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A. Introduction
We list the assumptions for reference in Appendix B. Appendix C presents a method for automatic
selection of H𝑇 and K𝑇 . Appendix D contains omitted proofs. We provide an empirical study in Ap-
pendix E, and Appendix F contains all simulation results.

We use the following notation. [𝑧] rounds 𝑧 to the nearest integer.. 𝐿2 is the space of square integrable
random variables; and 𝐿2 [𝑎, 𝑏) is the class of square integrable functions on [𝑎, 𝑏). | | · | |𝑝 and | | · | | are
the 𝐿𝑝 and 𝑙2 norms respectively, 𝑝 ≥ 1. Let Z ≡ {... − 2,−1,0,1,2, ...}, and N ≡ {0,1,1,2, ...}. 𝐾 > 0
is a finite constant whose value may be different in different places. 𝑎𝑤𝑝1 denotes "asymptotically with
probability approaching one". Write maxH𝑇

= max0≤ℎ≤H𝑇
. maxK𝑇

= max1≤𝑘≤K𝑇
and maxH𝑇 ,K𝑇

=

max0≤ℎ≤H𝑇 ,1≤𝑘≤K𝑇
. Similarly, maxH𝑇

𝑎(ℎ, ℎ̃) = max0≤ℎ,ℎ̃≤H𝑇
𝑎(ℎ, ℎ̃), etc.

B. Assumptions
Write

𝑧𝑡 (ℎ, 𝑘) ≡ {𝑋𝑡𝑋𝑡+ℎ𝑏𝑘 (𝑡) − 𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝑏𝑘 (𝑡)}

Z𝑇 (ℎ, 𝑘) ≡
1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝑧𝑡 (ℎ, 𝑘).

Define 𝜎-fields

F∞
𝑇,𝑡 ≡ 𝜎 ({𝑋𝑡𝑋𝑡+ℎ : 0 ≤ ℎ ≤ H𝑇 }𝜏≥𝑡 ) and F 𝑡

𝑇,−∞ ≡ 𝜎 ({𝑋𝑡𝑋𝑡+ℎ : 0 ≤ ℎ ≤ H𝑇 }𝜏≤𝑡 ) ,

and 𝛼-mixing coefficients 𝛼𝑙 ≡ lim sup𝑇→∞ sup𝑡∈Z supA⊂F𝑡
𝑇,−∞ ,B⊂F∞

𝑇,𝑡+𝑙
|P(A ∩B) − P (A) P (B) |,

for 𝑙 > 0.

Assumption 1.

𝑎. (geometric mixing): {𝑋𝑡 } is 𝛼-mixing with coefficients 𝛼𝑙 = 𝑂 (exp{−𝑙𝜙}) for some 𝜙 > 0.

𝑏. (subexponential tails): max1≤𝑡≤𝑇 𝑃( |𝑋𝑡 | > 𝑐) ≤ 𝜛 exp{−𝑐𝜗1E−𝜗2
𝑇

} for some 𝜛 ≥ 1, 𝜗1 ≥ 2𝜗2 and
𝜗2 ≥ 1, and some sequence of constants {E𝑇 }, lim inf𝑇→∞ E𝑇 ≥ 1.

𝑐. (nondegeneracy): lim inf𝑇→∞ 𝐸 [Z2
𝑇
(ℎ, 𝑘)] > 0 ∀(ℎ, 𝑘).

𝑑. (orthonormal basis): {B𝑘 (𝑥) : 0 ≤ 𝑘 ≤ K} forms a complete orthonormal basis on L[0,1); B𝑘 (𝑥)
∈ {−1,1} on [0,1); and |∑𝑇

𝑡=1 𝐵𝑘 (𝑡) | = 𝑂 (𝜂(𝑘)) for some positive strictly monotonic function 𝜂 : R+
→ R+, 𝜂(𝑘) ↗ ∞ as 𝑘 →∞

Set a block size 𝑏𝑇 such that 1 ≤ 𝑏𝑇 < 𝑇 , 𝑏𝑇/𝑇 𝜄 → ∞ and 𝑏𝑇/𝑇1− 𝜄 → 0 for some tiny 𝜄 > 0 that
may be different in different places.

Assumption 2.

𝑎. (𝑖) lim inf𝑇→∞ 𝑠2
𝑇
(ℎ, 𝑘; ℎ̃, 𝑘̃) > 0 ∀(ℎ, ℎ̃, 𝑘, 𝑘̃); and (𝑖𝑖) maxH𝑇 ,K𝑇

|𝑠2
𝑇
(ℎ, 𝑘; ℎ̃, 𝑘̃) − 𝑠2 (ℎ, 𝑘; ℎ̃, 𝑘̃) | =

𝑂 (𝑇− 𝜄) for some infinitessimal 𝜄 > 0.

𝑏. 𝑏𝑇/𝑇 𝜄 →∞ and 𝑏𝑇 = 𝑜(𝑇1/2− 𝜄) for some infinitessimal 𝜄 > 0.
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C. Automatic {H𝑇 ,K𝑇 } selection
We propose picking (H𝑇 ,K𝑇 ) in a data dependent manner based on the lag selection method in Hill
and Motegi (2020, Section 3), an extension of Escanciano and Lobato’s (2009) method for lag selection.
Cf. Inglot and Ledwina (2006). We consider selecting H𝑇 for a given K𝑇 , and selecting K𝑇 for a given
H𝑇 . Finally, we discuss an empirical approach for selecting both iteratively. Assume the orthonormal
basis is comprised of Walsh functions𝑊𝑘 (𝑥) to focus ideas, hence K𝑇 = 𝑜(

√
𝑇) is required, cf. Remark

8 in the main paper.

C.1. H ∗
𝑇
(K𝑇 )

The optimal H ∗
𝑇
(K𝑇 ) for a given K𝑇 is chosen from a set {0, ..., H̄𝑇 } for some pre-chosen upper-

bound H̄𝑇 , where H̄𝑇 → ∞ with H̄𝑇 = 𝑂 (
√
𝑇). Similarly K𝑇 is pre-chosen from {1, ..., K̄𝑇 } where

K̄𝑇 → ∞ and K̄𝑇 = 𝑜(
√
𝑇). We only consider sequences {H𝑇 ,K𝑇 } that satisfy H𝑇/H̄𝑇 → [0, 𝐾] and

K𝑇/K̄𝑇 → [0, 𝐾] for finite 𝐾 > 0. Put 𝐾 = 1 for ease of notation. Under 𝐻0, Escanciano and Lobato’s
(2009) method leads to 𝑃(H ∗

𝑇
(K𝑇 ) = 0) → 1 because higher lags do not provide useful information

and incur a high penalty (see below). Thus, we need to allow for sequences {H𝑇 ,K𝑇 } that converge or
diverge, e.g. H𝑇 → [0, ...,∞].

Similar to Hill and Motegi (2020), cf. Escanciano and Lobato (2009), define a penalized max-
correlation difference:

MP
𝑇
(H ,K) ≡M𝑇 (H ,K) − P𝑇 (H ,K) where M𝑇 (H ,K) ≡ max

0≤ℎ≤H,1≤𝑘≤K

���√𝑇 (
𝜌̂
(𝑘 )
ℎ

− 𝜌̂ℎ
)��� ,

with penalty function P𝑇 (·):

P𝑇 (H ,K) =
{√︁

(H + 1) K ln𝑇 if M𝑇 (H ,K) ≤
√︁
𝑞 ln𝑇√︁

2 (H + 1) K if M𝑇 (H ,K) >
√︁
𝑞 ln𝑇

(C.1)

where 𝑞 is a fixed positive constant. We need H + 1 since H = 0 is possible, covering a test exclusively
for variance constancy. Notice (H + 1) K is the total number of objects being searched over. A small
value of 𝑞 leads to the AIC penalty

√︁
2(H + 1)K being chosen with high probability, while a large 𝑞

promotes selection of the BIC penalty
√︁
(H + 1) K ln𝑇 . A low 𝑞 is therefore akin to the de facto AIC

penalty used in Jin, Wang and Wang (2015) applied to ℎ. In their setting, however, they are not choosing
{H ,K}; rather, they penalize the use of higher lags and systematic samples in a maximized high
dimensional Wald statistic. Escanciano and Lobato (2009) find 𝑞 = 2.4 is suitable for their penalized Q-
statistic based on empirical size and power, and based on results in Inglot and Ledwina (2006). Hill and
Motegi (2020) find that 𝑞 = 3 works well for their max-correlation difference statistic. In experiments
not reported here we find 𝑞 ∈ [1/4,3/4] lead to competitive empirical size for the max-correlation
difference.

Following Escanciano and Lobato (2009) and Hill and Motegi (2020), the chosen optimal lag is for
each 𝑇 :

H ∗
𝑇 (K𝑇 ) = min

{
H : 0 ≤ H ≤ H̄𝑇 : MP

𝑇
(H ,K𝑇 ) ≥ MP

𝑇
(ℎ,K𝑇 ) for ℎ = 0, ..., H̄𝑇

}
. (C.2)

In order to characterize H ∗
𝑇
(K𝑇 ) we need

Δ𝑟𝑇 (ℎ, 𝑘) ≡
1

1
𝑇

∑𝑇
𝑡=1 𝐸

[
𝑋2
𝑡

] 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡).
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Under Assumption 1 it is straightforward to prove (see the proof of Theorem C.1):

max
ℎ,𝑘

���𝜌̂ (𝑘 )
ℎ

− 𝜌̂ℎ − Δ𝑟𝑇 (ℎ, 𝑘)
��� 𝑝
→ 0.

Under 𝐻0 and Lemma 3.a in Jin, Wang and Wang (2015),

|Δ𝑟𝑇 (ℎ, 𝑘) | =
�����𝐸 [𝑋𝑡𝑋𝑡+ℎ]
𝐸

[
𝑋2
𝑡

] 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐵𝑘 (𝑡)
����� ≤ |𝜌ℎ |

���� 𝑘 + 1
𝑇

���� =𝑂 (1/𝑇).

Consider the global alternative 𝐸 [𝑋𝑡𝑋𝑡+ℎ] = 𝛾ℎ + 𝑐ℎ (𝑡/𝑇), cf, (16) in the main paper, where 𝑐ℎ :
[0,1] → R are integrable functions on [0,1] uniformly over ℎ. Then lim𝑇→∞𝑇−1 ∑𝑇

𝑡=1 𝐸 [𝑋2
𝑡 ] = 𝛾0 +∫ 1

0 𝑐0 (𝑢) 𝑑𝑢 > 0, and

lim
𝑅→∞

Δ𝑟𝑇 (ℎ, 𝑘) = Δ𝑟 (ℎ, 𝑘) ≡
∫ 1

0 𝑐ℎ (𝑢) B𝑘 (𝑢)𝑑𝑢

𝛾0 +
∫ 1

0 𝑐0 (𝑢) 𝑑𝑢
.

Now define the smallest lag ℎ at which the largest (in magnitude) asymptotic correlation difference
occurs over systematic samples {1, ..., K̊}:

ℎ∗ (K̊) ≡ min

{
ℎ : ℎ = argmaxℎ∈N

{
max

𝑘∈{1,...,K̊ }
|Δ𝑟 (ℎ, 𝑘) |

}}
where K̊ ≡ lim

𝑇→∞
K𝑇 ∈ [1,∞] ,

Theorem C.1. Let Assumptions 1 and 2 hold. Let {K𝑇 } satisfy K𝑇 ∈ [1, ..., K̄𝑇 ] where K𝑇 → [1,∞]
and K̄𝑇 = 𝑜(

√
𝑇); let H̄𝑇 = 𝑂 (

√
𝑇); and let H̄𝑇K̄𝑇 = 𝑜(𝑇/ln(𝑇)).

𝑎. Under 𝐻0, 𝑃(H ∗
𝑇
(K𝑇 ) = 0) → 1 for any {K𝑇 }. Further max1≤𝑘≤K H ∗

𝑇
(𝑘)

𝑝
→ 0 for any fixed finite

1 ≤ K ≤ K̊ ≡ lim𝑇→∞K𝑇 .

𝑏. Under 𝐻1, H ∗
𝑇
(K𝑇 )

𝑝
→ ℎ∗ (K̊). Further max1≤𝑘≤K |H ∗

𝑇
(𝑘) − ℎ∗ (𝑘) | → 1.

Remark 1. Under either hypothesis H ∗
𝑇
(K𝑇 ) converges to a plausibly most informative and efficient

value. We say both informative and efficient because we use maximal information under 𝐻0 asymptot-
ically with probability approaching one (no data points are trimmed with H ∗

𝑇
(K𝑇 ) = 0).

Under 𝐻1 we use the least lag (hence the least amount of trimmed sample points) at which K𝑇

optimizes the correlation difference. In our simulation study, for example, ℎ∗ (K̊) = 0 or 1 for most
models under 𝐻1 because the non-covariance stationary processes used have zero autocovariances at
lag ℎ ≥ 2. In alternative models 2 and 9 we have ℎ∗ (K̊) = 6 and 25 because only at those lags are there
non-zero autocovariances.

Remark 2. We require a slightly more restrictive bound H̄𝑇K̄𝑇 = 𝑜(𝑇/ln(𝑇)) compared to Theorem
4.1 where implicitly H̄𝑇K̄𝑇 = 𝑜(𝑇). This ultimately arises from the logarithmic component in the
penalty selection threshold

√︁
𝑞 ln𝑇 .
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C.2. K∗
𝑇
(H𝑇 )

An identical procedure applies for selecting K𝑇 for a given maximum lag H𝑇 . The chosen optimal
K∗

𝑇
(H𝑇 ) is:

K∗
𝑇 (H𝑇 ) = min

{
K : 1 ≤ K ≤ K̄𝑇 : MP

𝑇
(H𝑇 ,K) ≥MP

𝑇
(H𝑇 , 𝑘) for 𝑘 = 1, ..., K̄𝑇

}
. (C.3)

Define the smallest systematic sample counter 𝑘 at which the largest (in magnitude) asymptotic corre-
lation difference occurs:

𝑘∗ (H̊ ) ≡ min

{
𝑘 : 𝑘 = argmax𝑘∈N

{
max

ℎ∈{0,...,H̊}
|Δ𝑟 (ℎ, 𝑘) |

}}
where H̊ ≡ lim

𝑇→∞
H𝑇 .

The proof of the next theorem is identical to the proof of Theorem C.1 and therefore omitted.

Theorem C.2. Let Assumption 1 and 2 hold. Let {H𝑇 } be an arbitrary sequence of maximum lags,
H𝑇 ∈ [1, ..., H̄𝑇 ], H𝑇 → [1,∞] and H𝑇 = 𝑂 (

√
𝑇); let K̄𝑇 = 𝑜(

√
𝑇); and let H̄𝑇K̄𝑇 = 𝑜(𝑇/ln(𝑇)).

