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A Outline

Appendix B presents assumptions. Appendix C contains the omitted proofs of lemmas.
In Appendix D we characterize the max-statistic limit law using extreme value theory. Ap-
pendix [ presents the design set up for robustness checks against the baseline simulation
setting in the main paper. Finally, complete simulation results are presented in Appendix
F.

B Assumptions

We assume all random variables exist on a complete measure space. || =, - |z;;| is the
li-norm, |zfy = (3, ; x%j)l/Q is the Euclidean or I, norm, and [|A|| = maxy,{|AX|2/|A|2}
is the spectral norm for finite dimensional square matrices A (and the Euclidean norm for
vectors). || - ||, denotes the L,-norm. a.s. is almost surely. 0y denotes a zero vector with
dimension k > 1. Write r-vectors as x = [x;]/_;. [-] rounds to the nearest integer. K > 0
is non-random and finite, and may take different values in different places. a,, o b, implies
an,/b, — K. awpl = asymptotically with probability approaching one. We say z has sub-
exponential distribution tails when P(|z| > &) < bexp{ce} for some (b,c) > 0 and all € > 0
(see, e.g., Vershynin, 2018, Chapt. 2.7).

Throughout O,(1) and 0,(1) are not functions of model counter i. {kg,, k,,} are monoton-
ically increasing sequences of positive integers. Define parsimonious parameter spaces B;) =
D x O where D C R¥s and ©(;) C R are compact subsets, dy is an interior point of D, and 0
and 6 ; are interior points of ©;. Recall H = 1/n Zt LT t:l: ) and H [x(i),tx’(i)’t].

Let A¢),n and A(;) denote the minimum eigenvalues of ’H(z and 'H( )

Assumption 1.

a. (e, x¢) are iid over t; Ele] = 0; ¢ < Elf] < ¢ and ¢ < El23,] < € for all j and some

c,c € (0,00) that may differ for different variables; Ele/] < oo and Elxj,] < oo for all j;
P(E[é|xy] = %) = 1 for finite 0* > 0; and limsup,,_, . |00 < oo.

b. By uniquely minimizes E[(y; — %)% on B; E|(y; — B() 0),)T()t) = Onsq1 for all i and

unique ﬁ(*i) in the interior of B

c. liminf min inf E[(Nz@),)*] > 0 and liminf min {)\;} > 0.

n—oo 1<i<ky , MA=1 n—oo 1<i<kq .,
d. liminf inf min XH 1’ ; > 0 a.s.; hmlnf min{\ >0 a.s..
n—oo MA=1 zeN{ 2ol ) } oo 1€N{ ’)”}



C Omitted Proofs

Recall the high level model
Yy = 561?5,t + eéxe,t + € = B(/ﬁt + €
and parsimonious versions:
Yr = O Tsi + 07 g0+ Viye = BTy + Ve =1, Ko, (C.1)

Recall least squares first and second order terms for (C.1):

n

N 1 N
G = —52%) )t Hi = —Z%) oy My = B [26),600),]
t=1
and ﬁ(i) = —ﬁ?—[@lé@ = 1 n~Y2S v 42y We have.

Vn <B(i) - 52})) = —\/ﬁrH@)lgA(i) - { (i) } \/_g ) +Ri.

Throughout, asymptotics depend on an upper bound for the /., covariate fourth moment:

M, =FE [ max ‘x(i)’tﬂ .

1<i<ko
Recall the four covariate cases, in each case uniformly in ¢:

(¢)  bounded z;), (i2) sub-Gaussian ‘x(i)7t}4 (C2)
(i¢¢) sub-exponential |$(¢),t’4 (iv) Ly-bounded x4, p > 4 .

Write [, norms compactly as

o= max || and [, = max |,

Notice || - || differs from || - ||, = (E| - [P)/P.



C.1 Lemma 2.2

Lemma 2.2. Let Hy and Assumption 1 hold. Let the weight sequences {W.i}nen satisfy
maxi<i<k,, | Wai — Wi | = Op(\/In (ko) My /n) for non-stochastic W; € (0,00). We have:

= 0 (1n (ko) Mo/ /). (C3)

max
1<i<kg n

[0;65 ? 1] 7%1

Then maxi<i<g,., |[0;, 1R,| & 0 if under covariate case (i) In(kg,,) = o(/n); (i) In(kg.,)
= o(n'/?); (iii) In(ke.,) = o(n'/*); or (iv) ke, = o((n/In(n)?)?/®) where p > 4.
Proof Let ks = 0 to reduce notation at no cost. Under H recall the parsimonious regression

errors v, = € by Theorem 2.1.
By multiple uses of the triangle inequality, and 2(1») = —\/ﬁ’r’-[(_l)]‘ A(i) = H&)ln_l/ 23 €4 T (i) 4

