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A Outline

Appendix B presents assumptions. Appendix C contains the omitted proofs of lemmas.

In Appendix D we characterize the max-statistic limit law using extreme value theory. Ap-

pendix E presents the design set up for robustness checks against the baseline simulation

setting in the main paper. Finally, complete simulation results are presented in Appendix

F.

B Assumptions

We assume all random variables exist on a complete measure space. |x| =
∑

i,j |xi,j| is the
l1-norm, |x|2 = (

∑
i,j x

2
i,j)

1/2 is the Euclidean or l2 norm, and ||A|| = max|λ|2{|Aλ|2/|λ|2}
is the spectral norm for finite dimensional square matrices A (and the Euclidean norm for

vectors). || · ||p denotes the Lp-norm. a.s. is almost surely. 0k denotes a zero vector with

dimension k ≥ 1. Write r-vectors as x ≡ [xi]
r
i=1. [·] rounds to the nearest integer. K > 0

is non-random and finite, and may take different values in different places. an ∝ bn implies

an/bn → K. awp1 = asymptotically with probability approaching one. We say z has sub-

exponential distribution tails when P (|z| > ε) ≤ b exp{cε} for some (b, c) > 0 and all ε > 0

(see, e.g., Vershynin, 2018, Chapt. 2.7).

Throughout Op(1) and op(1) are not functions of model counter i. {kθ,n, kn} are monoton-

ically increasing sequences of positive integers. Define parsimonious parameter spaces B(i) ≡
D × Θ(i) where D ⊂ Rkδ and Θ(i) ⊂ R are compact subsets, δ0 is an interior point of D, and 0

and θ0,i are interior points of Θ(i). Recall Ĥ(i) ≡ 1/n
∑n

t=1 x(i),tx
′
(i),t and H(i) ≡ E[x(i),tx

′
(i),t].

Let λ(i),n and λ(i) denote the minimum eigenvalues of Ĥ(i) and H(i)

Assumption 1.

a. (ϵt, xt) are iid over t; E[ϵt] = 0; c
¯

≤ E[ϵ2t ] ≤ c̄ and c
¯

≤ E[x2
j,t] ≤ c̄ for all j and some

c
¯
,c̄ ∈ (0,∞) that may differ for different variables; E[ϵ4t ] < ∞ and E[x4

j,t] < ∞ for all j;

P (E[ϵ2t |xt] = σ2) = 1 for finite σ2 > 0; and lim supn→∞ |θ0| < ∞.

b. β0 uniquely minimizes E[(yt − β′xt)
2] on B; E[(yt − β∗′

(i)x(i),t)x(i),t] = 0kδ+1 for all i and

unique β∗
(i) in the interior of B(i).

c. lim inf
n→∞

min
1≤i≤kθ,n

inf
λ′λ=1

E[(λ′x(i),t)
2] > 0 and lim inf

n→∞
min

1≤i≤kθ,n
{λ(i)} > 0.

d. lim inf
n→∞

inf
λ′λ=1

min
i∈N

{ 1
n

∑n
t=1(λH

−1′
(i) x(i),t)

2} > 0 a.s.; lim inf
n→∞

min
i∈N

{λ(i),n} > 0 a.s..
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C Omitted Proofs

Recall the high level model

yt = δ′0xδ,t + θ′0xθ,t + ϵt = β′
0xt + ϵt

and parsimonious versions:

yt = δ∗′(i)xδ,t + θ∗i xθ,i,t + v(i),t = β∗′
(i)x(i),t + v(i),t, i = 1, ..., kθ,n, (C.1)

Recall least squares first and second order terms for (C.1):

Ĝ(i) ≡ − 1

n

n∑
t=1

v(i),tx(i),t, Ĥ(i) ≡
1

n

n∑
t=1

x(i),tx
′
(i),t, H(i) ≡ E

[
x(i),tx

′
(i),t

]
,

and Ẑ(i) ≡ −
√
nH−1

(i) Ĝ(i) = H−1
(i)n

−1/2
∑n

t=1 v(i),tx(i),t. We have.

√
n
(
β̂(i) − β∗

(i)

)
= −

√
nH−1

(i) Ĝ(i) −
{
Ĥ−1

(i) −H−1
(i)

}√
nĜ(i) ≡ Ẑ(i) + R̂i.

Throughout, asymptotics depend on an upper bound for the l∞ covariate fourth moment:

Mn ≡ E

[
max

1≤i≤kθ,n

∣∣x(i),t

∣∣4] .
Recall the four covariate cases, in each case uniformly in i:

(i) bounded x(i),t (ii) sub-Gaussian
∣∣x(i),t

∣∣4
(iii) sub-exponential

∣∣x(i),t

∣∣4 (iv) Lp-bounded x(i),t, p ≥ 4
(C.2)

Write l∞ norms compactly as

|·|∞ ≡ max
1≤i≤kθ,n

|·| and ∥·∥∞ ≡ max
1≤i≤kθ,n

∥·∥ .

Notice || · ||∞ differs from || · ||p ≡ (E| · |p)1/p.
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C.1 Lemma 2.2

Lemma 2.2. Let H0 and Assumption 1 hold. Let the weight sequences {Wn,i}n∈N satisfy

max1≤i≤kθ,n |Wn,i − Wi | = Op(
√
ln (kθ,n)Mn/n) for non-stochastic Wi ∈ (0,∞). We have:

max
1≤i≤kθ,n

∣∣∣[0′
kδ
, 1]R̂i

∣∣∣ = Op

(
ln (kθ,n)Mn/

√
n
)
. (C.3)

Then max1≤i≤kθ,n |[0′
kδ
, 1]R̂i|

p→ 0 if under covariate case (i) ln(kθ,n) = o(
√
n); (ii) ln(kθ,n)

= o(n1/3); (iii) ln(kθ,n) = o(n1/4); or (iv) kθ,n = o((n/ ln(n)2)p/8) where p ≥ 4.

Proof Let kδ = 0 to reduce notation at no cost. Under H0 recall the parsimonious regression

errors v(i),t = ϵt by Theorem 2.1.

By multiple uses of the triangle inequality, and Ẑ(i) ≡−
√
nH−1

(i) Ĝ(i) =H−1
(i)n

−1/2
∑n

t=1 ϵtx(i),t:∣∣∣∣∣∣√nWn,iθ̂i

∣∣∣
∞
−
∣∣∣Wi[0

′
kδ
, 1]Ẑ(i)

∣∣∣
∞

∣∣∣ ≤
∣∣∣√nWn,iθ̂i −Wi[0

′
kδ
, 1]Ẑ(i)

∣∣∣
∞

≤ max
i∈N

|Wi| ×
∣∣∣√nθ̂i − [0′

kδ
, 1]Ẑ(i)

∣∣∣
∞

+ |Wn,i −Wi|∞ ×
∣∣∣√nθ̂i − [0′

kδ
, 1]Ẑ(i)

∣∣∣
∞

+
∣∣∣[0′

kδ
, 1]Ẑ(i)

∣∣∣
∞
× |Wn,i −Wi|∞ .