𝑎. Under 𝐻0, 𝑃(K∗
𝑇
(H𝑇 ) = 1) → 1 for any {H𝑇 }. Further sup0≤ℎ≤H K∗

𝑇
(ℎ)

𝑝
→ 1 for any fixed finite 0

≤ H ≤ H̊ ≡ lim𝑇→∞H𝑇 .

𝑏. Under 𝐻1, K∗
𝑇
(H𝑇 )

𝑝
→ 𝑘∗ (H̊ ). Further sup0≤ℎ≤H |K∗

𝑇
(ℎ) − 𝑘∗ (ℎ) | → 1 for any fixed finite 1 ≤ H

≤ H̊ .

Remark 3. Under 𝐻0 the variance and autocovariances are constant over time. Since no systematic
sample provides information for detecting a break in (co)variance, the least of the set {1, ..., K̄𝑇 } is the
optimal choice.

C.3. Iterative {H ∗
𝑇
,K∗

𝑇
} Selection and Theorem C.1

We now discuss identifying (H ∗
𝑇
,K∗

𝑇
) iteratively for a given 𝑇 , and present the main result. Write

H̃ ∗
𝑇
(H) ≡ H ∗

𝑇
(K∗

𝑇
(H)) and K̃∗

𝑇
(K) ≡ K∗

𝑇
(H ∗

𝑇
(K)), hence H̃ ∗

𝑇
: N→ N and K̃∗

𝑇
: N→ N. Identifi-

cation of unique {H ∗
𝑇
,K∗

𝑇
} requires H̃ ∗

𝑇
and K̃∗

𝑇
to be contraction mappings (see below). If we begin

with an arbitrary start ℎ0, set ℎ1 = H̃ ∗
𝑇
(ℎ0) and iterate ℎ𝑚+1 = H̃ ∗

𝑇
(ℎ𝑚), then by the Banach fixed point

theorem ℎ𝑚
𝑝
→H ∗

𝑇
as 𝑚 →∞.

The algorithm requires going back and forth between H ∗
𝑇
(K∗

𝑇
(H)) and K∗

𝑇
(H ∗

𝑇
(K)) due to the

cross-embedded arguments. Indeed, the iteration on H̃ ∗
𝑇
(ℎ𝑚) implicitly simultaneously iterates on

K̃∗
𝑇
(·). The steps are as follows:

(i) Pick ℎ0 and compute 𝑘0 ≡ K∗
𝑇
(ℎ0) in (C.3);

(ii) Compute ℎ1 ≡ H ∗
𝑇
(𝑘0) and 𝑘1 ≡ K∗

𝑇
(ℎ1) using (C.2) and (C.3);

(iii) Iterate

ℎ𝑚+1 ≡H ∗
𝑇 (𝑘𝑚) and 𝑘𝑚+1 ≡K∗

𝑇 (ℎ𝑚+1). (C.4)

(iv) Cease iterations when 𝑚 ≥ M for some preset maximum iteration M ∈ N, or

|ℎ𝑚+1 − ℎ𝑚 | ≤ 𝜏ℎ and |𝑘𝑚+1 − 𝑘𝑚 | ≤ 𝜏𝑘
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where (𝜏ℎ, 𝜏𝑘) > 0 are pre-chosen tolerances. Clearly |ℎ𝑚+1 − ℎ𝑚 | and |𝑘𝑚+1 − 𝑘𝑚 | are integer
valued, so (𝜏ℎ, 𝜏𝑘) ∈ {0,1, ...}. In experiments not reported here 𝜏ℎ, 𝜏𝑘 = 0 lead to 𝑚 ≤ 25 in all
simulated samples, hence convergence was easily satisfied.

We implicitly have both iterations ℎ𝑚+1 = H̃ ∗
𝑇
(ℎ𝑚) = H ∗

𝑇
(K∗

𝑇
(ℎ𝑚)) and 𝑘𝑚+1 ≡ K̃∗

𝑇
(𝑘𝑚) =

K∗
𝑇
(H ∗

𝑇
(𝑘𝑚)). Therefore ℎ𝑚

𝑝
→ H ∗

𝑇
and 𝑘𝑚

𝑝
→ K∗

𝑇
as 𝑚 → ∞ provided the fixed point theorem

applies. We therefore need H̃ ∗
𝑇
(H) and K̃∗

𝑇
(K) to be contractions mappings 𝑎𝑤𝑝1. Consider H̃ ∗

𝑇
, and

note that we require for any pair {ℎ0, ℎ1} and some finite 𝛿H > 0:��H̃ ∗
𝑇 (ℎ1) − H̃ ∗

𝑇 (ℎ0)
�� = ��H ∗

𝑇 (K
∗
𝑇 (ℎ1)) −H ∗

𝑇 (K
∗
𝑇 (ℎ0))

�� ≤ 𝛿H |ℎ1 − ℎ0 | 𝑎𝑤𝑝1.

This is trivial under 𝐻0 since by Theorem C.1.a. sup1≤𝑘≤K H ∗
𝑇
(𝑘)

𝑝
→ 0 for all finite 1 ≤ K ≤ K̊ ≡

lim𝑇→∞K𝑇 .
Conversely, under 𝐻1 Theorem C.2.b yields sup0≤ℎ≤H |K∗

𝑇
(ℎ) − 𝑘∗ (ℎ) | → 1 for any finite 1 ≤ H

≤ H̊ , where

𝑘∗ (ℎ𝑖) ≡ min
{
𝑘 : 𝑘 = argmax𝑘∈N

{
max

ℎ∈{0,...,ℎ𝑖 }
|Δ𝑟 (ℎ, 𝑘) |

}}
.

Now invoke Theorem C.1.b to deduce:��H̃ ∗
𝑇 (ℎ1) − H̃ ∗

𝑇 (ℎ0)
�� = ��H ∗

𝑇 (K
∗
𝑇 (ℎ1)) −H ∗

𝑇 (K
∗
𝑇 (ℎ0))

��
=

����min
{
ℎ : ℎ = argmaxℎ∈N

{
max

𝑘∈{1,...,𝑘∗ (ℎ𝑖 ) }

����∫ 1

0
𝑐ℎ (𝑢) B𝑘 (𝑢)𝑑𝑢

����}}
−min

{
ℎ : ℎ = argmaxℎ∈N

{
max

𝑘∈{1,...,𝑘∗ (ℎ0 ) }

����∫ 1

0
𝑐ℎ (𝑢) B𝑘 (𝑢)𝑑𝑢

����}}���� + 𝑜𝑝 (1)
≡ Δℎ(ℎ1, ℎ0) + 𝑜𝑝 (1) ,

where Δℎ(·) is implicitly defined. We therefore need

Δℎ(ℎ1, ℎ0) ≤ 𝛿H |ℎ1 − ℎ0 | ∀(ℎ0, ℎ1). (C.5)

Property (C.5) effectively restricts directions of deviation from 𝐻0.

Assumption 3. Let Δℎ(ℎ1, ℎ0) ≤ 𝛿H |ℎ1 − ℎ0 | ∀(ℎ0, ℎ1) and Δ𝑘 (𝑘1, 𝑘0) ≤ 𝛿K |𝑘1 − 𝑘0 | ∀(𝑘0, 𝑘1),
where 𝛿H , 𝛿K > 0 are fixed constants.

The discussion leading to (C.5) proves the following claim.

Theorem C.3. Let Assumptions 1-3 hold. Then ℎ𝑚+1 ≡ H ∗
𝑇
(𝑘𝑚) and 𝑘𝑚+1 ≡ K∗

𝑇
(ℎ𝑚+1) defined in

(C.4) satisfy ℎ𝑚
𝑝
→H ∗

𝑇
and 𝑘𝑚

𝑝
→K∗

𝑇
as 𝑚 →∞.

Theorems C.1 and C.2 now yield the following.

Theorem C.4. Let Assumptions 1-3 hold. As 𝑇 → ∞, (ℎ𝑚, 𝑘𝑚)
𝑝
→ (0,1) under 𝐻0, and under 𝐻1 we

have (ℎ𝑚, 𝑘𝑚)
𝑝
→ (ℎ∗ (K̊), 𝑘∗ (H̊ )).
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C.4. Proof of Theorem C.1
Let 𝑞 be any fixed positive constant. Recall the penalty function is P𝑇 (H ,K) =

√︁
(H + 1) K ln𝑇 if

M𝑇 (H ,K) ≤
√︁
𝑞 ln𝑇, else P𝑇 (H ,K) =

√︁
2 (H + 1) K.

In order to reduce notation we drop the argument K𝑇 and write, e.g., M𝑇 (H𝑇 ) = M𝑇 (H𝑇 ,K𝑇 ),
P𝑇 (H𝑇 ) = P𝑇 (H𝑇 ,K𝑇 ), H ∗

𝑇
= H ∗

𝑇
(K𝑇 ).

Claim (a). Let 𝐻0 be true. We will only prove the first claim 𝑃(H ∗
𝑇
(K𝑇 ) = 0) → 1 for any {K𝑇 }.

It then follows that H ∗
𝑇
(K)

𝑝
→ 0 for any fixed finite 1 ≤ K ≤ K̊. The second claim max1≤𝑘≤K H ∗

𝑇
(𝑘)

𝑝
→ 0 requires pointwise convergence and equicontinuity. Pointwise convergence follows from the first
claim, and equicontinuity is trivial for integer-valued functions.

It suffices to prove the following. First, for any H𝑇 , H𝑇 → [0,∞] and H𝑇/H̄𝑇 → [0,1], the penalty
term satisfies:

𝑃

(
P𝑇 (H𝑇 ) =

√︁
(H𝑇 + 1) K𝑇 ln𝑇

)
→ 1. (C.6)

Hence MP
𝑇
(H𝑇 ) ≡ M𝑇 (H𝑇 ) −

√︁
(H𝑇 + 1) K𝑇 ln𝑇 asymptotically with probability approaching one.

Second, for such {H𝑇 } the following holds:

𝑃

(
M𝑇 (H𝑇 ) −M𝑇 (ℎ) ≥

(√︁
(H𝑇 + 1) K𝑇 −

√︁
(ℎ + 1) K𝑇

) √︁
ln(𝑇)

)
(C.7)

→
{

1 if ℎ ≥ H𝑇

0 for fixed ℎ = 0, ...,H𝑇 − 1

Together (C.6) and (C.7) prove the claim 𝑃(H ∗
𝑇
= 0) → 1 since the following holds for every ℎ =

0, ..., H̄𝑇 if and only if H𝑇 → 0:

lim
𝑇→∞

𝑃

(
M (P)

T (H
𝑇
) ≥ M (P)

𝑇
(ℎ)

)
(C.8)

= lim
𝑇→∞

𝑃

(
MT (H𝑇 ) −MT (ℎ) ≥

(√︁
(H𝑇 + 1) K𝑇 −

√︁
(ℎ + 1) K𝑇

) √︁
ln(𝑇)

)
= 1,

while H ∗
𝑇

is the least of sequences that satisfy (C.8) for every ℎ = 0, ..., H̄𝑇 .

(C.6). By construction of P𝑇 (H𝑇 ) it suffices to prove 𝑃(MT (H𝑇 ) >
√︁
𝑞 ln𝑇) → 0. Under 𝐻0,

√
𝑇 ( 𝜌̂ (𝑘 )

ℎ
− 𝜌̂ℎ) = 𝑂 𝑝 (1) by Theorem 3.4, hence

√
𝑇 ( 𝜌̂ (𝑘 )

ℎ
− 𝜌̂ℎ)/

√︁
𝑞 ln𝑇

𝑝
→ 0 for any fixed 𝑞 ∈ (0,∞).

Therefore, by Theorem 3.4 for some non-unique {H̄𝑇 , K̄𝑇 }, H̄𝑇 , K̄𝑇 →∞, H̄𝑇 = 𝑜(𝑇):

MT (H̄𝑇 )√︁
𝑞 ln𝑇

=

maxH𝑇 ,K𝑇

���√𝑇 ( 𝜌̂ (𝑘 )
ℎ

− 𝜌̂ℎ)
���√︁

𝑞 ln𝑇

𝑝
→ 0. (C.9)

Moreover H̄𝑇K̄𝑇 = 𝑜(𝑇/ln(𝑇) by assumption. By monotonicity of MT (·) ≥ 0, (C.9) holds for any
{H𝑇 ,K𝑇 } where H𝑇 → [0,∞] and H𝑇/H̄𝑇 → [0,1], K𝑇 → [1,∞] and K𝑇/K̄𝑇 → [0,1]. Thus
MT (H𝑇 )/

√︁
𝑞 ln𝑇

𝑝
→ 0 for all such {H𝑇 }.

(C.7). Suppose ℎ > H𝑇 . By (C.9), MT (H̄𝑇 )/
√

ln𝑇 = 𝑜𝑝 (1) and therefore MT (H𝑇 ) − MT (ℎ) =
𝑜𝑝 (

√︁
ln(𝑇)) for any {H𝑇 } where H𝑇 → [0,∞] and H𝑇/H̄𝑇 → [0,1], and any 0 ≤ ℎ ≤ H̄𝑇 . Now use
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(C.6), monotonicity of M𝑇 (·), and inf𝑇≥1{
√︁
(ℎ + 1) K𝑇 −

√︁
(H𝑇 + 1) K𝑇 } > 0, to yield that as 𝑇 →

∞:

𝑃

(
MT (H𝑇 ) −MT (ℎ) ≥

(√︁
(H𝑇 + 1) K𝑇 −

√︁
(ℎ + 1) K𝑇

) √︁
ln(𝑇)

)
= 𝑃

(
MT (H𝑇 ) −MT (ℎ)√︁

ln(𝑇)
≥

√︁
(H𝑇 + 1) K𝑇 −

√︁
(ℎ + 1) K𝑇

)

= 𝑃

(√︁
(ℎ + 1) K𝑇 −

√︁
(H𝑇 + 1) K𝑇 ≥ MT (ℎ) −MT (H𝑇 )√︁

ln(𝑇)

)
→ 1.