H\/ﬁWn,iél- - ‘Wi[o;%, 112 OO‘ < ‘\/ﬁwn,iéi - W0}, 12|
< max Wil x |Vidi = [0}, 12|
+ [Wh,i — Wil X ‘\/ﬁéz‘ — [0, 12 .
104, 12| X Was = Wil
Lemma A.1, arguments in the proof of Lemma A.1l.c, and the fact that |a| = ||a|| for scalar

a, yield:

[e.e]

= Oy (In(kg,n) M/ v/n) -

o0

= o 1 { i -t Vi
\/ﬁé\(i)

Vnb; — [0}, 124

e}

X

IN

771 -1
HHu) —Hal

Similarly
= Op ( ln(kgm)./\/ln) .

In(kg )M, /n). Combine results to yield the

‘[ s 1]3(1') . <K H\/ﬁg(i)

Further, by assumption |W,.; — Wil = O,(

desired result:

’ (C.4)

o (m(k%wn) ‘o, ([1n(k9,n;Mn]3/2> o, (m(k%)/wn) |

It remains to bound M,, under (C.2) in order to achieve In(kg )M, //n — 0.
(i) If ;) is (uniformly in ¢) bounded a.s., then M,, < C. Hence In(ky,,) = o(y/n).

5



(13) If x?m is uniformly sub-Gaussian then for any v > 0 and some finite L > 0, by

Jensen’s inequality and a standard log-exp argument:

-1 4
M, < v 'In (ke,n 1 gr?s%,nE lexp{~|z ().l H)

< 7 n (kg exp{y°K}) =77 In(ken) +9K

Minimize the upper bound over v to yield M,, = O(y/In(ky,)). Now use In(kg,,) M, /+/n
— 0 to yield In(ky,,) = o(n'/?).

(vi7) If :L‘Eli)yt is uniformly sub-exponential then by the same type of argument M, =
O(In(kg.,)) (cf. Vershynin, 2018, Proposition 2.7.1). Thus In(ky,,) = o(n'/4).

(iv) Finally, if (), is uniformly £,-bounded, p > 4, then Liapunov’s inequality and
[2ele < 20T

T(3,¢| yield:

4/p
M, < k;l’/,f < max F }x(i)vt’p> = O(/{:4/p).

1<i<ko,n b

We therefore need In (k) k:g’/;f/\/ﬁ — 0, where ky,, = o(n?/®/In(n)¥) for any w > p/4
suffices. Hence it suffices to have ky,, = o((n/In(n)?)?/®). QED.

Remark 1. For future reference, the above proof yields by case:

i. M, <C; and ii. M,, = O(y/In(ky,)) (C.5)
iti. M,, = O(In(ky,)); and iv. M,, = O(k‘g’/f) for p > 4.

C.2 Lemma 2.3
Define parsimonious regression residuals
Al

@(z‘),t =Y — 5(1)35(1‘),15'

Squared standard errors for /nf; are
2 _ |47-1 52 2 2
Sy = [Hm]m X Vi where Vi, = =3 0

and the asymptotic value is S(Qi) = [7—[(_@)1]11 X E[v(%.),t].
Lemma 2.3. Let Assumption 1 hold. Then |§(21) — S(Qi)|oo = Op(v/In (kg,n) My, /).

The proof requires a high dimensional max-law of large numbers. We refer to the following

result in subsequent proofs as well.



Lemma C.1 (max-LLN). Let {y+}i, be zero mean, scalar random variables on a common

probability space, 1 < 1 < k, ud over t..Then

1
EZym = (\/58111(%)19{113?3;%@ D

Proof. Nemirovski’s £,-moment bound, ¢ > 1, under an iid assumption can be represented
as (see, e.g., Bithlmann and Van De Geer, 2011, Lemma 14.24):

1 ) ‘I/2
— << — : .
- Zy < {n81n (2k) E {gaﬁ y@,tH

max
1<i<k

max
1<i<k

Put ¢ = 1 to deduce:

max
1<i<k

1
< — m 2.
- § Y(i),t ] \/n81n (k) E ngy(w}.

The claim now follows from Chebyschev’s inequality. QED.

Proof of Lemma 2.3. It suffices to prove

~

A, = H’}/—Z( V n— H. 1E[v(z

<\/ln (ko) n/n).