Lemma A.1, arguments in the proof of Lemma A.1.c, and the fact that |a| = ||a|| for scalar
a, yield:∣∣∣√nθ̂i − [0′

kδ
, 1]Ẑ(i)

∣∣∣
∞

=
∣∣∣[0′

kδ
, 1]
{
Ĥ−1

(i) −H−1
(i)

}√
nĜ(i)

∣∣∣
∞

≤
∥∥∥Ĥ−1

(i) −H−1
(i)

∥∥∥
∞
×
∥∥∥√nĜ(i)

∥∥∥
∞

= Op

(
ln(kθ,n)Mn/

√
n
)
.

Similarly ∣∣∣[0′
kδ
, 1]Ẑ(i)

∣∣∣
∞

≤ K
∥∥∥√nĜ(i)

∥∥∥
∞

= Op

(√
ln(kθ,n)Mn

)
.

Further, by assumption |Wn,i − Wi|∞ = Op(
√
ln(kθ,n)Mn/n). Combine results to yield the

desired result:∣∣∣∣∣∣√nWn,iθ̂i

∣∣∣
∞
−
∣∣∣Wi[0

′
kδ
, 1]Ẑ(i)

∣∣∣
∞

∣∣∣ (C.4)

= O

(
ln(kθ,n)Mn√

n

)
+Op

(
[ln(kθ,n)Mn]

3/2

n

)
= Op

(
ln(kθ,n)Mn√

n

)
.

It remains to bound Mn under (C.2) in order to achieve ln(kθ,n)Mn/
√
n → 0.

(i) If x(i),t is (uniformly in i) bounded a.s., then Mn ≤ C. Hence ln(kθ,n) = o(
√
n).
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(ii) If x4
(i),t is uniformly sub-Gaussian then for any γ > 0 and some finite K > 0, by

Jensen’s inequality and a standard log-exp argument:

Mn ≤ γ−1 ln

(
kθ,n max

1≤i≤kθ,n
E
[
exp{γ|x(i),t|4}

])
≤ γ−1 ln

(
kθ,n exp{γ2K}

)
= γ−1 ln(kθ,n) + γK

Minimize the upper bound over γ to yield Mn = O(
√

ln(kθ,n)). Now use ln(kθ,n)Mn/
√
n

→ 0 to yield ln(kθ,n) = o(n1/3).

(iii) If x4
(i),t is uniformly sub-exponential then by the same type of argument Mn =

O(ln(kθ,n)) (cf. Vershynin, 2018, Proposition 2.7.1). Thus ln(kθ,n) = o(n1/4).

(iv) Finally, if x(i),t is uniformly Lp-bounded, p ≥ 4, then Liapunov’s inequality and

|x(i),t|∞ ≤
∑kθ,n

i=1 |x(i),t| yield:

Mn ≤ k
4/p
θ,n

(
max

1≤i≤kθ,n
E
∣∣x(i),t

∣∣p)4/p

= O(k
4/p
θ,n ).

We therefore need ln (kθ,n) k
4/p
θ,n /

√
n → 0, where kθ,n = o(np/8/ ln(n)ϖ) for any ϖ ≥ p/4

suffices. Hence it suffices to have kθ,n = o((n/ ln(n)2)p/8). QED.

Remark 1. For future reference, the above proof yields by case:

i. Mn ≤ C; and ii. Mn = O(
√
ln(kθ,n)) (C.5)

iii. Mn = O(ln(kθ,n)); and iv. Mn = O(k
4/p
θ,n ) for p ≥ 4.

C.2 Lemma 2.3

Define parsimonious regression residuals

v̂(i),t = yt − β̂′
(i)x(i),t.

Squared standard errors for
√
nθ̂i are

Ŝ2
(i) ≡

[
Ĥ−1

(i)

]
1,1

× V̂2
(i),n where V̂2

(i),n =
1

n

n∑
t=1

v̂2(i),t,

and the asymptotic value is S2
(i) ≡ [H−1

(i) ]1,1 × E[v2(i),t].

Lemma 2.3. Let Assumption 1 hold. Then |Ŝ2
(i) − S2

(i)|∞ = Op(
√
ln (kθ,n)Mn/n).

The proof requires a high dimensional max-law of large numbers. We refer to the following

result in subsequent proofs as well.
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Lemma C.1 (max-LLN). Let {y(i),t}nt=1 be zero mean, scalar random variables on a common

probability space, 1 ≤ i ≤ k, iid over t..Then

max
1≤i≤k

∣∣∣∣∣ 1n
n∑

t=1

y(i),t

∣∣∣∣∣ = Op

(√
1

n
8 ln (k)E

[
max
1≤i≤k

y2(i),t

])
.

Proof. Nemirovski’s Lq-moment bound, q ≥ 1, under an iid assumption can be represented

as (see, e.g., Bühlmann and Van De Geer, 2011, Lemma 14.24):

E

[
max
1≤i≤k

∣∣∣∣∣ 1n
n∑

t=1

y(i),t

∣∣∣∣∣
q]

≤
{
1

n
8 ln (2k)E

[
max
1≤i≤k

y2(i),t

]}q/2

.

Put q = 1 to deduce:

E

[
max
1≤i≤k

∣∣∣∣∣ 1n
n∑

t=1

y(i),t

∣∣∣∣∣
]
≤

√
1

n
8 ln (k)E

[
max
1≤i≤k

y2(i),t

]
.

The claim now follows from Chebyschev’s inequality. QED.

Proof of Lemma 2.3. It suffices to prove

∆n ≡
∥∥∥Ĥ−1

(i) V̂
2
(i),n −H−1

(i)E[v2(i),t]
∥∥∥
∞

= Op

(√
ln (kθ,n)Mn/n

)
.

After adding and subtracting like terms, we have:

∆n ≤
∥∥∥Ĥ−1

(i) −H−1
(i)

∥∥∥
∞
× E

[
v2(i),t

]
+
(∥∥∥Ĥ−1

(i) −H−1
(i)

∥∥∥
∞
+
∥∥∥H−1

(i)

∥∥∥
∞

)
×
∥∥∥V̂2

(i),n − E
[
v2(i),t

]∥∥∥
∞
.

By Assumption 1.c ||H−1
(i) ||∞ = ( min

1≤i≤kθ,n
{λ(i)})−1 = O(1). Further, apply Lemma A.1.b to

yield: ∥∥∥Ĥ−1
(i) −H−1

(i)

∥∥∥
∞

= Op

(√
ln (kθ,n)Mn/n

)
,

Next, observe that:

∣∣∣V̂2
(i),n − E

[
v2(i),t

]∣∣∣ ≤

∣∣∣∣∣ 1n
n∑

t=1

v2(i),t − E
[
v2(i),t

]∣∣∣∣∣+ ∥∥∥β̂(i) − β∗
(i)

∥∥∥2 ∥∥∥Ĥ(i) −H(i)

∥∥∥ (C.6)

+
∥∥∥β̂(i) − β∗

(i)

∥∥∥2 ∥∥H(i)

∥∥+ 2
∥∥∥β̂(i) − β∗

(i)

∥∥∥∥∥∥∥∥ 1n
n∑

t=1

x(i),tv(i),t

∥∥∥∥∥ .
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We now bound each term uniformly over i. Lemma A.1 and its proof imply∥∥∥β̂(i) − β∗
(i)

∥∥∥
∞

= Op

(√
ln (kθ,n)Mn/n

)
and

∥∥∥Ĥ(i) −H(i)

∥∥∥
∞

= Op

(√
ln (kθ,n)Mn/n

)
.