Similarly, if ℎ = H𝑇 then
√︁
(ℎ + 1) K𝑇 −

√︁
(H𝑇 + 1) K𝑇 = 0 and MT (ℎ) − MT (H𝑇 ) = 0 hence the

above limit holds.
Conversely, suppose ℎ ∈ {0, ...,H𝑇 − 1} and H𝑇 > 1. Then from M𝑇 (H𝑇 ) = 𝑜𝑝 (

√︁
𝑞 ln𝑇) and 1 −√︁

(ℎ + 1)/(H𝑇 + 1) > 0 it follows:

𝑃

(
M𝑇 (H𝑇 ) −M𝑇 (ℎ) ≥

(√︁
(H𝑇 + 1) K𝑇 −

√︁
(ℎ + 1) K𝑇

) √︁
ln(𝑇)

)
= 𝑃

(
M𝑇 (H𝑇 ) −M𝑇 (ℎ)√︁
(H𝑇 + 1) K𝑇

√︁
ln(𝑇)

≥
(
1 −

√︂
ℎ + 1
H𝑇 + 1

))
→ 0.

(C.7) follows directly.

Claim (b). Let 𝐻1 hold. Similar to (a), we need only prove H ∗
𝑇
(K𝑇 )

𝑝
→ ℎ∗ (K̊). Recall under 𝐻1,

cf. (16) and (17), both 𝛾0 +
∫ 1

0 𝑐0 (𝑢) 𝑑𝑢 > 0 and:

Δ𝑟𝑇 (ℎ, 𝑘) =
1

1
𝑇

∑𝑇
𝑡=1 𝐸

[
𝑋2
𝑡

] 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)

satisfies | 𝜌̂ (𝑘 )
ℎ

− 𝜌̂ℎ − Δ𝑟𝑇 (ℎ, 𝑘) |
𝑝
→ 0 and

lim
𝑇→∞

Δ𝑟𝑇 (ℎ, 𝑘) = Δ𝑟 (ℎ, 𝑘) ≡
∫ 1

0 𝑐ℎ (𝑢) B𝑘 (𝑢)𝑑𝑢

𝛾0 +
∫ 1

0 𝑐0 (𝑢) 𝑑𝑢
≠ 0 for some ℎ ≥ 0, 𝑘 ≥ 1.

Recall K̊ ≡ lim𝑇→∞K𝑇 , and

ℎ∗ ≡ ℎ∗ (K̊) ≡ min

{
ℎ : ℎ = argmaxℎ∈N

{
max

𝑘∈{1,...,K̊ }
|Δ𝑟 (ℎ, 𝑘) |

}}
,

and define the finite sample version:

ℎ∗𝑇 ≡ min
{
ℎ𝑇 : ℎ𝑇 = argmax0≤ℎ≤H𝑇

max
1≤𝑘≤K𝑇

���𝜌̂ (𝑘 )
ℎ

− 𝜌̂ℎ
���} ,

the smallest lag at which the largest sample correlation difference in magnitude occurs.
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Define

N1 (ℎ) ≡
{
ℎ ∈ N : max

𝑘∈N
|Δ𝑟 (ℎ, 𝑘) | ≠ 0

}
,

and N
¯ 1 ≡ minℎ∈NN1 (ℎ), the smallest lag at which the largest 𝑘 𝑡ℎ Walsh coefficient∫ 1

0 𝑐ℎ (𝑢) B𝑘 (𝑢)𝑑𝑢 ≠ 0.
We prove in Step 1 that for any integer sequence {H𝑇 } such that H𝑇 → [N

¯ 1,∞] and H𝑇/H̄𝑇 →
[0,1], the penalty satisfies for any sequence of maximum number of systematic samples {K𝑇 }:

P
(
P𝑇 (H𝑇 ) =

√︁
2(H𝑇 + 1)K𝑇

)
→∞. (C.10)

We then prove in Step 2 that if and only if H𝑇/ℎ∗𝑇
𝑝
→ [1,∞], for each 0 ≤ ℎ ≤ H̄𝑇 we have

𝑃

(
M𝑇 (H𝑇 ) ≥ M𝑇 (ℎ) + 2

(√︁
(H𝑇 + 1) K𝑇 −

√︁
(ℎ + 1) K𝑇

))
→ 1. (C.11)

Moreover, H𝑇 ,K𝑇 → ∞, | 𝜌̂ (𝑘 )
ℎ

− 𝜌̂ℎ − Δ𝑟𝑇 (ℎ, 𝑘) |
𝑝
→ 0 (see (C.13) below) and Δ𝑟𝑇 (ℎ, 𝑘) → Δ𝑟 (ℎ, 𝑘)

yields:

ℎ∗𝑇
𝑝
→ ℎ∗ ≡ min

{
ℎ : ℎ = argmaxℎ∈N

{
max

1≤𝑘≤lim𝑇→∞ K𝑇

|Δ𝑟 (ℎ, 𝑘) |
}}
.

Notice ℎ∗ ∈ [N
¯ 1,∞) by construction of N

¯ 1.
The proof of the claim then proceeds as follows. Take any integer sequence {H𝑇 }, H𝑇/ℎ∗𝑇

𝑝
→ [1,∞]

and H𝑇/H̄𝑇 → [0,1]. Then (C.10) holds because ℎ∗ ∈ [N
¯ 1,∞), hence MP

𝑇
(H𝑇 ) ≡ M𝑇 (H𝑇 ) −√︁

2(H𝑇 + 1)K𝑇 𝑎𝑤𝑝1. Since such a sequence implies (C.11), we have MP
𝑇
(H𝑇 ) ≥ MP

𝑇
(ℎ) 𝑎𝑤𝑝1

for each ℎ = 0, ..., H̄𝑇 . Conversely, if (C.11) holds then H𝑇/ℎ∗𝑇
𝑝
→ [1,∞]. This yields (C.10) because

ℎ∗ ∈ [N
¯ 1,∞). Therefore MP

𝑇
(H𝑇 ) ≥ MP

𝑇
(ℎ) 𝑎𝑤𝑝1 for each ℎ = 0, ..., H̄𝑇 if and only if H𝑇/ℎ∗𝑇

𝑝
→

[1,∞]. Since the optimal {H ∗
𝑇
} is the least of such sequences, the selection H ∗

𝑇
satisfies H𝑇/ℎ∗𝑇

𝑝
→ 1.

Together H𝑇/ℎ∗𝑇
𝑝
→ 1 and ℎ∗

𝑇

𝑝
→ ℎ∗ prove the claim.

Step 1: Consider (C.10). By the triangle inequality���� max
H𝑇 ,K𝑇

���𝜌̂ (𝑘 )
ℎ

− 𝜌̂ℎ
��� − max

H𝑇 ,K𝑇

|Δ𝑟 (ℎ, 𝑘) |
���� (C.12)

≤ max
H𝑇 ,K𝑇

���𝜌̂ (𝑘 )
ℎ

− 𝜌̂ℎ − Δ𝑟 (ℎ, 𝑘)
���

≤ max
H𝑇 ,K𝑇

���𝜌̂ (𝑘 )
ℎ

− 𝜌̂ℎ − Δ𝑟𝑇 (ℎ, 𝑘)
��� + max

H𝑇 ,K𝑇

|Δ𝑟𝑇 (ℎ, 𝑘) − Δ𝑟 (ℎ, 𝑘) | .

Note under 𝐻1:

1
𝑇

𝑇∑︁
𝑡=1

𝐸 [𝑋2
𝑡 ] → 𝑔0 ≡ 𝛾0 +

∫ 1

0
𝑐0 (𝑢)𝑑𝑢 ∈ (0,∞)
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1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ]𝐵𝑘 (𝑡) → 𝑤ℎ,𝑘 ≡
∫ 1

0
𝑐ℎ (𝑢)B𝑘 (𝑢)𝑑𝑢.

Hence, Lemma 3.1 and variance bound (A.5) yield for some integer sequences {H̄𝑇 ,K𝑇 }, H̄𝑇 ,K𝑇 →
∞:

max
H𝑇 ,K𝑇

���𝜌̂ (𝑘 )
ℎ

− 𝜌̂ℎ − Δ𝑟𝑇 (ℎ, 𝑘)
���

= max
H𝑇 ,K𝑇

����� 1
𝛾̂0

1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡)

− 1
1
𝑇

∑𝑇
𝑡=1 𝐸

[
𝑋2
𝑡

] 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)
�����

≤ 1
𝛾̂0

max
H𝑇 ,K𝑇

����� 1
𝑇

𝑇−ℎ∑︁
𝑡=1

{𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)}
�����

+
{����� 1
𝑇

𝑇∑︁
𝑡=1

{
𝑋2
𝑡 − 𝐸

[
𝑋2
𝑡

]}����� × 1
1
𝑇

∑𝑇
𝑡=1 𝐸

[
𝑋2
𝑡

]
𝛾̂0

× max
H𝑇 ,K𝑇

����� 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)
�����
}

=𝑂 𝑝 (1/
√
𝑇) +𝑂 𝑝 (1/

√
𝑇) × 1

𝑔2
0

× max
H𝑇 ,K𝑇

��𝑤ℎ,𝑘

�� .
By Assumption 1.b,d maxH𝑇 ,K𝑇

|𝑤ℎ,𝑘 | < ∞. Hence

max
H𝑇 ,K𝑇

���𝜌̂ (𝑘 )
ℎ

− 𝜌̂ℎ − Δ𝑟𝑇 (ℎ, 𝑘)
��� =𝑂 𝑝 (1/

√
𝑇). (C.13)

Further:

max
H𝑇 ,K𝑇

|Δ𝑟𝑇 (ℎ, 𝑘) − Δ𝑟 (ℎ, 𝑘) |

≤ 1

𝛾0 +
∫ 1

0 𝑐0 (𝑢) 𝑑𝑢
max

H𝑇 ,K𝑇

����� 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡) −
∫ 1

0
𝑐ℎ (𝑢) B𝑘 (𝑢)𝑑𝑢

�����
+

{����� 1
𝑇

𝑇∑︁
𝑡=1

𝐸

[
𝑋2
𝑡

]
−

(
𝛾0 +

∫ 1

0
𝑐0 (𝑢) 𝑑𝑢

)����� × max
H𝑇 ,K𝑇

����∫ 1

0
𝑐ℎ (𝑢) B𝑘 (𝑢)𝑑𝑢

����
× 1

1
𝑇

∑𝑇
𝑡=1 𝐸

[
𝑋2
𝑡

] (
𝛾0 +

∫ 1
0 𝑐0 (𝑢) 𝑑𝑢

) 
=A𝑇 + B1,𝑇B2,𝑇B3,𝑇 ,
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say where (A𝑇 ,B𝑖,𝑇 ) are implicitly defined. By construction and (3.10)-(3.11) in the main paper, A𝑇

→ 0, and:

B1,𝑇 =

����� 1
𝑇

𝑇∑︁
𝑡=1

(𝛾0 + 𝑐0 (𝑡/𝑇)) −
(
𝛾0 +

∫ 1

0
𝑐0 (𝑢) 𝑑𝑢

)�����→ 0

B2,𝑇 = max
H𝑇 ,K𝑇

����∫ 1

0
𝑐ℎ (𝑢) B𝑘 (𝑢)𝑑𝑢

���� =𝑂 (1)

B3,𝑇 =
1

1
𝑇

∑𝑇
𝑡=1 𝐸

[
𝑋2
𝑡

] (
𝛾0 +

∫ 1
0 𝑐0 (𝑢) 𝑑𝑢

) → 1(
𝛾0 +

∫ 1
0 𝑐0 (𝑢) 𝑑𝑢

)2 ∈ (0,∞) .

Hence maxH𝑇 ,K𝑇
|Δ𝑟𝑇 (ℎ, 𝑘) − Δ𝑟 (ℎ, 𝑘) | → 0. Coupled with (C.12) and (C.13), this yields:���� max

H𝑇 ,K𝑇

���𝜌̂ (𝑘 )
ℎ

− 𝜌̂ℎ
��� − max

H𝑇 ,K𝑇

|Δ𝑟 (ℎ, 𝑘) |
���� 𝑝
→ 0, (C.14)

where

lim
𝑇→∞

max
H𝑇 ,K𝑇

|Δ𝑟 (ℎ, 𝑘) | = max
ℎ,𝑘∈N

������
∫ 1

0 𝑐ℎ (𝑢) B𝑘 (𝑢)𝑑𝑢

𝛾0 +
∫ 1

0 𝑐0 (𝑢) 𝑑𝑢

������ ∈ (0,∞) . (C.15)

Therefore for any {H𝑇 }, H𝑇 → [N
¯ 1,∞] and H𝑇/H̄𝑇 → [0,1]:

M𝑇 (H𝑇 )√︁
𝑞 ln𝑇

=

√
𝑇 max

H𝑇 ,K𝑇

���𝜌̂ (𝑘 )
ℎ

− 𝜌̂ℎ
���√︁

𝑞 ln𝑇

=

√
𝑇

(
maxH𝑇 ,K𝑇

|Δ𝑟 (ℎ, 𝑘) | + 𝑜𝑝 (1)
)√︁

𝑞 ln𝑇

𝑝
→∞.

This proves (C.10) by construction of the penalty term P𝑇 (H𝑇 ), cf. (C.1).

Step 2: Next, (C.11). First, by (C.14) and (C.15) M𝑇 (H𝑇 )/
√
𝑇

𝑝
→ (0,∞) for any {H𝑇 }, H𝑇 →

[N
¯ 1,∞] and H𝑇/H̄𝑇 → [0,1]. Hence M𝑇 (H𝑇 )/

√︁
𝑇/ln(𝑇)

𝑝
→∞ for any H𝑇 → [N

¯ 1,∞]. Monotonic-
ity ensures M𝑇 (H𝑇 ) ≥ M𝑇 (ℎ) for each 0 ≤ ℎ ≤ H𝑇 , hence for such ℎ:

M𝑇 (ℎ)
M𝑇 (H𝑇 )

=
M𝑇 (ℎ)/

√
𝑇

M𝑇 (H𝑇 )/
√
𝑇

𝑝
→ [0,1] .

Indeed, if both

(ℎ,H𝑇 ) ≥ ℎ∗𝑇 ≡ min
{
ℎ𝑇 : ℎ𝑇 = argmax0≤ℎ≤H𝑇

max
1≤𝑘≤K𝑇

���𝜌̂ (𝑘 )
ℎ

− 𝜌̂ℎ
���}

then by construction M𝑇 (ℎ)/M𝑇 (H𝑇 ) = 1.
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Now suppose 0 ≤ ℎ and ℎ/H𝑇 → [0,1), and H𝑇/ℎ∗𝑇
𝑝
→ [0,1), hence 0 ≤ ℎ < H𝑇 < ℎ

∗
𝑇

as 𝑇 → ∞
𝑎𝑤𝑝1. Then M𝑇 (ℎ)/M𝑇 (H𝑇 )

𝑝
→ [0,1) by monotonicity and the construction of ℎ∗

𝑇
. Use H𝑇 ≤ H̄𝑇 ,

K𝑇H𝑇 = 𝑜(𝑇/ln(𝑇)), and M𝑇 (H𝑇 )/
√︁
𝑇/ln(𝑇)

𝑝
→∞, to yield:

𝑃

(
M𝑇 (H𝑇 ) ≥ M𝑇 (ℎ) + 2

(√︁
(H𝑇 + 1) K𝑇 −

√︁
(ℎ + 1) K𝑇

))
(C.16)

= 𝑃

(
M𝑇 (H𝑇 )

(
1 − M𝑇 (ℎ)

M𝑇 (H𝑇 )

)
≥ 2

√︁
(H𝑇 + 1) K𝑇

(
1 −

√︂
ℎ + 1
H𝑇 + 1

))

≥ 𝑃
(
M𝑇 (H𝑇 )√︁
𝑇/ln(𝑇)

(
1 − M𝑇 (ℎ)

M𝑇 (H𝑇 )

)
≥ 2

√︄
(H𝑇 + 1) K𝑇

𝑇/ln(𝑇)

)
→ 1.