After adding and subtracting like terms, we have:

~

A < A -Hg | x B 1]

¥ (H’H@) - M

-1
o H/’L‘w

Oo) X H%,n = E [vy.d]

By Assumption 1.c ||3‘-l(_1)1]|OO = (  min {)\ @)~ = O(1). Further, apply Lemma A.1b to

1<i<ky,
(\/In (ko.n) n/n) ,

e}

yield:

771 71
HHu) —Hy

Next, observe that:

1 2

— 2, —
=D Ve — B lvf |+

~

By — Bl [[Hay — Ha

>
) SEOYOY

(C.6)

+ HB(i) — B 2 R +2 HB(Z-) — B




We now bound each term uniformly over i. Lemma A.1 and its proof imply

=0, <\/In (ko.n) /\/ln/n) .

~

B

A

_O (\/In (ko.n) n/n) and Hﬁ(i)—fﬂ(i)

Invoke Lemma A.l.a to deduce

1 n
ﬁ Z x(i)vtv(i)vt = Op (\/ln (k97n> M"’b/n) .
t=1 o

Finally, mimicking the proof of Lemma A.1.a, apply max-LLN Lemma C.1 to v, to yield

~0, <\/1n (ko.n) /\/ln/n) .

The dominant term in (C.6) is therefore [1/n 37", %), — E[v, ]|e. Hence:

n

1 2 2
2  _Eh?
=D via — Bl

t=1

]A/(Qi)m - F [’U(QZ»)A Lo =0, (\/ln (ko.n) Mn/n> )

Combine the above results with ||H(_1)1||00 < 00 to yield A, = O,(y/In (kg,n) M, /n),proving
the claim. Q&D.

C.3 Lemma 3.1

Recall 5© = [5©) 0, ,|" where 0© minimizes 37, (y, — 0'x5,)% Write B((?)) = [0 0]. Let
6 minimize E[(y, — ¢'xs4)?] on compact D, and write 8 =[5V 0 )" and 6((?)) =[5 0]".
Recall
Yt = 0O x5, + E;Znt and € 2 =y, — 0V ayy,
and note by construction ﬁ( ) x( =6 'z5+. Recall
50) _ 4701 1 ¢
Z(z) (z Zm zt (C.7)

where Gg ) = (v (5( "251)xs5, and 7—[( ) = [9557153:3775}

Lemma 3.1. Let Assumption 1 hold, and let the weights satisfy maxi<i<k,., Whi — Wi |
= Op(y/In (kg,,) M, /n) for non-stochastic W; € (0,00). Then:

max
1<i<kon

max
1<i<kon

wilofe 1) 2

’ = 0, (In (k) M3*//n) .

naeVi| T




- (1) In(kg,) = o(n'/?); (ii)

Hence the Oy(-) term is 0,(1) if by the (C.2) covariate case:
In(ke,) = o(n*/M); (i) In(ke,) = o(n?7); (i) ko = of(n/[In (R)2)2/5), p > 4.

The proof of Lemma 3.1 requires the following result

BN oo = Op(y/In (g.n) M)

Lemma C.2. Under Assumption 1 ||/n(B;) —

Proof. By construction

= Nl
(@)
n t=1 t=1
Therefore:
= A0 N "
H‘/ﬁ@(i) _B((i))>Hoo HH> \/—Z”t"”(z t%)t B — B (C.8)
~ 1 « .
A -__Ejnﬂ: 2 Hﬁ@> 3
i) i) (8,0 (i)t (4)
|| /1 — .
+|[HE Limx()tv()t
Ollee || Vi t=1 0o
~ 1 &
+ | Hy —H) — me v
() (%) (8),tV(0)¢
s |[V/n = N
By Lemma A.1.b,
75 =] = 0 (i Gw) Mujm).

Lemma A.l.c, and parameter space compactness

<[]

Note that it is easily checked that ||5 )| & K € [0,00); see also the proof of Lemma A.1.c.

It remains to bound |[1/y/n> ), M ()42 () ¢[00 I (C.8). In order to reduce notion at no
cost, assume ks = 0 such that z(;, is a scalar. Recall 7, are iid N (0,1) random variables.

By construction of B(O)

Il = 0,(1).

H 3O _

Apply Nemirovski’s inequality, conditional on z(;, (e.g. Bithlmann and Van De Geer, 2011



Lemma 14.24), and E[n}] = 1:

12{13,3;”‘27% @l | (C9)

2
2 1 — )
m — . . <
1g¢ga/3§,n (\/ﬁ;ntx(z),t> lz@e| < 8In(2kpn) E

= 8In(2kp,) — Z max x?i)’t.

