.

Modification #2: Recall for some S𝑇 (ℎ, ℎ̃) ≤ 𝑇/𝑏𝑇 ,

𝔜𝑇,𝑙 (ℎ, 𝑘; ℎ̃, 𝑘̃) ≡ 𝔛𝑇,𝑙 (ℎ, 𝑘)𝔛𝑇,𝑙 ( ℎ̃, 𝑘̃)

𝔛𝑇,𝑙 (ℎ, 𝑘) ≡
1

√
𝑏𝑇

𝑙𝑏𝑇∑︁
𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡), 𝑙 = 1, ...,S𝑇 (ℎ, ℎ̃).
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Recall [𝒀𝑇,𝑙 (𝑖, 𝑗)]H𝑇K𝑇

𝑖, 𝑗=0 stacks 𝔜𝑇,𝑙 (ℎ, 𝑘; ℎ̃, 𝑘̃) and [𝒀̊𝑇,𝑙 (𝑚)]
H2

𝑇
K2
𝑇

𝑚=0 stacks [𝒀𝑇,𝑙 (𝑖, 𝑗)]H𝑇K𝑇

𝑖, 𝑗=0 . We need

to show 𝒀̊𝑇,𝑙 (𝑚) is L𝑞-physical dependent for some 𝑞 ≥ 2 with size 𝜆 ≥ 1, and satisfies Conditions 1
and 3 in Chang, Chen and Wu (2024). Arguments in Step 2 of the proof of Lemma B.4.b suffice for
demonstrating Conditions 1 and 3.

For physical dependence, by the proof of Lemma B.8, and |𝐵𝑘 (𝑡) | = 1, 𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) satisfies


𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝑋
′
𝑡 (𝑚)𝑋

′
𝑡+ℎ (𝑚)𝐵𝑘 (𝑡)





𝑝/2

≤ 𝑑 (𝑧)𝑡 (ℎ) × {𝑚 ∨ 1}−𝜆− 𝜄 ,

where 𝑑 (𝑧)𝑡 (ℎ) = {| |𝑋𝑡 | |𝑝 ∨ ||𝑋𝑡+ℎ | |𝑝}2. A non-sharp bound revealing memory decay is therefore:

max
H𝑇 ,K𝑇

max
1≤𝑙≤S𝑇 (ℎ,ℎ̃)




𝔛𝑇,𝑙 (ℎ, 𝑘) −𝔛′
𝑇,𝑙 (𝑚, ℎ, 𝑘)





𝑝/2

≤ max
H𝑇 ,K𝑇

max
1≤𝑙≤S𝑇 (ℎ,ℎ̃)

1
√
𝑏𝑇

𝑙𝑏𝑇∑︁
𝑡=(𝑙−1)𝑏𝑇+1



𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝑋 ′
𝑡 (𝑚)𝑋 ′

𝑡+ℎ (𝑚)𝐵𝑘 (𝑡)



𝑝/2

≤ max
H𝑇

max
1≤𝑙≤S𝑇 (ℎ,ℎ̃)

1
√
𝑏𝑇

𝑙𝑏𝑇∑︁
𝑡=(𝑙−1)𝑏𝑇+1

𝑑
(𝑧)
𝑡 (ℎ) × {𝑚 ∨ 1}−𝜆− 𝜄

≤
√︁
𝑏𝑇 max

𝑡 ,H𝑇

{
𝑑
(𝑧)
𝑡 (ℎ)

}
× {𝑚 ∨ 1}−𝜆− 𝜄 . (B.40)

Thus, by definition, 𝔛𝑇,𝑙 (ℎ, 𝑘) is L𝑝/2-dependent with size 𝜆. A sharper bound on the constants is
generated as follows. Apply Lemmas B.8 and B.9 to 𝔛𝑇,𝑙 (ℎ, 𝑘) − 𝐸 [𝔛𝑇,𝑙 (ℎ, 𝑘)], and note 𝔛′

𝑇,𝑙
(𝑚, ℎ, 𝑘)

is a copy of 𝔛𝑇,𝑙 (ℎ, 𝑘) by the iid property of the innovations {𝜖𝑡 , 𝜖 ′𝑡 }, to deduce

max
𝑚≥0

max
𝑙,𝑇




𝔛𝑇,𝑙 (ℎ, 𝑘) −𝔛′
𝑇,𝑙 (𝑚, ℎ, 𝑘)