Invoke Lemma A.1.a to deduce∥∥∥∥∥ 1n
n∑

t=1

x(i),tv(i),t

∥∥∥∥∥
∞

= Op

(√
ln (kθ,n)Mn/n

)
.

Finally, mimicking the proof of Lemma A.1.a, apply max-LLN Lemma C.1 to v(i),t to yield∣∣∣∣∣ 1n
n∑

t=1

v2(i),t − E[v2(i),t]

∣∣∣∣∣
∞

= Op

(√
ln (kθ,n)Mn/n

)
.

The dominant term in (C.6) is therefore |1/n
∑n

t=1 v
2
(i),t − E[v2(i),t]|∞. Hence:

∣∣∣V̂2
(i),n − E

[
v2(i),t

]∣∣∣
∞

= Op

(√
ln (kθ,n)Mn/n

)
.

Combine the above results with ||H−1
(i) ||∞ < ∞ to yield ∆n = Op(

√
ln (kθ,n)Mn/n),proving

the claim. QED.

C.3 Lemma 3.1

Recall β̂(0) ≡ [δ̂(0)′,0′
kθ
]′ where δ̂(0) minimizes

∑n
t=1(yt − δ′xδ,t)

2. Write β̂
(0)
(i) ≡ [δ̂(0)′, 0]′. Let

δ(0) minimize E[(yt − δ′xδ,t)
2] on compact D, and write β(0) = [δ(0)′,0′

kθ
]′ and β

(0)
(i) = [δ(0)′, 0]′.

Recall

y∗n,t ≡ δ̂(0)′xδ,t + ϵ
(0)
n,tηt and ϵ

(0)
n,t ≡ yt − δ̂(0)′xδ,t,

and note by construction β̂
(0)′
(i) x(i),t = δ̂(0)′xδ,t. Recall

Z̃(0)
(i) ≡ H̄(0)−1

(i)

1√
n

n∑
t=1

ηtG
(0)
i,t (C.7)

where G
(0)
i,t ≡ (yt − δ(0)′xδ,t)xδ,t and H̄(0)

(i) ≡ E
[
xδ,tx

′
δ,t

]
Lemma 3.1. Let Assumption 1 hold, and let the weights satisfy max1≤i≤kθ,n |Wn,i − Wi |
= Op(

√
ln (kθ,n)Mn/n) for non-stochastic Wi ∈ (0,∞). Then:∣∣∣∣ max

1≤i≤kθ,n

∣∣∣√nWn,i
̂̃θi∣∣∣− max

1≤i≤kθ,n

∣∣∣Wi[0
′he
kδ
, 1]Z̃(0)

(i)

∣∣∣∣∣∣∣ = Op

(
ln (kθ,n)M3/4

n /
√
n
)
.
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Hence the Op(·) term is op(1) if by the (C.2) covariate case: (i) ln(kθ,n) = o(n1/2); (ii)

ln(kθ,n) = o(n4/11); (iii) ln(kθ,n) = o(n2/7); (iv) kθ,n = o((n/[ln (n)]2)p/6), p ≥ 4.

The proof of Lemma 3.1 requires the following result.

Lemma C.2. Under Assumption 1 ||
√
n(̂̃β(i) − β̂

(0)
(i) )||∞ = Op(

√
ln (kθ,n)Mn).

Proof. By construction

√
n
(̂̃β(i) − β̂

(0)
(i)

)
= Ĥ−1

(i)

1√
n

n∑
t=1

x(i),tϵ
(0)
n,tηt

= −Ĥ−1
(i)

1√
n

n∑
t=1

ηtx(i),tx
′
(i),t

(
β̂(0) − β∗

(i)

)
+ Ĥ−1

(i)

1√
n

n∑
t=1

ηtx(i),tv(i),t.

Therefore:

∥∥∥√n
(̂̃β(i) − β̂

(0)
(i)

)∥∥∥
∞

≤
∥∥∥H−1

(i)

∥∥∥
∞

∥∥∥∥∥ 1√
n

n∑
t=1

ηtx(i),tx
′
(i),t

∥∥∥∥∥
∞

∥∥∥β̂(0) − β∗
(i)

∥∥∥
∞

(C.8)

+
∥∥∥Ĥ−1

(i) −H−1
(i)

∥∥∥
∞

∥∥∥∥∥ 1√
n

n∑
t=1

ηtx(i),tx
′
(i),t

∥∥∥∥∥
∞

∥∥∥β̂(0) − β∗
(i)

∥∥∥
∞

+
∥∥∥H−1

(i)

∥∥∥
∞

∥∥∥∥∥ 1√
n

n∑
t=1

ηtx(i),tv(i),t

∥∥∥∥∥
∞

+
∥∥∥Ĥ−1

(i) −H−1
(i)

∥∥∥
∞

∥∥∥∥∥ 1√
n

n∑
t=1

ηtx(i),tv(i),t

∥∥∥∥∥
∞

.

By Lemma A.1.b, ∥∥∥Ĥ−1
(i) −H−1

(i)

∥∥∥
∞

= Op

(√
ln (kθ,n)Mn/n

)
.

By construction of β̂(0), Lemma A.1.c, and parameter space compactness:∥∥∥β̂(0) − β∗
(i)

∥∥∥
∞

≤
∥∥∥δ̂(0)∥∥∥+ ∥∥β∗

(i)

∥∥
∞

= Op(1).

Note that it is easily checked that ||δ̂(0)|| p→ K ∈ [0,∞); see also the proof of Lemma A.1.c.

It remains to bound ||1/
√
n
∑n

t=1 ηtx(i),tx
′
(i),t||∞ in (C.8). In order to reduce notion at no

cost, assume kδ = 0 such that x(i),t is a scalar. Recall ηt are iid N(0, 1) random variables.

Apply Nemirovski’s inequality, conditional on x(i),t (e.g. Bühlmann and Van De Geer, 2011,

9



Lemma 14.24), and E[η2t ] = 1:

E

 max
1≤i≤kθ,n

(
1√
n

n∑
t=1

ηtx
2
(i),t

)2

|x(i),t

 ≤ 8 ln (2kθ,n)E

[
max

1≤i≤kθ,n

1

n

n∑
t=1

η2t x
4
(i),t|x(i),t

]
(C.9)

= 8 ln (2kθ,n)
1

n

n∑
t=1

max
1≤i≤kθ,n

x4
(i),t.