Next, consider 0 ≤ ℎ and ℎ/ℎ∗
𝑇

𝑝
→ [0,1), and H𝑇/ℎ∗𝑇

𝑝
→ [1,∞], hence 0 ≤ ℎ ≤ ℎ∗

𝑇
− 1 𝑎𝑤𝑝1 and

H𝑇 ≥ ℎ∗
𝑇
𝑎𝑤𝑝1. Then 𝑃(M𝑇 (ℎ) = M𝑇 (H𝑇 ) → 0 since by construction ℎ∗

𝑇
is the smallest lag at

which the maximum correlation difference occurs. Monotonicity therefore yields M𝑇 (ℎ)/M𝑇 (H𝑇 )
𝑝
→ [0,1), and again we deduce (C.16).

Now let (ℎ,H𝑇 ) ≥ ℎ∗
𝑇
𝑎𝑤𝑝1. Then by construction M𝑇 (H𝑇 ) = M𝑇 (ℎ) 𝑎𝑤𝑝1. Trivially if ℎ < H𝑇

(ℎ ≥ H𝑇 ) then
√
H𝑇 −

√
ℎ > 0 (

√
H𝑇 −

√
ℎ ≤ 0). Hence

𝑃

(
M𝑇 (H𝑇 ) ≥ M𝑇 (ℎ) + 2

[√︁
(H𝑇 + 1) K𝑇 −

√︁
(ℎ + 1) K𝑇

] )
→ 1 if and if ℎ ≥ H𝑇 .

Next, let H𝑇 < ℎ∗
𝑇

≤ ℎ 𝑎𝑤𝑝1 such that M𝑇 (ℎ) = M𝑇 (ℎ∗𝑇 ) 𝑎𝑤𝑝1. Use H𝑇/ℎ → [0,1), ℎ =

𝑜(𝑇/ln(𝑇)), M𝑇 (ℎ∗𝑇 )/
√︁
𝑇/ln(𝑇)

𝑝
→∞, and M𝑇 (H𝑇 )/M𝑇 (ℎ∗𝑇 )

𝑝
→ [0,1) to yield:

𝑃

(
M𝑇 (H𝑇 ) ≥ M𝑇 (ℎ) + 2

[√︁
(H𝑇 + 1) K𝑇 −

√︁
(ℎ + 1) K𝑇

] )
= 𝑃

(
2

(
1 −

√︂
H𝑇 + 1
ℎ + 1

) √︄
ℎ

𝑇/ln(𝑇) ≥
M𝑇 (ℎ∗𝑇 )√︁
𝑇/ln(𝑇)

(
1 − M𝑇 (H𝑇 )

M𝑇 (ℎ∗𝑇 )

))
→ 0.

Finally, generally M𝑇 (ℎ) = M𝑇 (H𝑇 ) 𝑎.𝑠. for some {ℎ,H𝑇 } and all but a finite number of 𝑇 is
possible. For example, when ℎ =H𝑇 . In this case, if and only if ℎ ≥ H𝑇 :

𝑃

(
M𝑇 (H𝑇 ) ≥ M𝑇 (ℎ) + 2

[√︁
(H𝑇 + 1) K𝑇 −

√︁
(ℎ + 1) K𝑇

] )
= 𝑃

(
0 ≥ 2

[√︁
(H𝑇 + 1) K𝑇 −

√︁
(ℎ + 1) K𝑇

] )
→ 1

Combining the above results, we deduce for every 0 ≤ ℎ ≤ H̄𝑇 if and only if H𝑇 ≥ ℎ∗
𝑇

:

𝑃

(
M𝑇 (H𝑇 ) ≥ M𝑇 (ℎ) + 2

[√︁
(H𝑇 + 1) K𝑇 −

√︁
(ℎ + 1) K𝑇

] )
→ 1.

This proves (C.11). QED.
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D. Omitted proofs

D.1. Lemma A.2
Lemma A.2. Let max1≤𝑡≤𝑇 𝑃( |𝑋𝑡 | > 𝑐) ≤ 𝜛 exp{−𝑐𝜗1E−𝜗2

𝑇
} for some𝜛 > 0, any 𝜗1 ≥ 2𝜗2 and 𝜗2 ≥

1, and some sequence of constants {E𝑇 }, lim inf𝑇→∞ E𝑇 ≥ 1. It holds that

max
1≤𝑡1 ,...,𝑡𝑟 ≤𝑇

𝑃

(����� 𝑟∏
𝑖=1

𝑋𝑡𝑖

����� > 𝑐
)
≤ 𝑟𝜛 exp

{
−𝑐𝜗2E−𝜗2

𝑇

}
. (D.1)

Proof. We prove (D.1) by induction. If 𝑟 = 1 then max1≤𝑡≤𝑇 𝑃( | 𝑋𝑡 | > 𝑐) ≤ 𝜛 exp{−𝑐𝜗1E−𝜗2
𝑇

}
≤ 𝜛 exp{−𝑐𝜗2E−𝜗2

𝑇
} by assumption, given 𝜗1 > 𝜗2 ≥ 1. Now let (D.1) hold for some 𝑟 ≥ 1:

max1≤𝑡1 ,...,𝑡𝑟 ≤𝑇 𝑃( | ⊓𝑟
𝑖=1 𝑋𝑡𝑖 | > 𝑐) ≤ 𝑟𝜛 exp{−𝑐𝜗2E−𝜗2

𝑇
}. Young and Bonferroni inequalities yield

for any 𝜗1 ≥ 2𝜗2

max
1≤𝑡1 ,...,𝑡𝑟+1≤𝑇

𝑃

(�����𝑟+1∏
𝑖=1

𝑋𝑡𝑖

����� > 𝑐
)
≤ max

1≤𝑡1 ,...,𝑡𝑟+1≤𝑇
𝑃

©­«1
2

(
𝑟∏
𝑖=1

𝑋𝑡𝑖

)2

+ 1
2
𝑋2
𝑡𝑟+1

> 𝑐
ª®¬

≤ max
1≤𝑡1 ,...,𝑡𝑟 ≤𝑇

𝑃

(����� 𝑟∏
𝑖=1

𝑋𝑡𝑖

����� > 𝑐 1
2

)
+ max

1≤𝑡≤𝑇
𝑃

(
|𝑋𝑡 | > 𝑐

1
2

)
≤ 𝑟𝜛 exp

{
−𝑐𝜗2E−𝜗2

𝑇

}
+𝜛 exp

{
−𝑐𝜗1/2E−𝜗2

𝑇

}
≤ (𝑟 + 1)𝜛 exp

{
−𝑐𝜗2E−𝜗2

𝑇

}
.

Hence (D.1) holds for 𝑟 + 1. The proof is complete because 𝑟 is arbitrary. QED.

D.2. Lemma A.4
Let ⇒𝑝 denote weak convergence in probability on 𝑙∞ (the space of bounded functions) as defined
in Giné and Zinn (1990, Section 3). Recall {E𝑇 } is the Assumption 1 exponential moment scale,
lim inf𝑇→∞ E𝑇 ≥ 1; the bootstrap index blocks are 𝔅𝑠 = {(𝑠 − 1)𝑏𝑇 + 1, . . . , 𝑠𝑏𝑇 }, 𝑠 = 1, . . . ,𝑇/𝑏𝑇 ,
with block size 𝑏𝑇 , 1 ≤ 𝑏𝑇 < 𝑇 , 𝑏𝑇 → ∞ and 𝑏𝑇/𝑇1− 𝜄 → 0 for some small 𝜄 > 0 ; 𝜉𝑖 is iid 𝑁 (0,1);
and 𝜑𝑡 = 𝜉𝑠 if 𝑡 ∈ 𝔅𝑠 . Recall the number of blocks N𝑇 = [𝑇/𝑏𝑇 ], and

Δ𝑔̂
(𝑑𝑤)
𝑇

(ℎ, 𝑘) ≡ 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡

{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡)
}
,

and define

𝜎̊2
𝑇 (ℎ, 𝑘) ≡ 𝐸


(

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡

{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

1
𝑇

𝑇−ℎ∑︁
𝑠=1

𝐸 [𝑋𝑠𝑋𝑠+ℎ] 𝐵𝑘 (𝑠)
})2 .

Recall

𝑧𝑡 (ℎ, 𝑘) ≡ {𝑋𝑡𝑋𝑡+ℎ − 𝐸 [𝑋𝑡𝑋𝑡+ℎ]} 𝐵𝑘 (𝑡)
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𝜎2
𝑇 (ℎ, 𝑘) ≡ 𝐸


(

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

𝑧𝑡 (ℎ, 𝑘)
)2 .

We refer to the following condition below:

1
𝑇1/9

[
E2/3
𝑇

{ln (H𝑇K𝑇 )} (1+2𝜙)/(3𝜙) + E𝑇 (lnH𝑇K𝑇 )7/6
]
→ 0. (D.2)

Lemma A.4. Let Assumptions 1 and 2 hold.

𝑎. Let {𝒁̊𝑇 (ℎ, 𝑘) : 0 ≤ ℎ ≤ H𝑇 ,1 ≤ 𝑘 ≤ K𝑇 }𝑇≤1 be a Gaussian process, 𝒁̊𝑇 (ℎ, 𝑘) ∼ 𝑁 (0, 𝜎̊2
𝑇
(ℎ, 𝑘)),

independent of the sample {𝑋𝑡 }𝑇𝑡=1. For any sequences {E𝑇 ,H𝑇 ,K𝑇 }, where 0 ≤ H𝑇 < 𝑇 − 1, H𝑇 =

𝑜(𝑇), 𝜂(K𝑇 ) = 𝑜(
√
𝑇) and (D.2) hold:

sup
𝑐>0

����𝑃 (
max

H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
��� ≤ 𝑐 |{𝑋𝑡 }𝑇𝑡=1

)
− 𝑃

(
max

H𝑇 ,K𝑇

���𝒁̊𝑇 (ℎ, 𝑘)
��� ≤ 𝑐)���� 𝑝

→ 0.

𝑏. Let {𝒁̊(ℎ, 𝑘)} be an independent copy of the Lemma 3.1 Gaussian process {𝒁(𝑘, ℎ) : ℎ, 𝑘 ∈ N},
𝒁(ℎ, 𝑘) ∼ 𝑁 (0, lim𝑇→∞𝜎2

𝑇
(ℎ, 𝑘)), independent of the asymptotic draw {𝑋𝑡 }∞𝑡=1. For any sequences

{𝑏𝑇 ,E𝑇 ,H𝑇 ,K𝑇 }, such that 0 ≤ H𝑇 < 𝑇 − 1, 𝑏𝑇/𝑇 𝜄 → ∞, 𝑏𝑇 = 𝑜(𝑇1/2− 𝜄), H𝑇 = 𝑂 (𝑇1− 𝜄/𝑏𝑇 ),
𝜂(K𝑇 ) = 𝑜(

√
𝑇), and (D.2) hold:

max
H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
���⇒𝑝 max

ℎ,𝑘∈N

���𝒁̊(ℎ, 𝑘)��� .
The proof requires two preliminary results. We first prove the following uniform sample covariance

result. Write

𝑔̂(ℎ, 𝑘) ≡ 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) and 𝑔𝑇 (ℎ, 𝑘) ≡ 𝐸 [𝑔̂(ℎ, 𝑘)] = 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)

Lemma D.1. Under Assumption 1, for any {E𝑇 ,H𝑇 ,K𝑇 } satisfying 0 ≤ H𝑇 < 𝑇 − 1, H𝑇 = 𝑜(𝑇), K𝑇

= 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, 𝜂(K𝑇 ) = 𝑜(
√
𝑇) and (D.2):

max
H𝑇 ,K𝑇

|𝑔̂(ℎ, 𝑘) − 𝑔𝑇 (ℎ, 𝑘) | =𝑂 𝑝

(
1/
√
𝑇

)
.

Proof. Define

G𝑇 (ℎ, 𝑘) ≡
√
𝑇 (𝑔̂(ℎ, 𝑘) − 𝑔𝑇 (ℎ, 𝑘)) =

1
√
𝑇

𝑇−ℎ∑︁
𝑡=1

{𝑋𝑡𝑋𝑡+ℎ − 𝐸 [𝑋𝑡𝑋𝑡+ℎ]} 𝐵𝑘 (𝑡)

and 𝑠2
𝑇
(ℎ, 𝑘) ≡ 𝐸 [G2

𝑇
(ℎ, 𝑘)]. The argument used to prove Lemma 3.1 yields

sup
𝑧≥0

����𝑃 (
max

H𝑇 ,K𝑇

|G𝑇 (ℎ, 𝑘) | ≤ 𝑧
)
− 𝑃

(
max

H𝑇 ,K𝑇

|𝑮𝑇 (ℎ, 𝑘) | ≤ 𝑧
)����→ 0

for some sequence of random functions {𝑮𝑇 (ℎ, 𝑘)}𝑇≥1 with 𝑮𝑇 (ℎ, 𝑘) ∼ 𝑁 (0, 𝑠2
𝑇
(ℎ, 𝑘)), for any

{E𝑇 ,H𝑇 ,K𝑇 } satisfying 0 ≤ H𝑇 < 𝑇 − 1, H𝑇 = 𝑜(𝑇), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, 𝜂(K𝑇 )
= 𝑜(

√
𝑇) and (D.2). The claim follows instantly. QED.
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Next, define

𝑦𝑡 (ℎ, 𝑘) ≡
{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

1
𝑇 − ℎ

𝑇−ℎ∑︁
𝑠=1

𝐸 [𝑋𝑠𝑋𝑠+ℎ] 𝐵𝑘 (𝑠)
}
.

We decompose the following summand into big and little blocks:

Δ𝑔∗𝑇 (ℎ, 𝑘) ≡
1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡

{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

1
𝑇 − ℎ

𝑇−ℎ∑︁
𝑠=1

𝐸 [𝑋𝑠𝑋𝑠+ℎ] 𝐵𝑘 (𝑠)
}
=

1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘).