𝑝/2

≤ 2 max
𝑚≥0

max
𝑙,𝑇







 1
√
𝑏𝑇

𝑙𝑏𝑇∑︁
𝑡=(𝑙−1)𝑏𝑇+1

(𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡)𝐸 [𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡)])








𝑝/2

≤ 2
√︁

2𝑝
∞∑︁

𝑚=0

max
1≤𝑡≤𝑇

𝜃
(𝑧)
𝑡 (ℎ,𝑚)

≤ 2
√︁

2𝑝 max
1≤𝑡≤𝑇

𝑑
(𝑧)
𝑡 (ℎ)

∞∑︁
𝑚=0

{𝑚 ∨ 1}−1− 𝜄

≤ 𝐾max
𝑡 ,𝑇

𝑑
(𝑧)
𝑡 (ℎ). (B.41)

Bounds (B.40) and (B.41) imply we may write


𝔛𝑇,𝑙 (ℎ, 𝑘) −𝔛′
𝑇,𝑙 (𝑚, ℎ, 𝑘)





𝑝/2

≤ 𝑑 (𝔛)
𝑇,𝑙

(ℎ) × {𝑚 ∨ 1}−𝜆− 𝜄

for some constants 𝑑 (𝔛)
𝑇,𝑙

(ℎ) ≤ 𝐾max𝑡 ,𝑇 𝑑
(𝑧)
𝑡 (ℎ), hence max𝑙,𝑇,H𝑇

𝑑
(𝔛)
𝑇,𝑙

(ℎ) ≤ 𝐾 . Finally, repeat argu-

ments in the proof of Lemma B.8 to conclude 𝔜𝑇,𝑙 (ℎ, 𝑘; ℎ̃, 𝑘̃), and therefore 𝒀̊𝑇,𝑙 (𝑚), is L𝑝/4-physical
dependent for some 𝑝 ≥ 8, with size 𝜆 and uniformly bounded constants. QED.
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Proofs of the following supporting results are identical to the proofs of Lemma B.5 and B.6, using
Lemma 3.1∗ instead of Lemma 3.1.

Lemma B.10. Under Assumption 1.a∗,b,c,d, maxH𝑇 ,K𝑇
|𝑔̂(ℎ, 𝑘) − 𝑔𝑇 (ℎ, 𝑘) | = 𝑂 𝑝 (1/

√
𝑇) for any

{H𝑇 ,K𝑇 } satisfying 0 ≤ H𝑇 ≤ 𝑇 − 1, H𝑇 = 𝑂 (𝑇1− 𝜄/𝑏𝑇 ), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, and
𝜂(K𝑇 ) = 𝑜(

√
𝑇).

Lemma B.11. Under Assumption 1.a∗,b,c,d and 2, for any {H𝑇 ,K𝑇 } satisfying 0 ≤ H𝑇 ≤ 𝑇 − 1, H𝑇

= 𝑂 (𝑇1− 𝜄/𝑏𝑇 ), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, and 𝜂(K𝑇 ) = 𝑜(
√
𝑇):������ max

H𝑇 ,K𝑇

��Δ𝑔∗𝑇 (ℎ, 𝑘)�� − max
H𝑇 ,K𝑇

������ 1
𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

𝑖𝑏̃𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+𝑙𝑇+1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘)

������
������ = 𝑜𝑝 (

1/
√
𝑇

)
.

B.2.3. Theorem 3.3

Theorem 3.3. Let 𝐻0 and Assumption 1.a∗,b,c,d hold, and let H𝑇 ,K𝑇 → ∞. Let {𝒁(ℎ, 𝑘) : ℎ, 𝑘

∈ N} be a zero mean Gaussian process with 𝒁(ℎ, 𝑘) ∼ 𝑁 (0, 𝜎2 (ℎ, 𝑘)). Then it holds that M𝑇
𝑑→

𝛾−1
0 maxℎ,𝑘∈N |𝒁(ℎ, 𝑘) | for any {H𝑇 ,K𝑇 } with 0 ≤ H𝑇 ≤ 𝑇 − 1, H𝑇 = 𝑜(𝑇), K𝑇 = 𝑜(𝑇 𝜅 ) for some

finite 𝜅 > 0, and 𝜂(K𝑇 ) = 𝑜(
√
𝑇).