1<i<kg n

Hence unconditionally

2
1 n )
i E , < 81n )
E 1§mi§ak>;n <\/ﬁ - 7]2&37@),1&) < 81n (2kg ) M,

Therefore

max
1<i<ko,n

o, (i)

1 &<
—= D
Vi
Combine bounds to yield as claimed:

3 _ 40
v (50 - 89)|..
In (ko) M,
op( In (ko.0) Mn> +0p< M) x Op( In (ko,0) Mn)

n

0, ( In (kg.n) Mn> . QED.

Proof of Lemma 3.1. By the triangle inequality:

(0 0
[Viwnd| = wilor, 28| | < il |viad - 104, 12| (C.10)
+ [Was = Wil ]m — [0}, 11Z(]
5(0
+ Wi = Wil x |[0G, 1Z9)|
By assumption [W;| < K and [W,; — Wiloo = Op(y/In (ko) M, /n).
Consider |[0y,, 1]Z~((i0))|oo. Since |7:£E?))_1|Oo < K under Assumption 1.c:
Z~((10)) < K Znt 8V xs) T iy (C.11)

By the same conditional Nemirovski’s inequality leading to (C.9), and noting 6xs, =

10



(0)/ .
B(i) L)t

2
e | (G ) )

< 81In(2kg,) x sup E [{yt — ﬂﬁat} max (Clx(i)vt)z}

¢'¢=1 1<i<ky,

N2 N\ V2
< 81In (2kg,,) x sup Y — Tt max L(i),t
In (2kg.) (E [( 0V s,) D (E{ (C).e) D

¢c=1 1<i<kg n

. 1/2 4 1/2
< K1n (2kg,,) X (E [(yt — 0V zs,) ]) (E [ max |z(,.| D
1<i<kg n

Adding and subtracting like terms, and using limsup,,_, |fo] < oo, yield for E[(y; —
§O%25.)4):
e = 0 sll, < NBowelly + Nerlly + ([0 w5, < K.

Therefore:

2
1 n
sup £/ | max (% ; Mt (yt - 5(0)//$6,t) C’x(i)i) < Kln (le,n) M;/Q-

CIC:1 1§’L§k’97n
Combine that with (C.11) to deduce:

- (0)
20|

=0, (it

It remains to bound |\/nf; — [0}, . 1]2(0) loo in (C.10). After adding and subtracting terms:

1 n
0
H \/_ <ﬁ(1 6(1 ) z)) _TL Z mx(i),ta:'(i)’t

500 _ 40
By = By

H \/—Zﬁtx i), tm

’ o

By construction B((?)) — 5((?)) = [60O —50Or (. HenceHB((?)) - B((?))Hoo = O, (1/4/n) by standard
arguments under Assumption 1. Moreover, H’;Q(_l)l - H(_z)lHOO = Op(y/In (kg,) M, /n) by

11



Lemma A.1. Furthermore, by arguments in the proof of Lemma C.2,

1 n
% Z ntx(i):tx/(i),t
t=1

ZOP( In (kg,nwn).
Therefore:
v (5 - 83) - 26 .
<0, ( In (kgn)/\/ln) x O, (1/y/n) + O, (\/In(k‘gm)/\/ln/n) xop( 1n(k;9,n)/\/t;/4>
+0, <\/1n(k9,n) Mn/n) x 0, ( In (ke,n)Mn) x 0, (1/v/n)
=0, <\/ln (kgn) My, /n) + O, (I (Kg,p) MY /n'?) + O, (In (ko.n) My /)
O, (In (kg ) M/ /n'1?) .

Combine bounds to yield as claimed:

10 ~(0)
Jnax IWil0, 1125 \
=0, (ln (ko.n) ./\/lf’l/4/n1/2)
-+ Op (\/ln (kg,n) ./\/ln/n) X Op (ln (k97n> Mi/4/n1/2)

‘o, <\/ln<k9’n) Mn/n) x 0, (MM}#)

= O, (In (k) M3/* /n1/?) .

[RA A

max
1<i<kon

Now use the bounds on M,, fro (C.5) to conclude In (k) ?/4/711/2 — 0 by case if (7)
M,, < C hence In(ky,) = o(n'/?); (i) M, = O(y/In(ky,,)) hence In(ky,) = o(n*/11); (iii)
M, = O(In(ky,)) hence In(kg,) = o(n 2/7), (iv) M,, = O(k, /p) for p > 4 hence ky,, =
o((n/[In (n)]?)P/%) suffices. QED.