Hence unconditionally

E

 max
1≤i≤kθ,n

(
1√
n

n∑
t=1

ηtx
2
(i),t

)2
 ≤ 8 ln (2kθ,n)Mn.

Therefore

max
1≤i≤kθ,n

∣∣∣∣∣ 1√
n

n∑
t=1

ηtx
2
(i),t

∣∣∣∣∣ = Op

(√
ln (kθ,n)Mn

)
.

Combine bounds to yield as claimed:∥∥∥√n
(̂̃β(i) − β̂

(0)
(i)

)∥∥∥
∞

= Op

(√
ln (kθ,n)Mn

)
+Op

(√
ln (kθ,n)Mn

n

)
×Op

(√
ln (kθ,n)Mn

)
= Op

(√
ln (kθ,n)Mn

)
. QED.

Proof of Lemma 3.1. By the triangle inequality:∣∣∣∣∣∣√nWn,i
̂̃θi∣∣∣

∞
−
∣∣∣Wi[0

′
kδ
, 1]Z̃(0)

(i)

∣∣∣
∞

∣∣∣ ≤ |Wi|∞
∣∣∣√n̂̃θi − [0′

kδ
, 1]Z̃(0)

(i)

∣∣∣
∞

(C.10)

+ |Wn,i −Wi|∞
∣∣∣√n̂̃θi − [0′

kδ
, 1]Z̃(0)

(i)

∣∣∣
∞

+ |Wn,i −Wi|∞ ×
∣∣∣[0′

kδ
, 1]Z̃(0)

(i)

∣∣∣
∞
.

By assumption |Wi|∞ ≤ K and |Wn,i − Wi|∞ = Op(
√

ln (kθ,n)Mn/n).

Consider |[0′
kδ
, 1]Z̃(0)

(i) |∞. Since |H̄(0)−1
(i) |∞ ≤ K under Assumption 1.c:

∣∣∣Z̃(0)
(i)

∣∣∣
∞

≤ K ×

∣∣∣∣∣ 1√
n

n∑
t=1

ηt
(
yt − δ(0)′xδ,t

)
x(i),t

∣∣∣∣∣
∞

. (C.11)

By the same conditional Nemirovski’s inequality leading to (C.9), and noting δ(0)′xδ,t =

10



β
(0)′
(i) x(i),t:

sup
ζ′ζ=1

E

 max
1≤i≤kθ,n

(
1√
n

n∑
t=1

ηt
(
yt − δ(0)′xδ,t

)
ζ ′x(i),t

)2


≤ 8 ln (2kθ,n)× sup
ζ′ζ=1

E

[{
yt − δ(0)′xδ,t

}2
max

1≤i≤kθ,n

(
ζ ′x(i),t

)2]
≤ 8 ln (2kθ,n)× sup

ζ′ζ=1

(
E
[(
yt − δ(0)′xδ,t

)4])1/2(
E

[
max

1≤i≤kθ,n

(
ζ ′x(i),t

)4])1/2

≤ K ln (2kθ,n)×
(
E
[(
yt − δ(0)′xδ,t

)4])1/2(
E

[
max

1≤i≤kθ,n

∣∣x(i),t

∣∣4])1/2

Adding and subtracting like terms, and using lim supn→∞ |θ0| < ∞, yield for E[(yt −
δ(0)′xδ,t)

4]: ∥∥yt − δ(0)′xδ,t

∥∥
4
≤ ∥β′

0xt∥4 + ∥ϵt∥4 +
∥∥δ(0)′xδ,t

∥∥
4
≤ K.

Therefore:

sup
ζ′ζ=1

E

 max
1≤i≤kθ,n

(
1√
n

n∑
t=1

ηt
(
yt − δ(0)′′xδ,t

)
ζ ′x(i),t

)2
 ≤ K ln (2kθ,n)M1/2

n .

Combine that with (C.11) to deduce:∣∣∣Z̃(0)
(i)

∣∣∣
∞

= Op

(√
ln (kθ,n)M1/4

n

)
.

It remains to bound |
√
n̂̃θi − [0′

kδ
, 1]Z̃(0)

(i) |∞ in (C.10). After adding and subtracting terms:

∥∥∥√n
(̂̃β(i) − β̂

(0)
(i)

)
− Z̃(0)

(i)

∥∥∥
∞

≤
∥∥∥H−1

(i)

∥∥∥
∞

∥∥∥∥∥ 1√
n

n∑
t=1

ηtx(i),tx
′
(i),t

∥∥∥∥∥
∞

∥∥∥β̂(0)
(i) − β

(0)
(i)

∥∥∥
∞

+
∥∥∥Ĥ−1

(i) −H−1
(i)

∥∥∥
∞

∥∥∥∥∥ 1√
n

n∑
t=1

ηtx(i),tx
′
(i),t

∥∥∥∥∥
∞

∥∥∥β̂(0)
(i) − β

(0)
(i)

∥∥∥
∞

+
∥∥∥Ĥ−1

(i) −H−1
(i)

∥∥∥
∞

∥∥∥Z̃(0)
(i)

∥∥∥
∞
.

By construction β̂
(0)
(i) − β

(0)
(i) = [δ̂(0)′−δ(0)′, 0]′. Hence||β̂(0)

(i) − β
(0)
(i) ||∞ = Op (1/

√
n) by standard

arguments under Assumption 1. Moreover, ||Ĥ−1
(i) − H−1

(i) ||∞ = Op(
√
ln (kθ,n)Mn/n) by

11



Lemma A.1. Furthermore, by arguments in the proof of Lemma C.2,∥∥∥∥∥ 1√
n

n∑
t=1

ηtx(i),tx
′
(i),t

∥∥∥∥∥
∞

= Op

(√
ln (kθ,n)Mn

)
.

Therefore:∥∥∥√n
(̂̃β(i) − β̂

(0)
(i)

)
− Z̃(0)

(i)

∥∥∥
∞

≤ Op

(√
ln (kθ,n)Mn

)
×Op

(
1/
√
n
)
+Op

(√
ln (kθ,n)Mn/n

)
×Op

(√
ln (kθ,n)M1/4

n

)
+Op

(√
ln (kθ,n)Mn/n

)
×Op

(√
ln (kθ,n)Mn

)
×Op

(
1/
√
n
)

= Op

(√
ln (kθ,n)Mn/n

)
+Op

(
ln (kθ,n)M3/4

n /n1/2
)
+Op (ln (kθ,n)Mn/n)

= Op

(
ln (kθ,n)M3/4

n /n1/2
)
.