Let 𝑏̃𝑇 and 𝑙𝑇 be block sizes, (𝑏̃𝑇 , 𝑙𝑇 ) → ∞, with 1 < 𝑏̃𝑇 < 𝑇 , 𝑏̃𝑇 = 𝑜(𝑇), 1 ≤ 𝑙𝑇 < 𝑏̃𝑇 , and 𝑙𝑡 =
𝑜(𝑏̃𝑇 ). In each index set {1, ...,𝑇 − ℎ} the number of blocks is Ñ𝑇 (ℎ) = [(𝑇 − ℎ)/𝑏̃𝑇 ]. Denote the
blocks by 𝔅̃𝑠 = {(𝑠 − 1)𝑏̃𝑇 + 1, . . . , 𝑠𝑏̃𝑇 } with 𝑠 = 1, . . . , Ñ𝑇 (ℎ), and 𝔅̃Ñ𝑇 (ℎ)+1 = {Ñ𝑇 (ℎ)𝑏̃𝑇 , ...,𝑇 +
ℎ}. Then

Δ𝑔∗𝑇 (ℎ, 𝑘) =
1
𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

𝑖𝑏̃𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+𝑙𝑇+1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘) +
1
𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

(𝑖−1) 𝑏̃𝑇+𝑙𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘)

+ 1
𝑇

𝑇−ℎ∑︁
𝑖=Ñ𝑇 (ℎ) 𝑏̃𝑇+1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘).

Lemma D.2. Under Assumptions 1 and 2, for any {E𝑇 ,H𝑇 ,K𝑇 } satisfying 0 ≤ H𝑇 < 𝑇 − 1, H𝑇 =

𝑜(𝑇), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, 𝜂(K𝑇 ) = 𝑜(
√
𝑇) and (D.2:������ max

H𝑇 ,K𝑇

��Δ𝑔∗𝑇 (ℎ, 𝑘)�� − max
H𝑇 ,K𝑇

������ 1
𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

𝑖𝑏̃𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+𝑙𝑇+1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘)

������
������ = 𝑜𝑝 (

1/
√
𝑇

)
.

Proof. The triangle inequality yields for any real-valued functions {𝑎(ℎ, 𝑘), 𝑏(ℎ, 𝑘)}���� max
H𝑇 ,K𝑇

|𝑎(ℎ, 𝑘) | − max
H𝑇 ,K𝑇

|𝑏(ℎ, 𝑘) |
���� ≤ max

H𝑇 ,K𝑇

|𝑎(ℎ, 𝑘) − 𝑏(ℎ, 𝑘) | .

We therefore prove

max
H𝑇 ,K𝑇

������ ��Δ𝑔∗𝑇 (ℎ, 𝑘)�� −
������ 1
𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

𝑖𝑏̃𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+𝑙𝑇+1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘)

������
������ = 𝑜𝑝 (

1/
√
𝑇

)
,

Step 1. It suffices to replace 𝑦𝑡 (ℎ, 𝑘) with 𝑧𝑡 (ℎ, 𝑘) uniformly awp1:

max
H𝑇 ,K𝑇

����� 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡 {𝑦𝑡 (ℎ, 𝑘) − 𝑧𝑡 (ℎ, 𝑘)}
����� = 𝑜𝑝 (1). (D.3)

This follows by noting:����� 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡 𝑦𝑡 (ℎ, 𝑘) −
1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)
�����
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≤
����� 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡

{
𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡) −

1
𝑇 − ℎ

𝑇−ℎ∑︁
𝑠=1

𝐸 [𝑋𝑠𝑋𝑠+ℎ] 𝐵𝑘 (𝑠)
}�����

≤
����� 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)
����� +𝑂 𝑝

(
1/
√
𝑇

)
in view of maxH𝑇 ,K𝑇

| (𝑇 − ℎ)−1 ∑𝑇−ℎ
𝑠=1 𝐸 [𝑋𝑠𝑋𝑠+ℎ] 𝐵𝑘 (𝑠) | ≤ 𝐾 under Assumption 1.b,d, and

maxH𝑇
|1/𝑇∑𝑇−ℎ

𝑡=1 𝜑𝑡 | = 𝑂 𝑝 (1/
√
𝑇). The latter follows by construction of 𝜑𝑡 :

1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡 =
1

𝑇/𝑏𝑇

[ (𝑇−ℎ)/𝑏𝑇 ]∑︁
𝑖=1

𝜉𝑖 =
1

𝑇/𝑏𝑇

[𝜆ℎ𝑇/𝑏𝑇 ]∑︁
𝑖=1

𝜉𝑖 with 𝜆ℎ = 1 − ℎ

𝑇
∈ [0,1),

where iid 𝜉𝑖 ∼ 𝑁 (0,1). By Donsker’s theorem extended to D[0,1], and the mapping theorem,
sup𝜆∈[0,1) |1/

√
𝑁

∑[𝜆𝑁 ]
𝑖=1 𝜉𝑖 | = 𝑂 𝑝 (1) (cf Dudley, 1999).

Next, by construction:

1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)

=
1

𝑇/𝑏𝑇

[ (𝑇−ℎ)/𝑏𝑇 ]∑︁
𝑖=1

𝜉𝑖
1
𝑏𝑇

𝑖𝑏𝑇∑︁
𝑡=(𝑖−1)𝑏𝑇+1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡) =
1

𝑇/𝑏𝑇

N𝑇 (ℎ)∑︁
𝑖=1

𝜉𝑖𝜛𝑇,𝑖 (ℎ, 𝑘)

say, where 𝜛𝑇,𝑖 (ℎ, 𝑘) ≡ 1/𝑏𝑇
∑𝑖𝑏𝑇

𝑡=(𝑖−1)𝑏𝑇+1 𝐸 [𝑋𝑡𝑋𝑡+ℎ]𝐵𝑘 (𝑡) and N𝑇 (ℎ) ≡ [(𝑇 − ℎ)/𝑏𝑇 ]. Given 𝜉𝑖 is
iid 𝑁 (0,1), a generalization of Nemirovski’s L𝑞-moment bound, 𝑞 ≥ 1, for independent sequences
yields (see, e.g., Bühlmann and Van De Geer, 2011, Lemma 14.24):

𝐸

 max
H𝑇 ,K𝑇

����� 1
𝑇/𝑏𝑇

N𝑇 (ℎ)∑︁
𝑖=1

𝜉𝑖𝜛𝑇,𝑖 (ℎ, 𝑘)
�����
𝑞 ≤


8 ln (2H𝑇K𝑇 ) max

H𝑇 ,K𝑇

max
1≤𝑖≤N𝑇 (ℎ)

𝜛2
𝑇,𝑖

(ℎ, 𝑘)

𝑇/𝑏𝑇


𝑞/2

. (D.4)

Moreover:

max
H𝑇 ,K𝑇

max
1≤𝑖≤N𝑇 (ℎ)

𝜛2
𝑇,𝑖 (ℎ, 𝑘) = max

H𝑇 ,K𝑇

max
1≤𝑖≤N𝑇 (ℎ)

©­« 1
𝑏𝑇

𝑖𝑏𝑇∑︁
𝑡=(𝑖−1)𝑏𝑇+1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡)
ª®¬

2

(D.5)

≤
(
max
H𝑇

max
1≤𝑡≤𝑇

|𝐸 [𝑋𝑡𝑋𝑡+ℎ] |
)2

≡ 𝜛̄2
𝑇 .

Now combine (D.4) and (D.5), choose 𝑞 = 2, and invoke 𝑏𝑇 = 𝑜(𝑇1/2− 𝜄), H𝑇 = 𝑜(𝑇), K𝑇 = 𝑜(𝑇 𝜅 ) for
some finite 𝜅 > 0, and 𝜛̄𝑇 = 𝑂 (1) under Assumption 1.b and the Cauchy-Schwartz inequality, to yield:

𝐸

 max
H𝑇 ,K𝑇

(
1

𝑇/𝑏𝑇

N𝑇 (ℎ)∑︁
𝑖=1

𝜉𝑖𝜛𝑇,𝑖 (ℎ, 𝑘)
)2 ≤ 𝐾 ln (H𝑇K𝑇 )

𝑇/𝑏𝑇
𝜛̄2

𝑇

= 𝑜

(
ln (𝑇)
𝑇1/2+ 𝜄

)
× 𝜛̄2

𝑇 = 𝑜

(
ln (𝑇)
𝑇1/2+ 𝜄

)
× 𝑜(𝑇1/2) = 𝑜(1).
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This proves (D.3) by Chebyshev’s inequality.

Step 2. Now observe that������Δ𝑔∗𝑇 (ℎ, 𝑘) − 1
𝑇

(𝑇−ℎ)/𝑏𝑇∑︁
𝑖=1

𝑖𝑏𝑇∑︁
𝑡=(𝑖−1)𝑏𝑇+𝑙𝑇+1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)

������
≤

������ 1
𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

(𝑖−1) 𝑏̃𝑇+𝑙𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)

������ +
������ 1
𝑇

𝑇−ℎ∑︁
𝑖=Ñ𝑇 (ℎ) 𝑏̃𝑇+1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)

������ .
Lemma 3.1 and 𝑏̃𝑇/𝑙𝑇 = 𝑜(1) yield under the assumed properties for {E𝑇 ,H𝑇 ,K𝑇 }:

max
H𝑇 ,K𝑇

������ 1
𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

(𝑖−1) 𝑏̃𝑇+𝑙𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)

������ = . 𝑙𝑇𝑏̃𝑇 max
H𝑇 ,K𝑇

������ 1
𝑇𝑙𝑇/𝑏̃𝑇

Ñ𝑇 (ℎ)∑︁
𝑖=1

(𝑖−1) 𝑏̃𝑇+𝑙𝑇∑︁
𝑡=(𝑖−1) 𝑏̃𝑇+1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)

������
= 𝑂 𝑝

(
𝑙𝑇/𝑏̃𝑇√︁
𝑇𝑙𝑇/𝑏̃𝑇

)
=𝑂 𝑝

(
1/

√︃
𝑇𝑏̃𝑇/𝑙𝑇

)
= 𝑜𝑝

(
1/
√
𝑇

)
.

Similarly, for any (ℎ, 𝑘), the integer-valued discrepancy implicit in 𝑇 − ℎ − Ñ𝑇 (ℎ)𝑏̃𝑇 = 𝑇 − ℎ − [(𝑇 −
ℎ)/𝑏̃𝑇 ] 𝑏̃𝑇 yields:

max
H𝑇 ,K𝑇

������ 1
𝑇

𝑇−ℎ∑︁
𝑖=Ñ𝑇 (ℎ) 𝑏̃𝑇+1

𝜑𝑡 𝑧𝑡 (ℎ, 𝑘)

������ = 𝑂 𝑝

©­­«max
H𝑇

√︃
(𝑇 − ℎ) − Ñ𝑇 (ℎ)𝑏̃𝑇

𝑇

ª®®¬ (D.6)

= 𝑂 𝑝

©­­­­«
max
H𝑇

√︂
1 −

[
𝑇

𝑏̃𝑇
(1 − ℎ/𝑇)

]
𝑏̃𝑇

𝑇 (1−ℎ/𝑇 )
√
𝑇

ª®®®®¬
= 𝑜𝑝 (1/𝑇) .

This completes the proof. QED

We are now ready to prove Lemma A.4. Assume (𝑇 − ℎ)/𝑏𝑇 and related ratios are integers to reduce
notation. The resulting error otherwise is asymptotically negligible, as in (D.6).

Proof of Lemma A.4.

Claim (a). Define the sample 𝔛𝑇 ≡ {𝑋𝑡 }𝑇𝑡=1, and define

Δ𝑔∗𝑇 (ℎ, 𝑘) ≡
1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡

{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

1
𝑇

𝑇−ℎ∑︁
𝑠=1

𝐸 [𝑋𝑠𝑋𝑠+ℎ] 𝐵𝑘 (𝑠)
}
.

Let {Δ𝑔̂ (𝑑𝑤)
𝑇

(𝑖)}H𝑇K𝑇

𝑖=0 , etc., denote the stacked {Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)}H𝑇 ,K𝑇

ℎ=0,𝑘=1:

Δ𝑔̂
(𝑑𝑤)
𝑇

(𝑖) = Δ𝑔̂
(𝑑𝑤)
𝑇

(ℎ, 𝑘) with index correspondence 𝑖 = (𝑘 − 1)H𝑇 + ℎ. (D.7)
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and define

𝑠2
𝑇 (𝑖, 𝑗) = 𝑇𝐸

[
Δ𝑔̂

(𝑑𝑤)
𝑇

(𝑖)Δ𝑔̂ (𝑑𝑤)
𝑇

( 𝑗) |𝔛𝑇

]
and 𝑠2

𝑇 (𝑖, 𝑗) = 𝑇𝐸
[
Δ𝑔∗𝑇 (𝑖)Δ𝑔

∗
𝑇 ( 𝑗) |𝔛𝑇

]
Δ𝑇 ≡ max

0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠2
𝑇 (𝑖, 𝑗) − 𝑠

2
𝑇 (𝑖, 𝑗)

��� ,
hence 𝑠2

𝑇
(𝑖, 𝑖) ≡ 𝜎̊2

𝑇
(ℎ, 𝑘) where 𝑖 = (𝑘 − 1)H𝑇 + ℎ.1

Let {𝒁̊𝑇 (𝑖)}𝑇≤1 be sequences of normal random variables 𝒁̊𝑇 (𝑖) ∼ 𝑁 (0, 𝑠2
𝑇
(𝑖, 𝑖)) independent of 𝔛𝑇 .

Lemma 3.1 in Chernozhukov, Chetverikov and Kato (2013), cf. Chernozhukov, Chetverikov and Kato
(2015, Theorem 2, Proposition 1) and Chen (2018, Lemma C.1), yields:

E𝑇 ≡ sup
𝑐>0

����𝑃 (
max

0≤𝑖≤H𝑇K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(𝑖)
��� ≤ 𝑐 |𝔛𝑇

)
− 𝑃

(
max

0≤𝑖≤H𝑇K𝑇

���𝒁̊𝑇 (𝑖)
��� ≤ 𝑐)���� (D.8)

= 𝑂 𝑝

(
Δ

1/3
𝑇

max {1, ln (H𝑇K𝑇/Δ𝑇 )}2/3
)
.