Proof. See Theorem 3.2∗. QED.

C. Empirical study
We now apply our test and the test in Jin, Wang and Wang (2015) to quarterly international (ex post)
real interest rates. We analyze 16 countries over the period 1960.Q1 - 2019.Q4. The data were collected
from the U.S. Federal Reserve Bank data archive (FRED), which itself is taken from the OECD data
archives. The countries are Australia, Austria, Belgium, Canada, Denmark, France, Germany, Ireland
Italy, Japan, Netherlands, Norway, Switzerland, UK and US.

Following Rapach and Weber (2004), we use the 10-year government bond yield as our measure of
the nominal interest rate 𝑟𝑛,𝑡 , and the Consumer Price Index in order to compute inflation 𝑖𝑡 . The (ex
post) real bond rate is 𝑟𝑟 ,𝑡 = 𝑟𝑛,𝑡 − 𝑖𝑡 . See Table A.1 for the exact date range available for each series
and subsequent size. Figure 1 contains plots of each series.

Unit root tests have been proposed as a standard for testing for non-stationarity in interest rates. See,
e.g., Rose (1988) and Rapach and Weber (2004) and their historical references. In that framework, it is
implicitly assumed that real interest rates are unbounded (asymptotically with probability approaching
one), in particular if a unit root is present. In the case of a unit root, of course, variance is unbounded
asymptotically, and 𝛼-mixing fails to hold.

Testing real interest rates is complicated by the fact that nominal rates 𝑟𝑛,𝑡 and inflation 𝑖𝑡 may be
nonstationary while real rates 𝑟𝑟 ,𝑡 = 𝑟𝑛,𝑡 − 𝑖𝑡 can yet be stationary. In a unit root test setting, it is
possible that 𝑟𝑛,𝑡 ∼ 𝐼 (1) and 𝑖𝑡 ∼ 𝐼 (1) yet (𝑟𝑛,𝑡 , 𝑖𝑡 ) are cointegrated with integrating vector [−1,1],
hence 𝑟𝑟 ,𝑡 are stationary. Conversely, nonstationarity necessarily exists when just 𝑟𝑟 ,𝑡 ∼ 𝐼 (1) or just 𝑖𝑡
∼ 𝐼 (1). Rose (1988) finds the latter for each country in our study based on quarterly post-war data and
conventional unit root tests, hence Rose (1988) broadly concludes unit root nonstationarity. Rapach and
Weber (2004) obtain more nuanced results. They find nonstationarity in nominal rates for all countries
except Germany and Switzerland, and mixed results for inflation based on Phillips and Perron (1988)
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and Ng and Perron (1997, 2001) unit root tests. In order to handle the evident cases 𝑟𝑛,𝑡 ∼ 𝐼 (1) and 𝑖𝑡 ∼
𝐼 (1) they apply several cointegration tests, including tests by Ng and Perron (2001) and one eventually
published in Perron and Rodriguez (2016).

A different approach for studying structural time variation in interest rates couches rates in a para-
metric regime switching regression model. See, e.g., Garcia and Perron (1996), Bekdache (1000), and
Ang and Bekaert (2002). See also Teräsvirtra (1994) and Gray (1996).

In our setting, under either hypothesis we assume a moment generating function exists uniformly
over 𝑡, and a geometric mixing condition holds. Thus, we implicitly assume a unit root does not exist.
The moment conditions can be assured simply by assuming nominal interest rates and inflation are
bounded. This is a fairly natural assumption empirically for interest rates which are typically managed
by government market actions, and lie in the range [−1,1]. In any case, in our sample range bond
yields and inflation never surpass the total range [−.02, .30]. We therefore test for a (non-unit root
based) deviation from covariance stationarity. Our setting of course is nonparametric: we do not need
to specify a (switching) regression model (e.g. Augmented Dickey Fuller, or Markov Switching), and
indeed our test is relevant irrespective of any underlying parametric features.