Combine bounds to yield as claimed:∣∣∣∣ max
1≤i≤kθ,n

∣∣∣√nWn,i
̂̃θi∣∣∣− max

1≤i≤kθ,n

∣∣∣Wi[0
′
kδ
, 1]Z̃(0)

(i)

∣∣∣∣∣∣∣
= Op

(
ln (kθ,n)M3/4

n /n1/2
)

+Op

(√
ln (kθ,n)Mn/n

)
×Op

(
ln (kθ,n)M3/4

n /n1/2
)

+Op

(√
ln (kθ,n)Mn/n

)
×Op

(√
ln (kθ,n)M1/4

n

)
= Op

(
ln (kθ,n)M3/4

n /n1/2
)
.

Now use the bounds on Mn from (C.5) to conclude ln (kθ,n)M3/4
n /n1/2 → 0 by case if (i)

Mn ≤ C hence ln(kθ,n) = o(n1/2); (ii) Mn = O(
√
ln(kθ,n)) hence ln(kθ,n) = o(n4/11); (iii)

Mn = O(ln(kθ,n)) hence ln(kθ,n) = o(n2/7); (iv) Mn = O(k
4/p
θ,n ) for p ≥ 4 hence kθ,n =

o((n/[ln (n)]2)p/6) suffices. QED.

C.4 Lemma 3.2

Recall H̄(0)
(i) and Z̃(0)

(i) in (C.7), and define:

σ̃2
(i)(λ) ≡ λ′

(
H̄(0)

(i)

)−1

E
[(
yt − δ(0)′xδ,t

)2
xδ,tx

′
δ,t

] (
H̄(0)

(i)

)−1

λ. (C.12)
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Recall ηt is iid N(0, 1) and independent of the sample Sn ≡ {xt, yt}nt=1. ⇒p denotes weak

convergence in probability (Giné and Zinn, 1990: Section 3).

Lemma 3.2. Let Assumption 1 hold. Let {Z̃(i)(λ)}i∈N, Z̃(i)(λ) ∼ N(0, σ̃2
(i)(λ)), be an inde-

pendent copy of the Theorem 2.5.a null distribution process {Z(i)(λ)}i∈N, that is independent
of the asymptotic draw {xt, yt}∞t=1. Let {kθ,n} satisfy by the (C.2) covariate cases (i)-(iii)

ln (kθ,n) = o(n1/3), and (iv) kθ,n = o((n/ ln(n))p/4). Then

sup
z≥0

∣∣∣∣P ( max
1≤i≤kθ,n

∣∣∣λ′Z̃(0)
(i)

∣∣∣ ≤ z|Sn

)
− P

(
max

1≤i≤kθ,n

∣∣∣Z̃(i)(λ)
∣∣∣ ≤ z

)∣∣∣∣ p→ 0.

Furthermore

max
1≤i≤kθ,n

∣∣∣[0′
kδ
, 1
]
Z̃(0)

(i)

∣∣∣⇒p max
i∈N

∣∣∣Z̃(i)([0
′
kδ
, 1])
∣∣∣ .

Proof.

Step 1. Recall Z̃(0)
(i) = −H̄(0)−1

(i) n−1/2
∑n

t=1 ηtG
(0)
i,t where G

(0)
i,t ≡ (yt −δ(0)′xδ,t)xδ,t and H̄(0)

(i)

≡ E[xδ,tx
′
δ,t]. As always we only care about λ = [0′

kδ
, 1]′, hence we may assume ||λ|| = 1.

Write

σ̂2
n,(ij)(λ) ≡ λ′E

[
Z̃(0)

(i) Z̃
(0)
(j) |Sn

]
λ = λ′H̄(0)−1

(i)

1

n

n∑
t=1

η2tG
(0)
i,t G

(0)′
j,t H̄

(0)−1
(i) λ

σ̃2
(ij)(λ) ≡ λ′H̄(0)−1

(i) E
[
G

(0)
i,t G

(0)′
j,t

]
H̄(0)−1

(j) λ.

By construction λ′Z̃(0)
(i) |Sn ∼ N(0, σ̂2

n,(ii)(λ)). Recall {Z̃(i)(λ)}n∈N are sequences with

Z̃(i)(λ) ∼ N(0, σ̃2
(ii)(λ)) independent of Sn. Define

∆kθ,n(λ) ≡ max
1≤i,j≤kθ,n

∣∣σ̂2
n,(ij)(λ)− σ̃2

(ij)(λ)
∣∣ .

Lemma 3.1 in Chernozhukov, Chetverikov, and Kato (2013) therefore yields the following

conditional Slepian-type inequality (cf. Chernozhukov, Chetverikov, and Kato, 2015, Theo-

rem 2, Proposition 1):

Ekθ,n ≡ sup
z≥0

∣∣∣∣P ( max
1≤i≤kθ,n

∣∣∣[0′
kδ
, 1]Z̃(0)

(i)

∣∣∣ ≤ z|Sn

)
− P

(
max

1≤i≤kθ,n

∣∣∣Z̃(i)([0
′
kδ
, 1]′)

∣∣∣ ≤ z

)∣∣∣∣
= Op

(
∆

1/3
kθ,n

(λ)max
{
1, ln

(
kθ,n/∆kθ,n(λ)

)}2/3)
.

The proof is therefore complete if we show Ekθ,n = op(1).

We first need to bound ∆kθ,n(λ). Add and subtract like terms to yield from the triangle

13



inequality:

∆kθ,n(λ) ≤ max
i∈N

∥∥∥H̄−1
(i)

∥∥∥2 × max
1≤i,j≤kθ,n

∣∣∣∣∣ 1n
n∑

t=1

(
η2tG

(0)
i,t G

(0)′
j,t − E

[
G

(0)
i,t G

(0)′
j,t

])∣∣∣∣∣ .
Under Assumption 1 maxi∈N ||H̄−1

(i) || < ∞, and E[η2tG
(0)
i,t G

(0)′
j,t ] = E[G

(0)
i,t G

(0)′
j,t ] by mutual in-

dependence and ηt ∼ N(0, 1). Now combine Lemma C.1 with mutual independence, Gaus-

sianicity, and the fact that G
(0)
t ≡ G

(0)
i,t = (yt −δ(0)′xδ,t)xδ,t does not depend on i, to deduce:

max
1≤i≤kθ,n

∣∣∣∣∣ 1n
n∑

t=1

η2t sup
ω′ω=1

(
ω′G

(0)
i,t G

(0)′
j,t ω

)∣∣∣∣∣ = Op

(√
1

n
8 ln (kθ,n)E

[
sup
ω′ω=1

(
ω′G

(0)
t

)2])

= Op

(√
1

n
ln (kθ,n)E

∥∥∥G(0)
t

∥∥∥2)

Now, in view of lim supn→∞ |θ0| < ∞:∥∥∥G(0)
t

∥∥∥ ≤
∣∣yt − δ(0)′xδ,t

∣∣ ∥xδ,t∥ ≤ |ϵt| ∥xδ,t∥+K
∥∥xδ,tx

′
δ,t

∥∥+K
∥∥xδ,tx

′
θ,t

∥∥ .
Hence, by applications of Minkowski’s inequality, and Assumption 1.a:

E
∥∥∥G(0)

t

∥∥∥2 ≤ E
(
|ϵt| ∥xδ,t∥+K

∥∥xδ,tx
′
δ,t

∥∥+K
∥∥xδ,tx

′
θ,t

∥∥)2 ≤ KM4.