We prove below Δ𝑇 = 𝑂 𝑝 (1/𝑇 𝜄) for some 𝜄 > 0. Now use H𝑇 = 𝑜(𝑇) and K𝑇 = 𝑜(𝑇 𝜅 ) for some finite
𝜅 > 0 to reach:

E𝑇 = 𝑂 𝑝

(
Δ

1/3
𝑇

max {1, ln (H𝑇K𝑇/Δ𝑇 )}2/3
)

= 𝑂 𝑝

(
Δ

1/3
𝑇

max
{
1, ln

(√
𝑇H𝑇K𝑇

)
+ ln

(√
𝑇Δ𝑇

)}2/3
)
=𝑂 𝑝

(
1
𝑇 𝜄/6

{ln (𝑇)}2/3
)

𝑝
→ 0.

This suffices to prove the claim in view of the correspondence 𝑖 = (𝑘 − 1)H𝑇 + ℎ.
We now prove Δ𝑇 = 𝑂 𝑝 (1/𝑇 𝜄). Define for any 𝑔 ∈ R

𝔈𝑙,𝑇 (ℎ, 𝑘;𝑔) ≡
𝑙𝑏𝑇∑︁

𝑡=(𝑙−1)𝑏𝑇+1

{𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝑔} ,

and define

𝑔̂(ℎ, 𝑘) ≡ 1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) and 𝑔𝑇 (ℎ, 𝑘) ≡
1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡).

By construction of 𝜑𝑡 via iid {𝜉𝑙} (𝑇−ℎ)/𝑏𝑇𝑙=1 , 𝜉𝑙 ∼ 𝑁 (0,1):

Δ𝑔̂
(𝑑𝑤)
𝑇

(ℎ, 𝑘) = 1
𝑇

(𝑇−ℎ)/𝑏𝑇∑︁
𝑙=1

𝜉𝑙𝔈𝑙,𝑇 (ℎ, 𝑘; 𝑔̂(ℎ, 𝑘))

Δ𝑔∗𝑇 (ℎ, 𝑘) =
1
𝑇

(𝑇−ℎ)/𝑏𝑇∑︁
𝑙=1

𝜉𝑙𝔈𝑙,𝑇 (ℎ, 𝑘;𝑔𝑇 (ℎ, 𝑘)).

1The correspondence 𝑖 = (𝑘 − 1)H𝑇 + ℎ is unique. In particular, it is understood that we set 𝑘 and move through ℎ ∈
{0, , , .H𝑇 }. Thus, (𝑖) set 𝑘 = 1 and move through ℎ = 0, ...,H𝑇 for 𝑖 = 0, ...,H𝑇 ; (𝑖𝑖) set 𝑘 = 2 and then ℎ = 0, ...,H𝑇

to yield 𝑖 = H𝑇 + 1, ..., 2H𝑇 ; and so on. Thus, if H𝑇 = 100 then 𝑖 = 299 is uniquely matched with 𝑘 = 3 and ℎ = 99.
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Serial independence, and independence of 𝔛𝑇 , for 𝜉𝑡 yield for some couplets (ℎ, 𝑘) and ( ℎ̃, 𝑘̃):

𝑠2
𝑇 (𝑖, 𝑗) = 𝑇𝐸

[
Δ𝑔̂

(𝑑𝑤)
𝑇

(𝑖)Δ𝑔̂ (𝑑𝑤)
𝑇

( 𝑗) |𝔛𝑇

]
= 𝑇𝐸


1
𝑇

(𝑇−ℎ)/𝑏𝑇∑︁
𝑙=1

𝜉𝑙𝔈𝑙,𝑇 (ℎ, 𝑘; 𝑔̂(ℎ, 𝑘)) 1
𝑇

(𝑇−ℎ̃)/𝑏𝑇∑︁
𝑚=1

𝜉𝑚𝔈𝑚,𝑇 ( ℎ̃, 𝑘̃; 𝑔̂( ℎ̃, 𝑘̃)) |𝔛𝑇


=

1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝔈𝑙,𝑇 (ℎ, 𝑘; 𝑔̂(ℎ, 𝑘))𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃; 𝑔̂( ℎ̃, 𝑘̃)).

Similarly:

𝑠2
𝑇 (𝑖, 𝑗) =

1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝔈𝑙,𝑇 (ℎ, 𝑘;𝑔𝑇 (ℎ, 𝑘))𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃;𝑔𝑇 ( ℎ̃, 𝑘̃)).

Now observe for any (𝑖, 𝑗) and some associated couplets (ℎ, 𝑘) and ( ℎ̃, 𝑘̃):���𝑠2
𝑇 (𝑖, 𝑗) − 𝑠

2
𝑇 (𝑖, 𝑗)

���
≤

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

{
𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃; 𝑔̂( ℎ̃, 𝑘̃)) −𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃;𝑔𝑇 ( ℎ̃, 𝑘̃))

}
×

{
𝔈𝑙,𝑇 (ℎ, 𝑘; 𝑔̂(ℎ, 𝑘)) −𝔈𝑙,𝑇 (ℎ, 𝑘;𝑔𝑇 (ℎ, 𝑘))

}��
+

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃;𝑔𝑇 ( ℎ̃, 𝑘̃))
{
𝔈𝑙,𝑇 (ℎ, 𝑘; 𝑔̂(ℎ, 𝑘)) −𝔈𝑙,𝑇 (ℎ, 𝑘;𝑔𝑇 (ℎ, 𝑘))

}������
+

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝔈𝑙,𝑇 (ℎ, 𝑘;𝑔𝑇 (ℎ, 𝑘))
{
𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃; 𝑔̂( ℎ̃, 𝑘̃)) −𝔈𝑙,𝑇 ( ℎ̃, 𝑘̃;𝑔𝑇 ( ℎ̃, 𝑘̃))

}������
= S1,𝑇 (ℎ, 𝑘, ℎ̃, 𝑘̃) + S2,𝑇 (ℎ, 𝑘, ℎ̃, 𝑘̃) + S3,𝑇 (ℎ, 𝑘, ℎ̃, 𝑘̃).

It follows Δ𝑇 = 𝑂 𝑝 (1/𝑇 𝜄) for some tiny 𝜄 > 0 if we show each:

max
H𝑇 ,K𝑇

��S𝑖,𝑇 (ℎ, 𝑘, ℎ̃, 𝑘̃)
�� =𝑂 𝑝 (1/𝑇 𝜄) . (D.9)

Consider S2,𝑇 (·); S1,𝑇 (·) and S3,𝑇 (·) are similar. Use

{𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝑔̂(ℎ, 𝑘)} − {𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) − 𝑔𝑇 (ℎ, 𝑘)} = − {𝑔̂(ℎ, 𝑘) − 𝑔𝑇 (ℎ, 𝑘)}

with Lemma D.1 to yield:

max
H𝑇 ,K𝑇

��S2,𝑇 (ℎ, 𝑘, ℎ̃, 𝑘̃)
��

≤ max
H𝑇 ,K𝑇

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑡=(𝑙−1)𝑏𝑇+1

{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘̃ (𝑡) − 𝑔𝑇 (ℎ, 𝑘)

}������ × 𝑏𝑇 max
H𝑇 ,K𝑇

|𝑔̂(ℎ, 𝑘) − 𝑔𝑇 (ℎ, 𝑘) |
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= max
H𝑇 ,K𝑇

������ 1
𝑇

𝑇−ℎ∨ℎ̃∑︁
𝑡=1

{𝑋𝑡𝑋𝑡+ℎ − 𝐸 [𝑋𝑡𝑋𝑡+ℎ]} 𝐵𝑘 (𝑡)

������ ×𝑂 𝑝 (𝑏𝑇/
√
𝑇).

Moreover, by the same argument used to prove (see eq. (A.4) in the main paper):

sup
𝑧≥0

����𝑃 (
max

0≤𝑖≤H𝑇K𝑇

|Z𝑇 (𝑖) | ≤ 𝑧
)
− 𝑃

(
max

0≤𝑖≤H𝑇K𝑇

|𝒁𝑇 (𝑖) | ≤ 𝑧
)����→ 0,

we have for any {H𝑇 }, 0 ≤ H𝑇 < 𝑇 − 1, H𝑇 = 𝑜(𝑇), K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0 and 𝜂(K𝑇 ) =
𝑜(
√
𝑇), provided (D.2) holds:

max
H𝑇 ,K𝑇

������ 1
𝑇

𝑇−ℎ∨ℎ̃∑︁
𝑡=1

{
𝑋𝑡𝑋𝑡+ℎ̃ − 𝐸

[
𝑋𝑡𝑋𝑡+ℎ̃

]}
𝐵𝑘̃ (𝑡)

������ =𝑂 𝑝 (1/
√
𝑇).

Therefore

max
H𝑇 ,K𝑇

��S2,𝑇 (ℎ, 𝑘, ℎ̃, 𝑘̃)
�� =𝑂 𝑝 (𝑏𝑇/𝑇) = 𝑜𝑝 (1/𝑇 𝜄)

given 𝑏𝑇 = 𝑜(𝑇1− 𝜄), proving (D.9).

Claim (b). Now let {𝒁̊(ℎ, 𝑘) : 0 ≤ ℎ ≤ H𝑇 ,1 ≤ 𝑘 ≤ K𝑇 } be an independent copy of the Lemma 3.1
law 𝒁(ℎ, 𝑘) ∼ 𝑁 (0, lim𝑇→∞𝜎2

𝑇
(ℎ, 𝑘)), independent of the asymptotic draw {𝑋𝑡 }∞𝑡=1, where

𝜎2
𝑇 (ℎ, 𝑘) =

1
𝑇

𝑇−ℎ∑︁
𝑠,𝑡=1

𝐸 [𝑧𝑠 (ℎ, 𝑘)𝑧𝑡 (ℎ, 𝑘)] .

Let [𝒁̊(𝑖)]H𝑇K𝑇

𝑖=0 be the stacked version, cf. (D.7) and footnote 1, and define

𝑣2 (𝑖, 𝑗) ≡ 𝐸 [𝒁̊(𝑖) 𝒁̊( 𝑗)],

hence 𝑣2 (𝑖, 𝑖) ≡ lim𝑇→∞𝜎2
𝑇
(ℎ, 𝑘) with 𝑖 = (𝑘 − 1)H𝑇 + ℎ. We prove below

Ẽ𝑇 ≡ sup
𝑐>0

����𝑃 (
max

0≤𝑖≤H𝑇K𝑇

���𝒁̊𝑇 (𝑖)
��� ≤ 𝑐 |𝔛𝑇

)
− 𝑃

(
max

0≤𝑖≤H𝑇K𝑇

���𝒁̊(𝑖)��� ≤ 𝑐)���� 𝑝
→ 0. (D.10)

Together Claim (𝑎) with (D.10) yield

sup
𝑐>0

����𝑃 (
max

H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
��� ≤ 𝑐 |𝔛𝑇

)
− 𝑃

(
max

H𝑇 ,K𝑇

���𝒁̊(ℎ, 𝑘)��� ≤ 𝑐)���� 𝑝
→ 0.

Therefore

max
H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
��� 𝑑→ max

ℎ,𝑘∈N

���𝒁̊(ℎ, 𝑘)��� 𝑎𝑤𝑝1 with respect to {𝑋𝑡 }∞𝑡=1.

This yields as claimed by definition (cf. Giné and Zinn, 1990, Section 3):

max
H𝑇 ,K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(ℎ, 𝑘)
���⇒𝑝 max

ℎ,𝑘∈N

���𝒁̊(ℎ, 𝑘)��� .
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We now prove (D.10). With 𝑠2
𝑇
(𝑖, 𝑗) = 𝑇𝐸 [Δ𝑔∗

𝑇
(𝑖)Δ𝑔∗

𝑇
( 𝑗) |𝔛𝑇 ] and 𝑣2 (𝑖, 𝑗) define

Δ̃𝑇 ≡ max
0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠2
𝑇 (𝑖, 𝑗) − 𝑣

2 (𝑖, 𝑗)
��� .

As above Ẽ𝑇 = 𝑂 𝑝 (Δ̃1/3
𝑇

× max{1, ln(H𝑇K𝑇/Δ̃𝑇 )}2/3). The proof is complete if we show

Δ̃𝑇 =𝑂 (1/𝑇 𝜄) for some 𝜄 > 0, (D.11)

since then

Ẽ𝑇 =𝑂 𝑝

(
Δ̃

1/3
𝑇

max
{
1, ln(H𝑇K𝑇/Δ̃𝑇 )

}2/3
)
=𝑂 𝑝

(
𝑇− 𝜄/3 {ln(𝑇)}2/3

)
𝑝
→ 0.

We now prove (D.11). Define

Δ𝑔∗𝑇 (ℎ, 𝑘) ≡
1
𝑇

𝑇−ℎ∑︁
𝑡=1

𝜑𝑡

{
𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

1
𝑇 − ℎ

𝑇−ℎ∑︁
𝑠=1

𝐸 [𝑋𝑠𝑋𝑠+ℎ] 𝐵𝑘 (𝑠)
}
,

and let Δ𝑔∗
𝑇
(𝑖) stack Δ𝑔∗

𝑇
(ℎ, 𝑘). Define

𝑠2
𝑇 (𝑖, 𝑗) = 𝑇𝐸

[
Δ𝑔∗𝑇 (𝑖)Δ𝑔

∗
𝑇 ( 𝑗) |𝔛𝑇

]
𝑠̈2
𝑇 (𝑖, 𝑗) = 𝑇𝐸

[
Δ𝑔∗𝑇 (𝑖)Δ𝑔

∗
𝑇 ( 𝑗) |𝔛𝑇

]
𝑠2
𝑇 (𝑖, 𝑗) = 𝑇𝐸

[
Δ𝑔∗𝑇 (𝑖)Δ𝑔

∗
𝑇 ( 𝑗)

]
𝑠2 (𝑖, 𝑗) = lim

𝑇→∞
𝑇𝐸

[
Δ𝑔∗𝑇 (𝑖)Δ𝑔

∗
𝑇 ( 𝑗)

]
.