C.4 Lemma 3.2

Recall 7-_18) and 2((3) in (C.7), and define:

1

Gy (A) =X (HE?))>_1 E [(yt - 5(0)’x5,t)2 l’é,tl{;’t} (7—28))_ . (C.12)

12



Recall n; is iid N(0,1) and independent of the sample &,, = {x,y:}7,. =P denotes weak
convergence in probability (Giné and Zinn, 1990: Section 3).

Lemma 3.2. Let Assumption 1 hold. Let {Z(i)(A)}ieN, Z(i)()\) ~ N(O,&(zi)()\)), be an inde-
pendent copy of the Theorem 2.5.a null distribution process {Z ;y(\) }ien, that is independent
of the asymptotic draw {xy, y1}52,. Let {kon} satisfy by the (C.2) covariate cases (i)-(ii7)
In (ko) = o(n'/?), and (iv) kg, = o((n/In(n))?/*). Then

sup |P [ max /\’2(9)’ <z|6,) —P| max Z(i)(/\)‘ <z|l5o0

>0 1<i<kg, |~ @ 1<i<kgn
Furthermore

~(0) -
g [0 1) 25| =7 max | Zeo (04, 1)

Proof.
Step 1. Recall Z(O) —7-[(0) lp-1/2 Yoy mG where Gz(g) = (y; —6Vz5,)z5, and 7:[8))
= Elwsprs,). As always we only care about A\ = [ ;Ca, 1), hence we may assume ||A|| = 1.
Write

o (0) 5(0) S0-11 9 (0) (0501
62 (N = NE [z 2 |6] = NHQ =S GG HE
t=1

52 (N = NAY B [GRGN ] H) A

By construction XZ*:’((S)|6” ~ N(O,&%(ii)()\)). Recall {Z;)(\)}nen are sequences with
Z (A ~ N(0,62,())) independent of &,. Define

Ak, (A) = max \&fb,(ij)(A)—a(Q..(A)|.

1<i, 1<k n )

Lemma 3.1 in Chernozhukov, Chetverikov, and Kato (2013) therefore yields the following
conditional Slepian-type inequality (cf. Chernozhukov, Chetverikov, and Kato, 2015, Theo-

<:)

rem 2, Proposition 1):

_ r 1120 < _ )". roy
Eron = 5uD\P (1 g;a,;;n‘[ ko 20 | < Z\6n> P (1 max Z)([0, 1))

= O, (A}f )max {1,1n (kg /A, (A ))}2/3)

The proof is therefore complete if we show &, = 0,(1).
We first need to bound Ay, (). Add and subtract like terms to yield from the triangle

13



inequality:

9 n
max
1<i,5<ko n

Ay, (A) < max H?-_l_l

1
ieN (1) n

t=1

(meel) - BlcQc]) ‘ .

Under Assumption | max;ey ||7:l(’z)1\\ < 00, and E [nfGEg)Gg.?t)/] = E[GE?Gﬁ)/] by mutual in-
dependence and 7, ~ N(0,1). Now combine Lemma C.1 with mutual independence, Gaus-

sianicity, and the fact that G§°) = Gﬂ) = (y; —0x5,)x5, does not depend on i, to deduce:

o m i) - o (i ()

— 0, <\/% In (kg.n) B H 2)

| < Jon = 0] llzsell < leo Il + K [[wnec || + K [l |

max
1<i<kg.n

Now, in view of limsup,, ., |6o] < oo:

o

Hence, by applications of Minkowski’s inequality, and Assumption 1.a:

B0t < e el + 5 sl + 5 st < Ko
Therefore

o (1550 (vt o, ().
yielding

Ay (V) = 0, ( o thon) M (ke;’;)M) .

Now turn to &, and note the presence of max{1l,In (kg,/Ag,,(N))}. Using the My

bounds in (C.5) by the covariate cases (C.2), it follows:

i Ak"—"(/\) =0, ( L /o (kﬁ,n)> = 0,(1) if In (ko ,) = o(n);

ko.m ko n n

. Ake ()\) hl (kg ) . 1
1S )\ _ o (1) if In (ko) = o(n'/2):
" Fon @) (ke,n\/ﬁ) 0p(1) if In(kgn) = o(n'/?);

1. Ake—nO\) = Op <M> = Op(l) if In (ke,n) = 0(711/3)3

k@,n k@,n\/ﬁ

14



w., ———— =

Ag, . (N) < In (K.,
/5 Or
o,n

) =0,(1) if p >4 and In (k) = o(n).