Therefore

max
1≤i≤kθ,n

∣∣∣∣∣ 1n
n∑

t=1

η2t sup
ω′ω=1

(
ω′G

(0)
i,t G

(0)′
j,t ω

)∣∣∣∣∣ = Op

(√
ln (kθ,n)M4

n

)
,

yielding

∆kθ,n(λ) = Op

(√
ln (kθ,n)M4

n

)
.

Now turn to Ekθ,n and note the presence of max{1, ln
(
kθ,n/∆kθ,n(λ)

)
}. Using the M4

bounds in (C.5) by the covariate cases (C.2), it follows:

i.
∆kθ,n(λ)

kθ,n
= Op

(
1

kθ,n

√
ln (kθ,n)

n

)
= op(1) if ln (kθ,n) = o(n);

ii.
∆kθ,n(λ)

kθ,n
= Op

(
ln (kθ,n)

kθ,n
√
n

)
= op(1) if ln (kθ,n) = o(n1/2);

iii.
∆kθ,n(λ)

kθ,n
= Op

(
(ln(kθ,n))

3/2

kθ,n
√
n

)
= op(1) if ln (kθ,n) = o(n1/3);
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iv.
∆kθ,n(λ)

kθ,n
= Op

(√
ln (kθ,n)

k
1−4/p
θ,n

√
n

)
= op(1) if p ≥ 4 and ln (kθ,n) = o(n).

Setting ln (kθ,n) = o(n1/3), the least upper bound from above, it follows

Ekθ,n = Op

(
∆

1/3
kθ,n

(λ)max
{
1, ln

(
kθ,n/∆kθ,n(λ)

)}2/3)
= Op

(
∆

1/3
kθ,n

(λ)
)

= Op

((
ln (kθ,n)M4

n

)1/6
)
.

Now use (C.5) to conclude by case Ekθ,n
p→ 0 if ln (kθ,n) = o(n1/3) and (i) ln (kθ,n) = o(n);

(ii) ln (kθ,n) = o(n2/3); (iii) ln (kθ,n) = o(n1/2); and (iv) kθ,n = o(np/4/ ln(n)ω) for any ω ≥
p/4, thus kθ,n = o((n/ ln(n))p/4) suffices. In summary, by case: (i)-(iii) ln (kθ,n) = o(n1/3),

and (iv) kθ,n = o((n/ ln(n))p/4).

Step 2. Step 1 yields max1≤i≤kθ,n |[0′
kδ
, 1]Z̃(0)

(i) | |Sn
d→ maxi∈N |Z̃(i)([0

′
kδ
, 1])| awp1 with

respect to {xt, yt}∞t=1. Therefore max1≤i≤kθ,n |[0′
kδ
, 1]Z̃(0)

(i) | ⇒p maxi∈N |Z̃(i)([0
′
kδ
, 1])|; see. Gine

and Zinn (1990, Section 3). QED.

C.5 Lemma A.1

Lemma A.1. Let Assumption 1 hold, and let {kθ,n} be any monotonically increasing se-

quence of integers. Then:

a. ||
√
nĜ(i)||∞ = Op(

√
ln(kθ,n)Mn).

b. ||Ĥ−1
(i) − H−1

(i) ||∞ = Op(
√

ln(kθ,n)Mn/n).

c. ||
√
n(β̂(i) − β∗

(i))||∞ = Op(
√
ln(kθ,n)Mn) provided ln(kθ,n) = o(

√
n/Mn).

Proof.

Claim (a). Apply Lemma C.1 element-wise to v(i),tx(i),t, and invoke Young’s inequality, to

yield (dropping superfluous multiplicative constants):

∥∥∥√nĜ(i)

∥∥∥
∞

= Op

(√
ln (kθ,n)× E

[
max

1≤i≤kθ,n

∣∣v(i),tx(i),t

∣∣2])

= Op

(√
ln (kθ,n)× E

[
max

1≤i≤kθ,n
v4(i),t + max

1≤i≤kθ,n

∣∣x(i),t

∣∣4])

= Op

(√
ln (kθ,n)×

{
E

[
max

1≤i≤kθ,n
v4(i),t

]
+Mn

})

15



By Minkowski’s equality and Assumption 1.a:∥∥∥∥ max
1≤i≤kθ,n

∣∣v(i),t∣∣∥∥∥∥
4

≤ ∥β′
0xt∥4 +

∥∥∥∥ max
1≤i≤kθ,n

∣∣β∗′
(i)x(i),t

∣∣∥∥∥∥
4

+ ∥ϵt∥4

≤ K + max
1≤j≤kθ,n+kδ

∥xj,t∥4 × |β0|+KM1/4
n = O

(
M1/4

n

)
.

The claim follows instantly.

Claim (b). Observe that∥∥∥Ĥ−1
(i) −H−1

(i)

∥∥∥
∞

≤
∥∥∥Ĥ−1

(i)

∥∥∥
∞
×
∥∥∥H−1

(i)

∥∥∥
∞
×
∥∥∥Ĥ(i) −H(i)

∥∥∥
∞
.

Under Assumption 1.b,c

∥∥∥Ĥ−1
(i)

∥∥∥
∞

= K

(
min

1≤i≤kθ,n
{λ(i),n}

)−1

= Op(1)∥∥∥H−1
(i)

∥∥∥
∞

= K

(
min

1≤i≤kθ,n
{λ(i)}

)−1

= O(1).

Further, apply Lemma C.1 to x(i),tx
′
(i),t − E[x(i),tx

′
(i),t] element-wise to yield

∥∥∥Ĥ(i) −H(i)

∥∥∥
∞

= Op

(√
ln (kθ,n)

n
E

[
max

1≤i≤kθ,n

∣∣∣x(i),tx
′
(i),t − E

[
x(i),tx

′
(i),t

]∣∣∣2]) . (C.13)

Notice by Minkowski and Cauchy-Schwartz inequalities:

E

[
max

1≤i≤kθ,n

∣∣x(i),tx
′
(i),t − E

[
x(i),tx

′
(i),t

]∣∣2] ≤ 2Mn.

Therefore as claimed ||Ĥ−1
(i) − H−1

(i) ||∞ = Op(
√

ln (kθ,n)Mn/n).

Claim (c). The parsimonious first order condition and positive definiteness of Ĥ(i) awp1,

combined with (a) and (b), yield:∥∥∥√n
(
β̂(i) − β∗

(i)

)∥∥∥
∞

≤
∥∥∥H−1

(i)

∥∥∥
∞

∥∥∥√nĜ(i)

∥∥∥
∞
+
∥∥∥Ĥ−1

(i) −H−1
(i)

∥∥∥
∞

∥∥∥√nĜ(i)

∥∥∥
∞

(C.14)

= Op

(√
ln (kθ,n)Mn

)
+Op

(
ln(kθ,n)√

n
Mn

)
.