We prove (D.11) by showing in order:

max
0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠2
𝑇 (𝑖, 𝑗) − 𝑠̈

2
𝑇 (𝑖, 𝑗)

��� =𝑂 𝑝 (𝑇− 𝜄) (D.12)

max
0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠̈2
𝑇 (𝑖, 𝑗) − 𝑠

2
𝑇 (𝑖, 𝑗)

��� =𝑂 𝑝 (𝑇− 𝜄) (D.13)

max
0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠2
𝑇 (𝑖, 𝑗) − 𝑠

2 (𝑖, 𝑗)
��� =𝑂 (𝑇− 𝜄) (D.14)

max
0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠2 (𝑖, 𝑗) − 𝑣2 (𝑖, 𝑗)
��� =𝑂 (𝑇− 𝜄). (D.15)

Step 1 (𝑠2
𝑇
(𝑖, 𝑗), 𝑠̈2

𝑇
(𝑖, 𝑗)). Recall 𝑔𝑇 (ℎ, 𝑘) ≡ 1/𝑇∑𝑇−ℎ

𝑡=1 𝐸 [𝑋𝑡𝑋𝑡+ℎ]𝐵𝑘 (𝑡). After expanding, and
cancelling like terms, we have for any (𝑖, 𝑗) and some unique couplet (ℎ, 𝑘; ℎ̃, 𝑘̃), where 𝑖 = (𝑘 −1)H𝑇 +
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ℎ and 𝑗 = (𝑘 − 1)H𝑇 + ℎ:���𝑠2
𝑇 (𝑖, 𝑗) − 𝑠̈

2
𝑇 (𝑖, 𝑗)

���
=

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

{
−𝑔𝑇 (ℎ, 𝑘)𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡) − 𝑔𝑇 ( ℎ̃, 𝑘̃)𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡)

+ 𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃) +
𝑇

𝑇 − ℎ𝑔𝑇 (ℎ, 𝑘)𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡)

+ 𝑇

𝑇 − ℎ̃
𝑔𝑇 ( ℎ̃, 𝑘̃)𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) −

𝑇

𝑇 − ℎ
𝑇

𝑇 − ℎ̃
𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃)

}����
≤ ℎ

𝑇 − ℎ

������𝑔𝑇 (ℎ, 𝑘) 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡)

������
+ ℎ̃

𝑇 − ℎ̃

������𝑔𝑇 ( ℎ̃, 𝑘̃) 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡)

������
+ 𝑇 (ℎ + ℎ̃) + ℎℎ̃
(𝑇 − ℎ)

(
𝑇 − ℎ̃

) ������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃)

������
=D𝑇,1 (ℎ, 𝑘; ℎ̃, 𝑘̃) + D𝑇,2 (ℎ, 𝑘; ℎ̃, 𝑘̃) + D𝑇,3 (ℎ, 𝑘; ℎ̃, 𝑘̃)

Now twice wield the fact that uniform exponential tails Assumption 1.b implies uniform L𝑟 -
boundedness for any 𝑟 ≥ 1, with uniform law Lemma D.1 and H𝑇 = 𝑂 (𝑇1− 𝜄/𝑏𝑇 ), to yield:

max
H𝑇 ,K𝑇

D𝑇,1 (ℎ, 𝑘; ℎ̃, 𝑘̃) ≤ max
H𝑇 ,K𝑇


ℎ

𝑇 − ℎ

������𝑔𝑇 (ℎ, 𝑘) 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡)

������


≤ 𝐾 H𝑇

𝑇 −H𝑇

max
H𝑇 ,K𝑇

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡)

������
= 𝐾

H𝑇

𝑇 −H𝑇

max
H𝑇 ,K𝑇

������ 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡)

������
= 𝑂 𝑝

(
H𝑇

𝑇 −H𝑇

)
=𝑂 𝑝

(
H𝑇

𝑇

)
=𝑂 𝑝

(
1

𝑇 𝜄𝑏𝑇

)
= 𝑜𝑝 (1/𝑇 𝜄) .

Similarly, maxH𝑇 ,K𝑇
D𝑇,2 (ℎ, 𝑘; ℎ̃, 𝑘̃) = 𝑜𝑝 (1/𝑇 𝜄) . Furthermore, use for any ℎ ∨ ℎ̃ ∈ {1, ...,H𝑇 }:������ 1

𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃)

������ ≤ 𝑏𝑇 ��𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃)��
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with H𝑇 = 𝑂 (𝑇1− 𝜄/𝑏𝑇 ) to arrive at:

max
H𝑇 ,K𝑇

D𝑇,3 (ℎ, 𝑘; ℎ̃, 𝑘̃) ≤ max
H𝑇 ,K𝑇


𝑇 (ℎ + ℎ̃) + ℎℎ̃
(𝑇 − ℎ) (𝑇 − ℎ̃)

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃)

������


≤ 𝑏𝑇
2𝑇H𝑇 +H2

𝑇

(𝑇 −H𝑇 )2 ≤ 𝐾 𝑏𝑇H𝑇

𝑇
(1 + 𝑜(1)) =𝑂 (𝑇− 𝜄) ,

proving (D.12).

Step 2 (𝑠̈2
𝑇
(𝑖, 𝑗), 𝑠2

𝑇
(𝑖, 𝑗)). Write

𝑔𝑇 (ℎ, 𝑘) ≡
1

𝑇 − ℎ

𝑇−ℎ∑︁
𝑡=1

𝐸 [𝑋𝑡𝑋𝑡+ℎ] 𝐵𝑘 (𝑡).

For some unique couplet (ℎ, 𝑘; ℎ̃, 𝑘̃) with 𝑖 = (𝑘 − 1)H𝑇 + ℎ and 𝑗 = (𝑘 − 1)H𝑇 + ℎ, expand terms in
𝑠̈2
𝑇
(𝑖, 𝑗), and use

1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

=
(
1 − ℎ ∨ ℎ̃/𝑇

)
𝑏𝑇

to deduce:

𝑠̈2
𝑇 (𝑖, 𝑗) =

1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑠𝑋𝑠+ℎ𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘 (𝑠)𝐵𝑘 (𝑡) (D.16)

− 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠=(𝑙−1)𝑏𝑇+1

𝑋𝑠𝑋𝑠+ℎ𝐵𝑘 (𝑠) × 𝑔𝑇 ( ℎ̃, 𝑘̃)

− 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡) × 𝑔𝑇 (ℎ, 𝑘)

+ (1 − {ℎ ∨ ℎ̃}/𝑇)𝑏𝑇𝑔𝑇 (ℎ, 𝑘)𝑔𝑇 ( ℎ̃, 𝑘̃).

Now use 𝑠2
𝑇
(𝑖, 𝑗) = 𝐸 [𝑠̈2

𝑇
(𝑖, 𝑗)] to obtain:

max
0≤𝑖, 𝑗≤H𝑇K𝑇

���𝑠̈2
𝑇 (𝑖, 𝑗) − 𝑠

2
𝑇 (𝑖, 𝑗)

��� ≤ D1,𝑇 + D2,𝑇 ,

where

D1,𝑇 = max
H𝑇 ,K𝑇

������ 1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

{
𝑋𝑠𝑋𝑠+ℎ𝑋𝑡𝑋𝑡+ℎ̃ − 𝐸

[
𝑋𝑠𝑋𝑠+ℎ𝑋𝑡𝑋𝑡+ℎ̃

]}
𝐵𝑘 (𝑠)𝐵𝑘̃ (𝑡)

������
D2,𝑇 = 2 max

H𝑇 ,K𝑇

������ 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠=(𝑙−1)𝑏𝑇+1

{𝑋𝑠𝑋𝑠+ℎ − 𝐸 [𝑋𝑠𝑋𝑠+ℎ]} 𝐵𝑘 (𝑠) × 𝑔𝑇 ( ℎ̃, 𝑘̃)

������ .
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Consider D1,𝑇 and write

𝔛𝑇,𝑙 (ℎ, 𝑘) ≡
1

√
𝑏𝑇

𝑙𝑏𝑇∑︁
𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑡𝑋𝑡+ℎ𝐵𝑘 (𝑡) and 𝔜𝑇,𝑙 (ℎ, 𝑘; ℎ̃, 𝑘̃) ≡ 𝔛𝑇,𝑙 (ℎ, 𝑘)𝔛𝑇,𝑙 ( ℎ̃, 𝑘̃),

hence:

D1,𝑇 = max
H𝑇 ,K𝑇

������ 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

(
𝔜𝑇,𝑙 (ℎ, 𝑘; ℎ̃, 𝑘̃) − 𝐸

[
𝔜𝑇,𝑙 (ℎ, 𝑘; ℎ̃, 𝑘̃)

] )������ .
Let [𝒀𝑇,𝑙 (𝑖, 𝑗)]H𝑇K𝑇

𝑖, 𝑗=0 stack 𝔜𝑇,𝑙 (ℎ, 𝑘; ℎ̃, 𝑘̃), with correspondence 𝑖 = (𝑘 − 1)H𝑇 + ℎ and 𝑗 = ( 𝑘̃ −

1)H𝑇 + ℎ̃. Similarly [𝒀̊𝑇,𝑙 (𝑙)]
H2

𝑇
K2
𝑇

𝑙=0 stacks [𝒀𝑇,𝑙 (𝑖, 𝑗)]H𝑇K𝑇

𝑖, 𝑗=0 with 𝑙 = ( 𝑗 − 1)H𝑇K𝑇 + 𝑖. Hence

D1,𝑇 = max
0≤𝑙≤H2

𝑇
K2
𝑇

������ 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

(
𝒀̊𝑇,𝑙 (𝑙) − 𝐸

[
𝒀̊𝑇,𝑙 (𝑙))

] )������ .
We show below that 𝒀̊𝑇,𝑙 (𝑙) satisfies Conditions 1-3 in Chang, Chen and Wu (2021). Hence, similar to
(A.4)-(A.6) in the main paper, D1,𝑇 =𝑂 𝑝 (𝑏1/2

𝑇
/𝑇1/2) = 𝑜𝑝 (1) provided

1
𝑇1/9

[
E2/3
𝑇

{ln (H𝑇K𝑇 )} (1+2𝜙)/(3𝜙) + E𝑇 (lnH𝑇K𝑇 )7/6
]
→ 0

(ln(H𝑇K𝑇 ))3−𝜙 = 𝑜(𝑇3𝜙).

The latter hold since H𝑇 = 𝑂 (𝑇1− 𝜄/𝑏𝑇 ), 𝑏𝑇/𝑇 𝜄 → ∞, and K𝑇 = 𝑜(𝑇 𝜅 ) for some finite 𝜅 > 0, and
therefore E𝑇 = 𝑜(𝑇1/6/{ln (𝑇)} (1+2𝜙)/(2𝜙) ). Now 𝑏𝑇 = 𝑜(𝑇1− 𝜄) yields D1,𝑇 = 𝑜𝑝 (1/𝑇 𝜄) for some 𝜄 >
0.

We now show 𝒀̊𝑇,𝑙 (𝑙) satisfies Chang, Chen and Wu’s (2021) Conditions 1-3. For Condition 1,
Bonferroni’s inequality and Lemma A.2 yield

max
0≤𝑙≤H2

𝑇
K2
𝑇

𝑃

(���𝒀̊𝑇,𝑙 (𝑙)
��� > 𝑐) = max

H𝑇 ,K𝑇

𝑃
©­«
������ 1
𝑏𝑇

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝑋𝑠𝑋𝑡+ℎ𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘 (𝑠)𝐵𝑘̃ (𝑡)

������ > 𝑐ª®¬
≤ 𝑏2

𝑇 max
H𝑇

max
1≤𝑡≤𝑇−ℎ

𝑃
(��𝑋𝑠𝑋𝑡+ℎ𝑋𝑡𝑋𝑡+ℎ̃�� > 𝑏𝑇𝑐) ≤ 2𝜛𝑏2

𝑇 exp

{
−
𝑏
𝜗2
𝑇

E𝜗2
𝑇

𝑐𝜗2

}
.

Use 𝑏𝑇/𝑇 𝜄 →∞ by supposition to deduce for any 𝑐 > 0 ∃T ∈ N such that

𝑏2
𝑇 exp{−𝑏𝜗2/2

𝑇
E−𝜗2
𝑇

𝑐𝜗2 } ≤ exp{−𝑐𝜗2E−𝜗2
𝑇

} ∀𝑇 ≥ T .

Hence Condition 1 holds:

max
0≤𝑙≤H2

𝑇
K2
𝑇

𝑃

(���𝒀̊𝑇,𝑙 (𝑙)
��� > 𝑐) ≤ 𝜛̃ exp{−𝑐𝜗2E−𝜗2

𝑇
} ∀𝑇 ≥ T and some 𝜛̃ ≥ 2.

Condition 2 holds by Assumption 1.a and measurability. Condition 3 holds by Assumption 2.a(𝑖).
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For D2,𝑇 , use Lemma D.1, and 𝑏𝑇 = 𝑂 (𝑇1/2− 𝜄) under Assumption 2.b, to get:

D2,𝑇 ≤ 𝐾 max
H𝑇 ,K𝑇

������ 1
𝑇/𝑏𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠=(𝑙−1)𝑏𝑇+1

{𝑋𝑠𝑋𝑠+ℎ − 𝐸 [𝑋𝑠𝑋𝑠+ℎ]} 𝐵𝑘 (𝑠)

������
= 𝐾𝑏𝑇 max

H𝑇 ,K𝑇

������ 1
𝑇

𝑇−ℎ∨ℎ̃∑︁
𝑡=1

{𝑋𝑡𝑋𝑡+ℎ − 𝐸 [𝑋𝑡𝑋𝑡+ℎ]} 𝐵𝑘 (𝑡)

������ =𝑂 𝑝

(
𝑏𝑇/𝑇1/2

)
=𝑂 𝑝 (𝑇− 𝜄) .

Step 3 (𝑠2
𝑇
(𝑖, 𝑗), 𝑠2 (𝑖, 𝑗)). The property holds by Assumption 2.a(𝑖𝑖).

Step 4 (𝑠2 (𝑖, 𝑗), 𝑣2 (𝑖, 𝑗)). For some (ℎ, 𝑘; ℎ̃, 𝑘̃), 𝑠2 (𝑖, 𝑗) is identically

lim
𝑇→∞

1
𝑇

(𝑇−ℎ∨ℎ̃)/𝑏𝑇∑︁
𝑙=1

𝑙𝑏𝑇∑︁
𝑠,𝑡=(𝑙−1)𝑏𝑇+1

𝐸

[{
𝑋𝑠𝑋𝑠+ℎ𝐵𝑘 (𝑠) −

1
𝑇 − ℎ

𝑇−ℎ∑︁
𝑢=1

𝐸 [𝑋𝑢𝑋𝑢+ℎ] 𝐵𝑘 (𝑢)
}

×
𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡) −

1
𝑇 − ℎ̃

𝑇−ℎ̃∑︁
𝑢=1

𝐸
[
𝑋𝑢𝑋𝑢+ℎ̃

]
𝐵
𝑘̃
(𝑢)




and by rearranging terms

𝑣2 (𝑖, 𝑗) = lim
𝑇→∞

1
𝑇

𝑇−ℎ∨ℎ̃∑︁
𝑠,𝑡=1

𝐸

[{
𝑋𝑠𝑋𝑠+ℎ𝐵𝑘 (𝑠) −

1
𝑇 − ℎ

𝑇−ℎ∑︁
𝑢=1

𝐸 [𝑋𝑢𝑋𝑢+ℎ] 𝐵𝑘 (𝑢)
}

×
𝑋𝑡𝑋𝑡+ℎ̃𝐵𝑘̃ (𝑡) −

1
𝑇 − ℎ̃

𝑇−ℎ̃∑︁
𝑢=1

𝐸
[
𝑋𝑢𝑋𝑢+ℎ̃

]
𝐵𝑘̃ (𝑢)


 .