Setting In (kg,,) = o(n'/?), the least upper bound from above, it follows

S = Op (AL () max {110 (o /B, (V) 1) = 0, (812 (V)

- 0, ((_m (o) M 4) w) |

Now use (C.5) to conclude by case &, , > 0 if In (kp,) = o(n'/?) and (i) In (kg,) = o(n);
(i3) In (ko) = o(n?/3); (iii) In (kg,) = o(n'/?); and (iv) ke, = o(n?/*/In(n)*) for any w >
p/4, thus kg ,, = o((n/In(n))P/*) suffices. In summary, by case: (i)-(iii) In(kg,) = o(n'/?),
and (iv) kg, = o((n/In(n))?/4).

Step 2. Step 1 yields maxi<i<y,, [[0f,. 12| |6, % maxian|Z ([0}, 1))| awpl with
respect to {x, ys ;2. Therefore max,<i<k, , [[0%,, 1]5’((3)| =P maxiey | Z i) ([ ks 1])]; see. Gine
and Zinn (1990, Section 3). QED.

C.5 Lemma A.1

Lemma A.1. Let Assumption I hold, and let {ko,} be any monotonically increasing se-

quence of integers. Then:

a- VGl = Op(v/mko,) Ma).

b |[H = Hitllso = Op(y/Mko ) My /).

e IIVAB) = B)llse = Opl(y/Malkan) My) provided In(ko,.) = oy/m/My).
Proof.

Claim (a). Apply Lemma C.1 element-wise to v(; .+, and invoke Young’s inequality, to

yield (dropping superfluous multiplicative constants):

|vagi

2
= 0, ¢ln(k97n) X F [é%ak);n |U(z‘),tx(i),t| })

= 0, ¢ln(k97n) XE[ max v?i)i—l— max |a:(i)7t‘4]>

1<i<kg,n 1<i<k,n

B 4
_ Op \/ln (k‘e,n) X {E |:1SI?§%€)§7“ U(i),t:| +Mn})
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By Minkowski’s equality and Assumption 1.a:

IN

||ﬁ(/)xt||4 +

< K+  max |zl x 8] + KMY =0 (MYY).

1<j<kg ntks

max ‘v t|
1<i<kg, @)

By

max
1<i<kon

+ el
4 4

The claim follows instantly.

Claim (b). Observe that

7 —1
HHm_%n

<[]

-1
X H’H(i) N X

‘Pwr—%m

o0

Under Assumption 1.b,c

1
il = (g 20 =0
—1
-1 .
”H(i) =K (1;%1]%,”{3(1')}) =0(1).

Further, apply Lemma C.1 to z(i),tx’(i)’t - F [x(i),ta:’(i)i] element-wise to yield

In (kg 2
) . =0, (\/ (nev >E L<1?<ak)§ ]) . (C.13)

Notice by Minkowski and Cauchy-Schwartz inequalities:

H%m—H@

E[HMX|ﬂmﬂb¢—ﬁﬂﬂmﬂbe]§2ﬂ%'

1<i<kg,n

Therefore as claimed Hﬁ(:)l - H(;)lHoo = 0,(y/In (ko.n) M, /).

Claim (c). The parsimonious first order condition and positive definiteness of ’ﬁ(i) awpl,
combined with (a) and (b), yield:

[va (o -m)|. < il Ivadol_+ [ - wa]_|vago| <1

_ op( 1n(k9,n)Mn)+op(ln(\/k%")Mn).

The last line is asymptotically dominated by +/In (kg.,) M, provided In(ky,,) = o(y/n/M.,).
QED.

oo
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D Max-Statistic Limit Law

The goal of this section is to characterize a setting in which the Theorem 2.4 (cf. (6)) max-
statistic limit process {Z;([0},, 1]) }ien belongs to the max-domain of attraction. In that

case for some positive sequences {a,, b, }

]' /
or (s 12000010 )
has a well defined limit law. A direct route taken here is to ensure Z ([0, 1]) are iid N (0, 1),
after a simple rescaling. Then /2 In(ky,,)(maxi<i<k,,, |Z ) ([0%,,1])] — b,) is asymptotically
Gumbel by classic arguments, thus a,, = 1/4/21In(kg,,) and b, ~ \/2In(kg,,).

In order for Z;([0},,1]) to be mutually independent we must control the presence of

nuisance parameters g in the high dimensional regression model
Ye = 0oss + Opre + €0 = By + €. (D.1)

This follows because each \/ﬁéz is a function of the covariate subset x5, and therefore possibly
asymptotically dependent, rendering Z ;([0;,, 1]) possibly dependent across i. We therefore
either require ks = 0 or (xs4, Tg+) to be mutually uncorrelated.