We report test results for the max-test based on a dependent wild bootstrap, and the test in Jin, Wang
and Wang (2015) based both on simulated critical values and dependent wild bootstrap. Both tests
exploit a Walsh basis in view of simulation evidence suggesting the inferiority of the composite Haar
basis. We simulate critical values for each series and each country (hence, 54 simulated sets of critical
values), rather than for each sample size. We use H𝑇 = [2𝑇 .49] and K𝑇 = [.5𝑇 .49]. See Table A.2
for test results. Tests are performed on nominal and real bond yields, and inflation, but we focus our
discussion on real bond yields given is importance in the literature.

Consider the max-correlation difference test. In all countries except one, when the test finds evidence
of non-covariance stationarity in nominal rates, the same result applies for real rates. Consider Italy:
the p-values are .024 and .032 for nominal and real rates respectively, while the p-value for inflation is
.216. Thus, nominal rates are the driving force for non-stationarity. New Zealand is the sole exception:
p-values for nominal and real rates and inflation are .156, .080 and .162. Thus, we reject stationarity at
the 10% level for real rates, but fail to reject for nominal rates and inflation. It is easily verified, however,
that if random variables 𝑋𝑡 and𝑌𝑡 are covariance stationary then so is any linear combination. A deeper
study into this is left for future work.

The bootstrapped JWW test, on par with the Monte Carlo study, almost never leads to a rejection
of the covariance stationarity null hypothesis. Tests based on simulated critical values, however, match
across nominal and real bond yields, with four exceptions: Belgium, Japan, New Zealand and the UK.
The JWW test generally yields strong rejections (well under the 1% level) when nonstationarity is
detected, while the max-correlation test is more moderate, with rejections variously at the 1%, 5%, and
10% levels.

Finally, in five countries the max-correlation test and JWW test disagree: Australia, France, Italy,
New Zealand and Switzerland (denoted by bold in Table A.2). In the first four the max-correlation dif-
ference test yielded rejections of covariance stationarity (p-values are .056, .022, .032, and .080), while
the JWW test failed to reject. The JWW test with simulated critical value detected non-stationarity for
Switzerland at the 1% level (D̂𝑇 = 58.1, 1% c.v. = 7.9), but the max-correlation test did not at the 10%
(p-value .144).
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Table A.1. Dates and Sample Sizes

Nominal Bond 𝑟𝑛 Inflation 𝑖 Real Bond 𝑟𝑟

Dates 𝑛 Dates 𝑛 Dates 𝑛

Australia 1969.Q3-2021.Q4 210 1960.Q2-2021.Q4 246 1969.Q3-2021.Q4 210
Austria 1990.Q1-2021.Q4 128 1960.Q2-2021.Q4 246 1990.Q1-2021.Q4 128
Belguim 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 246 1960.Q2-2021.Q4 246
Canada 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 244 1960.Q2-2021.Q4 246

Denmark 1987.Q1-2021.Q4 140 1967.Q2-2021.Q4 218 1987.Q1-2021.Q4 140
France 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 246 1960.Q2-2021.Q4 246
Germany 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 246 1960.Q2-2021.Q4 246
Ireland 1971.Q1-2021.Q4 204 1976.Q2-2021.Q4 182 1976.Q2-2021.Q4 182

Italy 1991.Q2-2021.Q4 122 1960.Q2-2021.Q4 246 1991.Q2-2021.Q4 122
Japan 1989.Q1-2021.Q4 132 1960.Q2-2021.Q4 246 1989.Q1-2021.Q4 132
Netherlands 1960.Q1-2021.Q4 248 1960.Q3-2021.Q4 246 1960.Q3-2021.Q4 246
New Zealand 1970.Q1-2021.Q4 208 1960.Q2-2021.Q4 246 1970.Q1-2021.Q4 208

Norway 1985.Q1-2021.Q4 148 1960.Q2-2021.Q4 246 1985.Q1-2021.Q4 148
Switzerlnad 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 246 1960.Q2-2021.Q4 246
UK 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 246 1960.Q2-2021.Q4 246
US 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 246 1960.Q2-2021.Q4 246

Nominal bond 𝑟𝑛 are 10 year government bond yields; inflation 𝑖 is derived from the Consumer Price Index for all
goods and services; real bond yields 𝑟𝑟 = 𝑟𝑛 − 𝑖.
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Table A.2. Empirical Study: Covariance Stationarity Tests