The last line is asymptotically dominated by
√

ln (kθ,n)Mn provided ln(kθ,n) = o(
√
n/Mn).

QED.
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D Max-Statistic Limit Law

The goal of this section is to characterize a setting in which the Theorem 2.4 (cf. (6)) max-

statistic limit process {Z(i)([0
′
kδ
, 1])}i∈N belongs to the max-domain of attraction. In that

case for some positive sequences {an, bn}

1

an

(
max

1≤i≤kθ,n

∣∣Z(i)([0
′
kδ
, 1])
∣∣− bn

)
has a well defined limit law. A direct route taken here is to ensureZ(i)([0

′
kδ
, 1]) are iidN(0, 1),

after a simple rescaling. Then
√

2 ln(kθ,n)(max1≤i≤kθ,n |Z(i)([0
′
kδ
, 1])| − bn) is asymptotically

Gumbel by classic arguments, thus an = 1/
√

2 ln(kθ,n) and bn ∼
√

2 ln(kθ,n).

In order for Z(i)([0
′
kδ
, 1]) to be mutually independent we must control the presence of

nuisance parameters δ0 in the high dimensional regression model

yt = δ′0xδ,t + θ′0xθ,t + ϵt = β′
0xt + ϵt. (D.1)

This follows because each
√
nθ̂i is a function of the covariate subset xδ,t and therefore possibly

asymptotically dependent, rendering Z(i)([0
′
kδ
, 1]) possibly dependent across i. We therefore

either require kδ = 0 or (xδ,t, xθ,t) to be mutually uncorrelated.

Consider kδ = 0. We can then always assume xi,t = xi,θ,t are zero-mean mutually uncor-

related by a trivial reparameterization of (D.1). Write ỹt ≡ yt − E[yt], x̃θ,t ≡ H−1
θ,θ(xθ,t −

E[xθ,t]), and θ̃0 ≡ Hθ,θθ0, with Hθ,θ ≡ E[(xθ,t − E[xθ,t])(xθ,t − E[xθ,t])
′] assumed positive

definite. Then (D.1) becomes

ỹt = θ̃′0x̃θ,t + ϵt where E [ỹt] = E [x̃θ,t] = 0 and E
[
x̃θ,tx̃

′
θ,t

]
= Ikθ .

Clearly θ̃0 = 0kθ if and only if θ0 = 0kθ by positive definiteness ofHθ,θ. In the proof of Lemma

D.1, below, we show that E[x̃θ,tx̃
′
θ,t] = Ikθ , serial independence, and mutual independence

between xθ,t and ϵt, yield the desired max-domain of attraction property.

Conversely suppose kδ > 0, and assume positive definite

H ≡ E[(xt − E[xt])(xt − E[xt])
′]

is block-diagonal such that (xδ,t, xθ,t) are mutually uncorrelated:

H =

[
Hδ,δ 0kδ×kθ

0kθ×kδ Hθ,θ

]
.
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Now write ỹt ≡ yt − E[yt], x̃t ≡ H−1(xt − E[xt]). Then by block-diagonality

β̃0 ≡ Hβ0 = [(Hδ,δδ)
′, (Hθ,θθ)

′]
′
=
[
δ̃′, θ̃′

]′
,

say. Thus

ỹt = β̃′
0x̃t + ϵt = δ̃′x̃δ,t + θ̃′x̃θ,t + ϵt,

and again θ̃0 = 0kθ if and only if θ0 = 0kθ .

Now let ̂̃θi be the least squares estimator of θ̃∗i in the (reparameterized) parsimonious

models

ỹt = δ̃∗′xδ,t + θ̃∗i x̃θ,i,t + v(i),t.

In order to reduce notation, assume Wn,i = Wi = 1. The general case is similar.

Lemma D.1. Let Assumption 1 holds and assume H is positive definite. Let G be a Gum-

bel random variable. Then for some {bn}, bn ∼
√

2 ln(kθ,n), and any {kθ,n}, ln(kθ,n) =

o([
√
n/Mn]

2/3), we have under under H0

√
2 ln(kθ,n)

(
T̃n − bn√

E[ϵ2t ]

)
d→ G.

Proof. Let H0 hold. Let E[ϵ2t ] = 1, E[xj,t] = 0 and E[xθ,tx
′
θ,t] = Ikθ to reduce notation,

allowing us simply to work in model (D.1), where Tn = max1≤i≤kθ,n |
√
nWn,iθ̂i|, etc. Assume

kδ = 0. The proof is nearly the same if kδ > 0 and (xδ,t, xθ,t) are mutually uncorrelated.

We have:√
2 ln(kθ,n) (Tn − bn) =

√
2 ln(kθ,n)

(∣∣∣√nθ̂i

∣∣∣
∞
−

∣∣∣∣∣ 1√
n

n∑
t=1

ϵtxθ,i,t

∣∣∣∣∣
∞

)
(D.2)

+
√

2 ln(kθ,n)

(∣∣∣∣∣ 1√
n

n∑
t=1

ϵtxθ,i,t

∣∣∣∣∣
∞

− bn

)
.

Step 1. Consider the second term in (D.2). Theorem 2.4 and E[ϵ2t ] = E[x2
θ,i,t] = 1 yields

that for some Gaussian sequence {Z(i) : n ∈ N}∞i=1, Z(i) ∼ N(0, 1), and any slowly varying

g(n) → ∞ (note: z ≥ 0),

sup
z≥0

∣∣∣∣∣P
(∣∣∣∣∣ 1√

n

n∑
t=1

ϵtxθ,i,t

∣∣∣∣∣
∞

≤ z

)
− P

(∣∣Z(i)

∣∣
∞ ≤ z

)∣∣∣∣∣ = O(1/g(n)),

where by case: (i) ln(kθ,n) = o(n1/7); (ii) lim supn→∞ kθ,n/n
a > 0 and ln(kθ,n) = o(n1/7); (iii)

lim supn→∞ kθ,n/n
a > 0 and ln(kθ,n) = o(n1/7/g (n)4/7); and (iv) kθ,n = o

(
np/4/g (n)p

)
where
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p ≥ 4. Trivially therefore (note z ∈ R):

sup
z∈R

∣∣∣∣∣P
(∣∣∣∣∣ 1√

n

n∑
t=1

ϵtxθ,i,t

∣∣∣∣∣
∞

≤ z

)
− P

(∣∣Z(i)

∣∣
∞ ≤ z

)∣∣∣∣∣→ 0.

Uniformity implies convergence holds for any sequence of real numbers {zn}:∣∣∣∣∣P
(∣∣∣∣∣ 1√

n

n∑
t=1

ϵtxθ,i,t

∣∣∣∣∣
∞

≤ zn

)
− P

(∣∣Z(i)

∣∣
∞ ≤ zn

)∣∣∣∣∣→ 0.

Now, for any positive real sequence {bn} let

zn = bn +
1√

2 ln(kθ,n)
z for arbitrary z ∈ R.