Consider k; = 0. We can then always assume z;; = ;9 are zero-mean mutually uncor-
related by a trivial reparameterization of (D.1). Write ¢, = yi — Ely], Tor = H;é(l’gyt —
Elzg,]), and 0y = Hoobo, with Hop = E[(zer — Elzes))(wer — Elres))'] assumed positive
definite. Then (D.1) becomes

§i = Oydos + € where E [f,] = E[Zg,] = 0 and E [Zg,3),] = I,

Clearly 0o = 0y, if and only if 6y = Oy, by positive definiteness of Hy . In the proof of Lemma
D.1, below, we show that E [Ii‘g,tj'le’t] = I},, serial independence, and mutual independence
between zy; and ¢, yield the desired max-domain of attraction property.

Conversely suppose ks > 0, and assume positive definite
H = El(v — Elx) (2 — Elz])']

is block-diagonal such that (xs¢, z¢,) are mutually uncorrelated:

H — H6,5 0]€5><k9 ]
O, xks Hop
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Now write §; = y; — Ely], = H™'(z; — E[z;]). Then by block-diagonality

Bo = Hpo = [(Hs59), (Hoe0)] = [5/» él]/7

say. Thus
Uy = 36531: + €& = Slfa,t + 5/929,t + €,
and again 0, = 0y, of and only if 6y = O,.
Now let §; be the least squares estimator of 9~;" in the (reparameterized) parsimonious

models

~ N 0% ~
U = 0" x5 + 07 Tg i1 + Vi)
In order to reduce notation, assume W, ; = W, = 1. The general case is similar.

Lemma D.1. Let Assumption 1 holds and assume H is positive definite. Let & be a Gum-
bel random wvariable. Then for some {b,}, b, ~ /2In(kyy,), and any {ke,}, In(ky,) =
o([v/n/ M, )*3), we have under under H

7:1 - bn
2111(]{:9,”) (m) i> t6)
t

Proof. Let Hy hold. Let E[ef] = 1, E[z;,] = 0 and Elzgxy,] = I, to reduce notation,
allowing us simply to work in model (D.1), where 7, = maxi<i<k, , |\/ﬁWméZ|, etc. Assume

ks = 0. The proof is nearly the same if ks > 0 and (x4, x9,) are mutually uncorrelated.
€tTY it

We have:
) (D.2)
t o
+1/21In(kg.) (‘ NG Zlet:cg,i,t i - bn> :

2In(kgpn) (Tn —bn) = 1/2In(ke.,) (‘\/ﬁél
Step 1. Consider the second term in (D.2). Theorem 2.4 and E[e}] = Elxzj,;,] = 1 yields

that for some Gaussian sequence {Z ;) : n € N}2,, Z(;) ~ N(0,1), and any slowly varying
g(n) — oo (note: z > 0),

1 n
Pl |— €tLY it
(775

where by case: (i) In(kg,,) = o(n/7); (ii) limsup,,_, ., ko.n/n® > 0 and In(kg,,) = o(n'/7); (iii)
= o(n'/7/g (n)*"); and (iv) ko = 0 (n?/*/g (n)") where

= 0(1/g(n)),

sup
2>0

< z) —P(|Zy|, <2)

lim sup,,_, ., ko.n/n* > 0 and In(ky,,)
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p > 4. Trivially therefore (note z € R):

1 n
Pl|—= €0 it

Uniformity implies convergence holds for any sequence of real numbers {z,}:

d

Now, for any positive real sequence {b,} let

sup — 0.

z€R

m§2>—Pﬂ@Mm§@

— 0.

1 n
% Zetxﬁ,i,t < Zn) - P (}Z(i)loo < Zn)
t=1 0

1

\/ 2 ln(kgm)

— bn> < z) (D.3)
—P(MQM%WJOkaJ—M)§z>

The iid property over ¢, square integrability, mutual independence between €, and g,

Zn = by, + z for arbitrary z € R.

Rearrange terms to deduce:

n

/ 1
P( 21H(l€97n) <|% €LY it

t=1

— 0.

mutual uncorrelatedness between (re-scaled) g, and x5 Vi # j, and Ele}] = Elxg,; ] = 1

imply for any h € N, and any h-tuple {iy, ..., i} of positive integers i; € {1,..., kg n},

n h
1
;%E:q§:Mmm1§N®J)VXA:L
t=1 =1

This yields convergence in finite dimensional distributions to a multivariate standard normal

law:
1 & . d
—Zetxgm 1< < h} — N(0,1}) .
{ﬁ%ﬂ
The normalized Theorem 2.4 Gaussian limit laws Z;)(A) are therefore iid IV (0,1). It thus
follows instantly that for some b, ~ /2In(kg,), and a Gumbel random variable & (e.g.
de Haan and Ferreira, 2000, Theorem 1.1.2, Example 1.1.7):

F(Mmm@@@ammkfwwgz)—ngz)

—~0VzeR. (D.4)
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Combine (D.3) and (D.4) to obtain for kg, bounded above by case:

1 n
\/2In(k.n) (‘% Zewm,t P (\/QIH(kG,n) (| 2], —bn) < 2) — bn> 4 6.
t=1

Step 2. It remains to prove that the first term (D.2) satisfies for certain {kg,,}:

/2 (k) (‘\/ﬁéi ) 2.