Further, block size 𝑏𝑇 →∞. Hence 𝑠2 (𝑖, 𝑗) = 𝑣2 (𝑖, 𝑗) ∀𝑖, 𝑗 . This completes the proof. QED.

Remark 4. We technically only need the iid random numbers {𝜉1, . . . , 𝜉N𝑇
} to satisfy 𝐸 [𝜉𝑖] = 0, 𝐸 [𝜉2

𝑖
]

= 1, and 𝐸 [𝜉4
𝑖
] < ∞. In this general setting

√
𝑇Δ𝑔̂

(𝑑𝑤)
𝑇

(𝑖) |𝔛𝑇 is not necessarily normally distributed,
hence the Gaussian-to-Gaussian result (D.8) may not hold. We will need the added step:

sup
𝑐>0

����𝑃 (
max

0≤𝑖≤H𝑇K𝑇

���√𝑇Δ𝑔̂ (𝑑𝑤)
𝑇

(𝑖)
��� ≤ 𝑐 |𝔛𝑇

)
− 𝑃

(
max

0≤𝑖≤H𝑇K𝑇

���√𝑇Δ𝒈̊𝑇 (𝑖) |𝔛𝑇

��� ≤ 𝑐)���� 𝑝
→ 0

where
√
𝑇Δ𝒈̊𝑇 (𝑖) |𝔛𝑇 ∼ 𝑁 (0,𝑇𝐸 [Δ𝑔̂ (𝑑𝑤)

𝑇
(𝑖)2 |𝔛𝑇 ]). We would then need to alter (D.8), and prove in-

stead

E𝑇 ≡ sup
𝑐>0

����𝑃 (
max

0≤𝑖≤H𝑇K𝑇

���√𝑇Δ𝒈̊𝑇 (𝑖)��� ≤ 𝑐 |𝔛𝑇

)
− 𝑃

(
max

0≤𝑖≤H𝑇K𝑇

���𝒁̊𝑇 (𝑖)
��� ≤ 𝑐)����

= 𝑂 𝑝

(
Δ

1/3
𝑇

max {1, ln (H𝑇K𝑇/Δ𝑇 )}2/3
)

𝑝
→ 0.
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E. Empirical study
We now apply our test and the test in Jin, Wang and Wang (2015) to quarterly international (ex post)
real interest rates. We analyze 16 countries over the period 1960.Q1 - 2019.Q4. The data were collected
from the U.S. Federal Reserve Bank data archive (FRED), which itself is taken from the OECD data
archives. The countries are Australia, Austria, Belgium, Canada, Denmark, France, Germany, Ireland
Italy, Japan, Netherlands, Norway, Switzerland, UK and US.

Following Rapach and Weber (2004), we use the 10-year government bond yield as our measure of
the nominal interest rate 𝑟𝑛,𝑡 , and the Consumer Price Index in order to compute inflation 𝑖𝑡 . The (ex
post) real bond rate is 𝑟𝑟 ,𝑡 = 𝑟𝑛,𝑡 − 𝑖𝑡 . See Table A.1 for the exact date range available for each series
and subsequent size. Figure 1 contains plots of each series.

Unit root tests have been proposed as a standard for testing for non-stationarity in interest rates. See,
e.g., Rose (1988) and Rapach and Weber (2004) and their historical references. In that framework, it is
implicitly assumed that real interest rates are unbounded (asymptotically with probability approaching
one), in particular if a unit root is present. In the case of a unit root, of course, variance is unbounded
asymptotically, and 𝛼-mixing fails to hold.

Testing real interest rates is complicated by the fact that nominal rates 𝑟𝑛,𝑡 and inflation 𝑖𝑡 may be
nonstationary while real rates 𝑟𝑟 ,𝑡 = 𝑟𝑛,𝑡 − 𝑖𝑡 can yet be stationary. In a unit root test setting, it is
possible that 𝑟𝑛,𝑡 ∼ 𝐼 (1) and 𝑖𝑡 ∼ 𝐼 (1) yet (𝑟𝑛,𝑡 , 𝑖𝑡 ) are cointegrated with integrating vector [−1,1],
hence 𝑟𝑟 ,𝑡 are stationary. Conversely, nonstationarity necessarily exists when just 𝑟𝑟 ,𝑡 ∼ 𝐼 (1) or just 𝑖𝑡
∼ 𝐼 (1). Rose (1988) finds the latter for each country in our study based on quarterly post-war data and
conventional unit root tests, hence Rose (1988) broadly concludes unit root nonstationarity. Rapach and
Weber (2004) obtain more nuanced results. They find nonstationarity in nominal rates for all countries
except Germany and Switzerland, and mixed results for inflation based on Phillips and Perron (1988)
and Ng and Perron (1997, 2001) unit root tests. In order to handle the evident cases 𝑟𝑛,𝑡 ∼ 𝐼 (1) and 𝑖𝑡 ∼
𝐼 (1) they apply several cointegration tests, including tests by Ng and Perron (2001) and one eventually
published in Perron and Rodriguez (2016).

A different approach for studying structural time variation in interest rates couches rates in a para-
metric regime switching regression model. See, e.g., Garcia and Perron (1996), Bekdache (1000), and
Ang and Bekaert (2002). See also Teräsvirtra (1994) and Gray (1996).

In our setting, under either hypothesis we assume a moment generating function exists uniformly
over 𝑡, and a geometric mixing condition holds. Thus, we implicitly assume a unit root does not exist.
The moment conditions can be assured simply by assuming nominal interest rates and inflation are
bounded. This is a fairly natural assumption empirically for interest rates which are typically managed
by government market actions, and lie in the range [−1,1]. In any case, in our sample range bond
yields and inflation never surpass the total range [−.02, .30]. We therefore test for a (non-unit root
based) deviation from covariance stationarity. Our setting of course is nonparametric: we do not need
to specify a (switching) regression model (e.g. Augmented Dickey Fuller, or Markov Switching), and
indeed our test is relevant irrespective of any underlying parametric features.

We report test results for the max-test based on a dependent wild bootstrap, and Jin, Wang and
Wang’s (2015) test based both on simulated critical values and dependent wild bootstrap. Both tests
exploit a Walsh basis in view of simulation evidence suggesting the inferiority of the composite Haar
basis. We simulate critical values for each series and each country (hence, 54 simulated sets of critical
values), rather than for each sample size. We use H𝑇 = [2𝑇 .49] and K𝑇 = [.5𝑇 .49]. See Table A.2
for test results. Tests are performed on nominal and real bond yields, and inflation, but we focus our
discussion on real bond yields given is importance in the literature.

Consider the max-correlation difference test. In all countries except one, when the test finds evidence
of non-covariance stationarity in nominal rates, the same result applies for real rates. Consider Italy:
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the p-values are .024 and .032 for nominal and real rates respectively, while the p-value for inflation is
.216. Thus, nominal rates are the driving force for non-stationarity. New Zealand is the sole exception:
p-values for nominal and real rates and inflation are .156, .080 and .162. Thus, we reject stationarity at
the 10% level for real rates, but fail to reject for nominal rates and inflation. It is easily verified, however,
that if random variables 𝑋𝑡 and𝑌𝑡 are covariance stationary then so is any linear combination. A deeper
study into this is left for future work.

The bootstrapped JWW test, on par with the Monte Carlo study, almost never leads to a rejection
of the covariance stationarity null hypothesis. Tests based on simulated critical values, however, match
across nominal and real bond yields, with four exceptions: Belgium, Japan, New Zealand and the UK.
The JWW test generally yields strong rejections (well under the 1% level) when nonstationarity is
detected, while the max-correlation test is more moderate, with rejections variously at the 1%, 5%, and
10% levels.

Finally, in five countries the max-correlation test and JWW test disagree: Australia, France, Italy,
New Zealand and Switzerland (denoted by bold in Table A.2). In the first four the max-correlation dif-
ference test yielded rejections of covariance stationarity (p-values are .056, .022, .032, and .080), while
the JWW test failed to reject. The JWW test with simulated critical value detected non-stationarity for
Switzerland at the 1% level (D̂𝑇 = 58.1, 1% c.v. = 7.9), but the max-correlation test did not at the 10%
(p-value .144).
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Table A.1. Dates and Sample Sizes

Nominal Bond 𝑟𝑛 Inflation 𝑖 Real Bond 𝑟𝑟

Dates 𝑛 Dates 𝑛 Dates 𝑛

Australia 1969.Q3-2021.Q4 210 1960.Q2-2021.Q4 246 1969.Q3-2021.Q4 210
Austria 1990.Q1-2021.Q4 128 1960.Q2-2021.Q4 246 1990.Q1-2021.Q4 128
Belguim 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 246 1960.Q2-2021.Q4 246
Canada 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 244 1960.Q2-2021.Q4 246

Denmark 1987.Q1-2021.Q4 140 1967.Q2-2021.Q4 218 1987.Q1-2021.Q4 140
France 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 246 1960.Q2-2021.Q4 246
Germany 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 246 1960.Q2-2021.Q4 246
Ireland 1971.Q1-2021.Q4 204 1976.Q2-2021.Q4 182 1976.Q2-2021.Q4 182

Italy 1991.Q2-2021.Q4 122 1960.Q2-2021.Q4 246 1991.Q2-2021.Q4 122
Japan 1989.Q1-2021.Q4 132 1960.Q2-2021.Q4 246 1989.Q1-2021.Q4 132
Netherlands 1960.Q1-2021.Q4 248 1960.Q3-2021.Q4 246 1960.Q3-2021.Q4 246
New Zealand 1970.Q1-2021.Q4 208 1960.Q2-2021.Q4 246 1970.Q1-2021.Q4 208

Norway 1985.Q1-2021.Q4 148 1960.Q2-2021.Q4 246 1985.Q1-2021.Q4 148
Switzerlnad 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 246 1960.Q2-2021.Q4 246
UK 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 246 1960.Q2-2021.Q4 246
US 1960.Q1-2021.Q4 248 1960.Q2-2021.Q4 246 1960.Q2-2021.Q4 246

Nominal bond 𝑟𝑛 are 10 year government bond yields; inflation 𝑖 is derived from the Consumer Price Index for all
goods and services; and real bond yields 𝑟𝑟 = 𝑟𝑛 − 𝑖.
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Table A.2. Empirical Study: Covariance Stationarity Tests

Nominal Bond 𝑟𝑛 Inflation 𝑖 Real Bond 𝑟𝑟

M̂𝑇 D̂𝑐𝑣
𝑇

D̂𝑑𝑤
𝑇

M̂𝑇 D̂𝑐𝑣
𝑇

D̂𝑑𝑤
𝑇

M̂𝑇 D̂𝑐𝑣
𝑇

D̂𝑑𝑤
𝑇

Australia .080 65.5 (3.5, 4.8, 7.5) *** .729 .174 5.57 (3.8, 5.1, 7.9) ** .605 .056 -2.28 (3.5, 4.8, 7.5) .854
Austria .002 12.3 (2.9, 4.9, 6.6) *** .198 .158 62.7 (3.8, 5.1, 7.9) *** .134 .000 352 (2.9, 4.1, 6.6) *** .024
Belguim .032 2.03 (3.8, 5.1, 7.9) .876 .236 9.90 (3.8, 5.1, 8.0) *** .537 .023 44 (3.8, 5.1, 7.9) *** .919
Canada .014 24.1 (3.8, 5.1, 7.9) *** .904 .158 10.4 (3.8, 5.1, 7.9) *** .361 .018 17.7 (3.8, 5.1, 7.9) *** .756

Denmark .000 241 (3.0, 4.1, 6.7) *** .246 .066 29.1 (3.6, 4.8, 7.6) *** .319 .000 217 (3.0, 4.1, 6.6) *** .273
France .020 -.543 (3.8, 5.1, 7.9) .661 .174 2.27 (3.8, 5.1, 7.9) .541 .022 -2.00 (3.8, 5.1, 7.9) .866
Germany .180 28.9 (3.8, 5.1, 7.9) *** .858 .046 109 (3.8, 5.1, 7.9) *** .170 .090 879 (3.8, 5.1, 7.9) *** .399
Ireland .101 6.12 (3.4, 4.7, 7.5) ** .998 .242 30.6 (3.4, 4.6, 7.2) *** .248 .012 161 (3.4, 4.6, 7.2) *** .563

Italy .024 1.92 (2.9, 4.0, 6.5) .246 .216 218 (3.8, 5.1, 7.8) *** .076 .032 1.80 (2.9, 4.0, 6.6) .836
Japan .054 1.43 (2.9, 4.1, 6.6) .331 .331 3.34 (3.8, 5.1, 7.9) .473 .014 92.7 (2.9, 4.0, 6.6) *** .581
Netherlands .068 284 (3.8, 5.1, 7.9) *** .585 .114 12.9 (3.8, 5.1, 7.9) *** .251 .026 184 (3.8, 5.1, 7.9) *** .394
New Zealand .156 11.0 (3.5, 4.8, 7.5) *** .820 .162 2.13 (3.8, 5.1, 7.9) .819 .080 -2.86 (3.5, 4.8, 7.5) .982

Norway .014 63.2 (3.0, 4.2, 6.8) *** .273 .042 -3.49 (3.8, 5.1, 7.9) .719 .006 23.7 (3.0, 4.1, 6.8) *** .102
Switzerlnad .136 853 (3.8, 5.1, 7.9) *** .345 .265 16.2 (3.8, 5.1, 7.9) *** .371 .144 58.1 (3.8, 5.1, 7.9) *** .334
UK .032 -2.02 (3.8, 5.1, 7.9) .994 .222 54.2 (3.8, 5.1, 7.9) *** .699 .006 21.5 (3.8, 5.1, 7.9) *** .890
US .036 555 (3.8, 5.1, 7.9) *** .647 .124 9.49 (3.8, 5.1, 7.9) *** .307 .024 652 (3.8, 5.1, 7.9) *** .222

M̂𝑇 is the proposed max-test based on a bootstrapped p-value: reported values are p-values computed by
dependent wild bootstrap. D̂𝑐𝑣

𝑇
is JWW’s test based on simulated critical values, shown in parentheses: *, **, ***

denote rejection at the 10%, 5% and 1% levels. D̂𝑑𝑤
𝑇

is JWW’s test based dependent wild bootstrapped p-values.
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F. Complete simulation results
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