Nominal Bond 𝑟𝑛 Inflation 𝑖 Real Bond 𝑟𝑟

M̂𝑇 D̂𝑐𝑣
𝑇

D̂𝑑𝑤
𝑇

M̂𝑇 D̂𝑐𝑣
𝑇

D̂𝑑𝑤
𝑇

M̂𝑇 D̂𝑐𝑣
𝑇

D̂𝑑𝑤
𝑇

Australia .080 65.5 (3.5, 4.8, 7.5) *** .729 .174 5.57 (3.8, 5.1, 7.9) ** .605 .056 -2.28 (3.5, 4.8, 7.5) .854
Austria .002 12.3 (2.9, 4.9, 6.6) *** .198 .158 62.7 (3.8, 5.1, 7.9) *** .134 .000 352 (2.9, 4.1, 6.6) *** .024
Belguim .032 2.03 (3.8, 5.1, 7.9) .876 .236 9.90 (3.8, 5.1, 8.0) *** .537 .023 44 (3.8, 5.1, 7.9) *** .919
Canada .014 24.1 (3.8, 5.1, 7.9) *** .904 .158 10.4 (3.8, 5.1, 7.9) *** .361 .018 17.7 (3.8, 5.1, 7.9) *** .756

Denmark .000 241 (3.0, 4.1, 6.7) *** .246 .066 29.1 (3.6, 4.8, 7.6) *** .319 .000 217 (3.0, 4.1, 6.6) *** .273
France .020 -.543 (3.8, 5.1, 7.9) .661 .174 2.27 (3.8, 5.1, 7.9) .541 .022 -2.00 (3.8, 5.1, 7.9) .866
Germany .180 28.9 (3.8, 5.1, 7.9) *** .858 .046 109 (3.8, 5.1, 7.9) *** .170 .090 879 (3.8, 5.1, 7.9) *** .399
Ireland .101 6.12 (3.4, 4.7, 7.5) ** .998 .242 30.6 (3.4, 4.6, 7.2) *** .248 .012 161 (3.4, 4.6, 7.2) *** .563

Italy .024 1.92 (2.9, 4.0, 6.5) .246 .216 218 (3.8, 5.1, 7.8) *** .076 .032 1.80 (2.9, 4.0, 6.6) .836
Japan .054 1.43 (2.9, 4.1, 6.6) .331 .331 3.34 (3.8, 5.1, 7.9) .473 .014 92.7 (2.9, 4.0, 6.6) *** .581
Netherlands .068 284 (3.8, 5.1, 7.9) *** .585 .114 12.9 (3.8, 5.1, 7.9) *** .251 .026 184 (3.8, 5.1, 7.9) *** .394
New Zealand .156 11.0 (3.5, 4.8, 7.5) *** .820 .162 2.13 (3.8, 5.1, 7.9) .819 .080 -2.86 (3.5, 4.8, 7.5) .982

Norway .014 63.2 (3.0, 4.2, 6.8) *** .273 .042 -3.49 (3.8, 5.1, 7.9) .719 .006 23.7 (3.0, 4.1, 6.8) *** .102
Switzerlnad .136 853 (3.8, 5.1, 7.9) *** .345 .265 16.2 (3.8, 5.1, 7.9) *** .371 .144 58.1 (3.8, 5.1, 7.9) *** .334
UK .032 -2.02 (3.8, 5.1, 7.9) .994 .222 54.2 (3.8, 5.1, 7.9) *** .699 .006 21.5 (3.8, 5.1, 7.9) *** .890
US .036 555 (3.8, 5.1, 7.9) *** .647 .124 9.49 (3.8, 5.1, 7.9) *** .307 .024 652 (3.8, 5.1, 7.9) *** .222

M̂𝑇 is the proposed max-test based on a bootstrapped p-value: reported values are p-values computed by
dependent wild bootstrap. D̂𝑐𝑣

𝑇
is JWW’s test based on simulated critical values, shown in parentheses: *, **, ***

denote rejection at the 10%, 5% and 1% levels. D̂𝑑𝑤
𝑇

is JWW’s test based dependent wild bootstrapped p-values.
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D. Complete simulation results
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