Use arguments in the proof of Lemma 2.2, with W,,; = W, = 1, ks = 0, mutual uncorrelat-

n
1
— €0t
Jn 2
t=1

e ¢}

edness and E[z5,,] = 1, to deduce

\/21n(kgn)

Therefore In(ky,,) = o([v/1/M,])*?) ensures the desired result. QED.

Nt

vn

o0

n n(kg., 3/2 .
%qu,t =0, <<1 (o)) T~ M ) (D.5)

o0

Remark 2. The requirement In(kg,,) = o([\/n/M,]*?) holds in each covariate case (i) —
(iv) by exploiting the M,, bounds in (C.5). In order to see this, notice that (i) is trivial.

For (ii) we have In(kg,) = o(n!/7). But n'7 = o(n'/3/M3?) because M, = o(n?7)
follows from M, = O(y/In(ky,,)) in (C.5). Hence In(ky,,) = o([\/n/M,]*/?). Case (iii) is
essentially identical.

Finally, under (iv) we have kg, = o (n?/*/g (n)") for slowly varying g(n), hence In(ky ) =
o (In(n)). Further M,, = O(kg,/f) from (C.5). Therefore M,, = o0 (n/g (n)*) = O(n/?/ (In(n))*?).
([v/n/ M)

Re-arrange terms to yield In(kg,) =

E Simulation Robustness Checks

As robustness checks we allow heterogeneous covariates, and large(r) ks. We focus exclusively
on the purposed parsimonious max-tests given its dominance in the baseline simulations. In
order to focus attention on the robustness checks themselves, we work under the null with

unbounded iid covariates.

E.1 Regressor Dispersion

While the covariates xg;; are not homogeneous in all benchmark cases, their variances are
fairly similar or identical depending on case. The dispersion of xg;;, however, has a direct

impact on the dispersion of the key parsimonious model estimators 0;.
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We therefore add three covariate cases allowing for different variances across xg; = [2g]
~ N (0, V). We bypass covariate dependence and let [+, zg,] be within and across block iid,
in order to focus on the pure effects of covariate dispersion. When present, each nuisance
Ts,4 1s iid N(0,1). In each case we use a diagonal variance matrix U = [, ;]. In case (a) ¥,
=14 100(¢ — 1)/kg,, € [1,100] hence xg,;+ has a monotonically larger variance as i increases.
In this setting a max-t-test may perform better due to self-scaling. In the remaining two
cases diagonal ¥ has entries (b) W1, = 10 or (¢) ¥;; = 100, and all other ¥, ; = 1, hence
there is a single potentially influential regressor.

See Tables 9-11.Covariate dispersion matters more when there are nuisance parameters,
which also applied in the benchmark simulations. Overall, irrespective of the three variance
cases, the max-tests are slightly over-sized when ks = 10, in particular at n = 100. The max-
t-test is generally better able to control for covariate dispersion, whether across covariates,

or in one influential covariate.

E.2 Large ks

We study two nuisance parameter cases, ks € {20,40}, under the null. Thus ks is larger
than in the baseline cases {0,10}. The covariates are within and across group iid standard
normal. Results are contained in Table 12.

In the proceeding baseline simulations we saw all max-tests (parsimonious, and debiased
Lasso where applicable) logically perform better when there are zero nuisance parameters.
It is not surprising, then, that the tests perform precipitously less well when there are many
nuisance parameters, in particular at small sample sizes (amounting to a classic signal /noise
problem). The tests exhibit increasing size distortions from ks = 10 to 20 to 40, in particular
at n = 100, but also n = 250 when ks = 40. Test performance improves as n increases, with
fairly accurate size under ks = 20 and n = 500, and monotonic (in n) improvements when
ks = 40. In experiments not reported here we see competitive size when ks = 40 with n =
1000. A plausible solution for future consideration is to partial out a large, or even high,

dimension nuisance parameter, similar to Cattaneo, Jansson, and Newey (2018)..

F Complete Simulation Results

F.1 Benchmark Results
F.1.1 Bounded Regressors
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