Rearrange terms to deduce:∣∣∣∣∣P
(√

2 ln(kθ,n)

(∣∣∣∣∣ 1√
n

n∑
t=1

ϵtxθ,i,t

∣∣∣∣∣
∞

− bn

)
≤ z

)
(D.3)

−P

(√
2 ln(kθ,n)

(∣∣Z(i)

∣∣
∞ − bn

)
≤ z

)∣∣∣∣→ 0.

The iid property over t, square integrability, mutual independence between ϵt and xθ,i,t,

mutual uncorrelatedness between (re-scaled) xθ,i,t and xθ,j,t ∀i ̸= j, and E[ϵ2t ] = E[x2
θ,i,t] = 1

imply for any h ∈ N, and any h-tuple {i1, ..., ih} of positive integers il ∈ {1, ..., kθ,n},

1√
n

n∑
t=1

ϵt

h∑
l=1

λlxθ,i,t
d→ N (0, 1) ∀λ′λ = 1.

This yields convergence in finite dimensional distributions to a multivariate standard normal

law: {
1√
n

n∑
t=1

ϵtxθ,i,t : 1 ≤ i ≤ h

}
d→ N (0, Ih) .

The normalized Theorem 2.4 Gaussian limit laws Z(i)(λ) are therefore iid N (0, 1). It thus

follows instantly that for some bn ∼
√

2 ln(kθ,n), and a Gumbel random variable G (e.g.

de Haan and Ferreira, 2000, Theorem 1.1.2, Example 1.1.7):∣∣∣∣P (√2 ln(kθ,n)
(∣∣Z(i)(λ)

∣∣
∞ − bn

)
≤ z

)
− P (G ≤ z)

∣∣∣∣→ 0 ∀z ∈ R. (D.4)
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Combine (D.3) and (D.4) to obtain for kθ,n bounded above by case:

√
2 ln(kθ,n)

(∣∣∣∣∣ 1√
n

n∑
t=1

ϵtxθ,i,t

∣∣∣∣∣P
(√

2 ln(kθ,n)
(∣∣Z(i)

∣∣
∞ − bn

)
≤ z

)
− bn

)
d→ G.

Step 2. It remains to prove that the first term (D.2) satisfies for certain {kθ,n}:

√
2 ln(kθ,n)

(∣∣∣√nθ̂i

∣∣∣
∞
−

∣∣∣∣∣ 1√
n

n∑
t=1

ϵtxθ,i,t

∣∣∣∣∣
∞

)
p→ 0.

Use arguments in the proof of Lemma 2.2, with Wn,i = Wi = 1, kδ = 0, mutual uncorrelat-

edness and E[x2
θ,i,t] = 1, to deduce

√
2 ln(kθ,n)

∣∣∣∣∣∣∣∣√nθ̂i

∣∣∣
∞
−

∣∣∣∣∣ 1√
n

n∑
t=1

ϵtxθ,i,t

∣∣∣∣∣
∞

∣∣∣∣∣ = Op

(
(ln(kθ,n))

3/2Mn√
n

)
. (D.5)

Therefore ln(kθ,n) = o([
√
n/Mn]

2/3) ensures the desired result. QED.

Remark 2. The requirement ln(kθ,n) = o([
√
n/Mn]

2/3) holds in each covariate case (i) −
(iv) by exploiting the Mn bounds in (C.5). In order to see this, notice that (i) is trivial.

For (ii) we have ln(kθ,n) = o(n1/7). But n1/7 = o(n1/3/M2/3
n ) because Mn = o(n2/7)

follows from Mn = O(
√
ln(kθ,n)) in (C.5). Hence ln(kθ,n) = o([

√
n/Mn]

2/3). Case (iii) is

essentially identical.

Finally, under (iv) we have kθ,n = o
(
np/4/g (n)p

)
for slowly varying g(n), hence ln(kθ,n) =

o (ln(n)). FurtherMn =O(k
4/p
θ,n ) from (C.5). ThereforeMn = o

(
n/g (n)4

)
=O(n1/2/ (ln(n))3/2).

Re-arrange terms to yield ln(kθ,n) = o([
√
n/Mn]

2/3).

E Simulation Robustness Checks

As robustness checks we allow heterogeneous covariates, and large(r) kδ. We focus exclusively

on the purposed parsimonious max-tests given its dominance in the baseline simulations. In

order to focus attention on the robustness checks themselves, we work under the null with

unbounded iid covariates.

E.1 Regressor Dispersion

While the covariates xθ,i,t are not homogeneous in all benchmark cases, their variances are

fairly similar or identical depending on case. The dispersion of xθ,i,t, however, has a direct

impact on the dispersion of the key parsimonious model estimators θ̂i.
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We therefore add three covariate cases allowing for different variances across xθ,t = [xθ,i,t]

∼ N(0,Ψ). We bypass covariate dependence and let [xδ,t, xθ,t] be within and across block iid,

in order to focus on the pure effects of covariate dispersion. When present, each nuisance

xδ,i,t is iid N(0, 1). In each case we use a diagonal variance matrix Ψ = [Ψi,j]. In case (a) Ψi,i

= 1 + 100(i − 1)/kθ,n ∈ [1, 100] hence xθ,i,t has a monotonically larger variance as i increases.

In this setting a max-t-test may perform better due to self-scaling. In the remaining two

cases diagonal Ψ has entries (b) Ψ1,1 = 10 or (c) Ψ1,1 = 100, and all other Ψi,i = 1, hence

there is a single potentially influential regressor.

See Tables 9-11.Covariate dispersion matters more when there are nuisance parameters,

which also applied in the benchmark simulations. Overall, irrespective of the three variance

cases, the max-tests are slightly over-sized when kδ = 10, in particular at n = 100. The max-

t-test is generally better able to control for covariate dispersion, whether across covariates,

or in one influential covariate.

E.2 Large kδ

We study two nuisance parameter cases, kδ ∈ {20, 40}, under the null. Thus kδ is larger

than in the baseline cases {0, 10}. The covariates are within and across group iid standard

normal. Results are contained in Table 12.

In the proceeding baseline simulations we saw all max-tests (parsimonious, and debiased

Lasso where applicable) logically perform better when there are zero nuisance parameters.

It is not surprising, then, that the tests perform precipitously less well when there are many

nuisance parameters, in particular at small sample sizes (amounting to a classic signal/noise

problem). The tests exhibit increasing size distortions from kδ = 10 to 20 to 40, in particular

at n = 100, but also n = 250 when kδ = 40. Test performance improves as n increases, with

fairly accurate size under kδ = 20 and n = 500, and monotonic (in n) improvements when

kδ = 40. In experiments not reported here we see competitive size when kδ = 40 with n =

1000. A plausible solution for future consideration is to partial out a large, or even high,

dimension nuisance parameter, similar to Cattaneo, Jansson, and Newey (2018)..

F Complete Simulation Results

F.1 Benchmark Results

F.1.1 Bounded Regressors
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